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SECOND EDITION^ 



THE-hiotives thif fcrft gave birth to thfe 
enfuing Work, wtee. not fo much any 
., extravagant hopes the Author could 
forrii'toiifmlelf of greatly extending th6 fubjeft 
by the addition of a large variety of new im* 
proyements (though the Reader, will find many 
things- -heje, that ^e no >iy)bere elfe to be m^ 
With) as'ah'earneft aefi'rc fo fee a fubjfect o/ fuch 
§entta} iiiiportaricc 'cfliH^flied on a plear ijbd 
tatiipnsl.'fbundatioU^ aud ; treefted, a& a fcience, 
C«?able of dem^nftratipnj and not'a m.yfterious 
art, as ibme authors, thenifelves j have thought 
pro^tdtefmit, • - :^ 

HoVsr^ Well the defign ft$i been, executed, mpft 
be, left for otfiers to d^ermine. It ispoffible 
that the pains liere t^keri, to reduce tile fiinda^ 
mental principles, as well as the more difficult 
parts of the fubjeft to*' i dehionftratron, may be 
looked upon, by feme, ^ rather tending to 
throw new difficulties in tlie way of . a LeAritef, 
tj«m, tQ Jhe .'fteilitdtihg of ;hb progrefs. ; , In order 
to gratify, as far as might be, the inclination of 
this'»;Cl2Lfs;^f Readers, . the demonftrations are 
fib* giV^A'-* by thfeinfelVes, in the manner of ^ 
•^ . ^ Notes 




PREFACE. 

• 

Notes (fo as to be taken or omitted at plea** 
fure); thcHigh- th^ Author^ ^nnot by aiq: mtaos 
be iiK^uced to tfiink^ that TSme lofLto m.Leacii£r 
which is taken up in comprehending- the grounds 
tirhereon he is to raife his fuperflruAure : his 
progrefs may indeed^ at firft be a little retard- 
ed ; but the re^il knowledge he thence acquires 
wtU abundantly, compenfate his trouble, and 
enable him to; procasd, aFttrwatds, with ccr* 
taihty ind fuccefs, in matters of gfeatet diflS* 
culty, where authors^ amd their rules, can yield 
lAm no aSifl:ance, and he has nothing to ulifSMIi 
upon but his oWfn obrervitioii and judgment. ^ 
' This, fecond. Edition has many adtanhtgd- 
over the former, as well With refpedl to a num* 
Ber of new fubjeds and irhbrovertitnts, in^r^ 
Iperfed throughbut the Whole, as in the order 
dnd difpolition of the elementary }iarts : ill 
which particular regard has beeii had to the oi^ 
paucities of young Beginners. Tho Work, as it 
now {lands, will, the Author flatters himfel^ be 
' founci equally plain^and coo^rehenfive, (o at 
to anfwer^ aSke, the pyrpoie of the lowtr^ aiRi 
ef the more ej^riencfcd clafs of Readers, 
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SECTION I. 
Of'NotatioH. 

ALCjEBRA Is that Scieiice \Hiich t^ches, 
in a, general manner, the relation and compa* 
rifon of abftra£l quantities : by mealis where* 
of fi^ch Q^eftions are refolved vrfidfe fblu- 
iioris would be foiight iii vain from conimon Arith- 
metic* 

In Aljgebra, otherwife csQled Specious Jrithmittcky 
Numbers .are not exprefied as in the common Notation,, 
but pvery Quantity^ whether given or required, is com* 
monly reprefented by fome letter of the alphabet ; the 
given ones> for diAin£Hon fake, beiiig, ufually, denoted 
by the initial letters a^ b^ r, rf, &c.; and the unknown, 
or required ones, by the final letters i/, to, Xyj^hc. 
There are, moreover, iii Algebra, certain Signs or Notes 
. made uie of, to (hew the relation and dependence of quan- 
tities oiie Upon another, whofe fignification the Learner 
ought, firft of all, to be made acquainted with. 

The Sign ^^Jignijies that the quaniityy which it is pre^ 

fixid tQi is t9 be. added. Thus a -^ b ihews that the 

' B n\mb«r 
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number reprefented by ^ is to be sulded to ihaiit1^x€^ 
fented b/ a^ ^d eTcpreiffes the fum of thofe numbers ^ 
fo that ifi ws!; 5, iuid h 3, thto wodd ^i -f h bi j 4- 3, 
or 8. In like manficr a -^^ h -{- c denotes the "number 
arifing by adding^ all the duree numbers ai hi and ^j td^ 
gether. ' , 

Note^ A quantity which has no preii:i^ed fign *(as the 
leading quantity ^ in the above examples)' is always un- 
derfiood to have the fign -f before it ; fo that u fignifies 
the trnie as 4- ^ ^ ^w ^ -^ lti^% fame 4s -t- ^r 4- ^. 



7ht Sign ^^figmfies that the quantity which it precedes 

^is to be fubtra£fed. Thus a^^^b fhews that the quan-» 

tity reprererited by 1) is \q be TubhiaSed TfdM fh^t f epre- 

^ fented by «, ^d ^xprefleth the difference of a and b ; 

* fo that, if a was 5, and^^ b <5>lheii l^oidd a --^ i be 3 — J' 

or 2. In lijce thanfter to -f ^ — *■ ^ — * ^ repr^fents the 

quantity which arifes by takir^ the numbers c and d 

from the fum of the other tWo numbers f and b ; as, 

if a was ^'ibby c 5, and ^/ 3, then would « + ^ — r — / 

b€L7+. 6 — 5 — 3>ors. 

The Notes + and — are uMiIy e^g^reflfed by the 
words p\us (or more) and w/Wj (or /^.) Thus^ wc 
read^ a -f l^ a plus by and « ^k*- ^ <? J»j;«tt5 i/ . 

Moreover, thofe quantities to "which the fign + is 
prefixed are called ^^^/^^ (or afflrfnattve)^ and thofe to^ 
which Ae Hgn — is^ prefixed, negative, . 

^ STi^ Sign X ^ftgnipes thdt ihi quantities fremein ^lAch 
hfiands are to he multipTted topthtr. Thu^ a^ X i denotes 
that Ae quantity a is to be riiUldpli^d by tbe qusmtity 
ij.and ex^efles the pfoduft 6f the quantitidls fo muhi-' 
plied; and a it b X c e5cpt6fles the product arifmg 1^ 
multiplying the (quant ities ^, i, and r, d>nt6iuiJly to-, 
gether c thu^ likewife, « + b x c denotes the p^oduft of 
the c oropotind, qQ anti ty <? -f ^ b y the _fim j)le quantity 
rj and ^ 4 i^ 4- V x a — b -i- £ x a -t c reprefentsthc * 

- produft which arifes by multiplying the three ciflfti- 
poimd <^anlfti€s'« ^ b + tf,^*— b + c^mda + ^ con-* 

- pnually togeiher j fo that, tf w was 5^ i 4, a«ii^ 3, *«* 

^ woiudf^ 
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lii^dT+T+7 X a—b -{•€ X a +'f be SI X 4 X Si 
t^ch is 384. 

Eitit When qaaatitM* deaotdl by £n^ leHets ^re 
t(D be multiplied tpgetfaer^ the Sign X is generaUjr 
oiaittc^ or only underj^ood^ and (b at is mde to 
£gnify the fame 2S a X bi and abc^ the fame as a K h 

it 4s lacewife to be 4>Uervid^ 4}at iiitMii a ^tianli^ is 
to be midtiplied byitf^^ or raifcd to any povmrt the 
tifual method of Notation is <to dra«r a line over tbe gsroi 
quanti^, and ^ the end tfa egeof place the Eyp oqent 

of the Po wer. Thus a + ^r^cnotes ;tlie iame as « + A 
X 4? 4- /'^'^vns.ihefecondpoDier (or lqUarc)fl f^ 4-^^CQil* 
fidered as one q uan ti^: thus ^i dfo^ «S j-^ c^* dfiuotes^ 
fame as^^ -^ he n ab .-i- be x ab -{• bcy viz. tbe^hiid 
pow^ (or cube) df the quantitjr ab + b€. 

But in eXprdSEng .the powers of quantities rqpre-^ 
fented by fingle letters^ the line over the top is com* 
monly omitted; and (0 a* comes to fignify.tbe iaqcie 
as ^0 or A X ay and b^ the fame as bbb or b K b x b : 
whence alio it appears, that ^V wiQ iignify die iaoie 
as aaibbi and nV^ the &me as igaaaacc i and fo of 
odicrs* * 

'SThe Note . (or a full point} and the word inta^ are 
Itkewife ufed inftead of X , or as Marks of Multiplica* 
tion. 

. . Thus a -^ b . a -f f an d fi -^ b in to a ^.c both.iignify 

the lame thing as tf + b X a ± Cy namely, the produ<^ 
<il[ a + bhj a + c. 

Yhe Sign ^ is i^ed t6 fignify ibfii the quantity pn-^ 
lading it is ia be divided by /be quantity which cmes 
idier it : Thus c -i^ b fignifies ihat ^is:t^ be divided .bv 

•7 1 1 1 1 ■ ■■ fill m »iH- . '* 

iyani^ -h b ^ a-^t^ that a + ^ is to be diyidedby 

Alfo the m^rk ) is fometimes ufed as a wte .of JDivi » 
fion ; thus, a + b) aby denotes tbat die ^antity ab i^ 
to be divided by the quantity ^ ^ i j and.fo of others- 
But thedivifion of algebraic qiumtities is moft com* 

B a monljr *" 
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4 OF NOtATiOl*, 

tnooly exprtflfed by writing down die divifor under tfinf 
dividend witl^ a line between them (in the manner oi 

a vulgar fraftion). Thus i. reprefents the quantity 
fifing by dividiifg c by b\ and — denotes the quan- 



tity arifing by dividing a-^-bhy a^^. Quantities thus 
exprefled are calied algebraic fradions i whereof the 
upper part is called the numerator, and the lower die de« 
nominator, as in vulgar fractions. 

The fign V , is ufed to exprefs the fquare root of 

any quantity t(^ which it is prefixed: thus V^ 25 figni- 
jies the fquare root of 25 (which is 5, becaufe 5 X 5 is 

2 5) ; thiis alfe ^ab denotes the fquare root oi ab-, and 

Jab-^be 'ab-^bc 

V — 2 — denotes the fquare root of'-^'j — or o£ 

the qu antity w hich arifes l>y dividing ab-^bc by d: 

V ab^bc • 

but ; — (becaufe the line which feparates the 

numerator from the denominator is drawn bdow t/""*} 
figniiies that the fquare root of ab ,+ be is to htfirjt 
taken, and afterwards divided b y d: fo that, \i a was 2^ 

b 6, € 4, and d 9> then would "^^b^bc b^ Vj6 ^r J^.^ 
. ^9 9 

Jab + be . 



but 



IS 




", or v'4, which is 2. 



^ ^ 9 

The fame mark \/, with a figyre over it> is affo ufed 

to exprefs the cube, or biquadratic root, ^e. of any 
quantity: thus v^64 reprefents the cube root of 
64, (whieh is 4, becaufe 4 x 4 x 4 is 64), and ^^JT^ 
the cube root of ab -f cd^ alfo i^'Tb denotes the 
biquadratic root o f 16 ( which is 2, becaufe 2 X 2 X 2 X 

2 is 16); and y/ab-i-cd denotes the biquadratic root 
of ab+ed', and fo of others. Quantities thus ex- 
pretkd are called radical quantities, or fuxdsj whg-e- 



OF NOTATION. s 

iOf tbofe^ confifting of one term only, as \/a and ^ai 
are called ftmplefurdsy and thofe confifting of feveral 

terms, oi; members^ as v^^*— r^* and \/ a^-^b^ \hcycsm- 
found furdsm , 

fiefides this way of expreffing rad^ca) quantities» 
^ which is chiefly followed) there are other methods 
made ufe of by different Authors ; but the moft com« 
modious of all, and beft fuited to ppa£tice^ is that where 
the root is defigned by a vulgar fradion,- placed at the 
end of a litiQ drawn over the quantity giyen. Ac- 
cording^ to this Notation the fquare ropt is defigned by 
the fr^ion |, the cube root by \y and the biquadratic 

toot by I, 5sf f . Thus"7\ ^ exprefieft the fame thing ¥nA 
y^SfJJ" via. the fquare root of a i and a*'-^ab} ^ the 
feme asv^tf*+tf^, that is, the cube root of a*+ai: 
alfo^^ denotes the fquare of the cube root of ^ ; and 

a+z] 7 the feventh power of the biquadratic root q{ 
a+%\ and fo of others. But it is to be obferved, that^ 
Vrben the |:opt of a qu^city reprefented by a fingle 
letter is to be exprefled, die .Line over it may be neg* 

lifted ^ and fo a* will fignify the fame aTD », and h^ 

thefame as^J3" or\/b. The number, or fradtioii, by 
ivhich^ the power, or root of any quantity, is thus de^ 
iigned, is called its Jndex, or Exponent. 

Tht Mark =: (called the Sign of equality) is vfed U 

Jignify that fhe quantities Jianding on each fide of it arg 

equal* Thus 2 + 3== 5, ihews that 2 more 3 is equal to 

5 ^ and jr=rd-r^, &evirs that x is equal to the difference 

pf 47 and ^. 

The Note : : fignifies thai the quantifies between which 
it flands are proportional : As a : b : : c : dj denotes 
jthat a is In the fame proportion to ^, as ^ is to </; or that 
lia be twice^ thrice, or four times, i^c* as great as b^ 

B 5 ' ^^a 
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6 . OF NOTATION. , 

then ^ccofdingly is f twice, thrice, or four tiines, f^c^ a$ 
grcfit ^s ^. ^ 

To what has been thus far laid cfown atiAie ftgntS-P 
cation of the figns ^d charaders ufci in the Algehr^ 
Notation, we may add what foUowsi which is equally 
neceflary to be underftood. 

When any quantity is to be taken Boore than otice^ 
the number is to be pec&xti^ which fliews how many 
times it is to be taken : thus^jj denotes that the quan*- 
tity ^7 is to bo taken five times ) and jAc (lands for three 
times icTfOT the quamti ty irtuch arifes by multiplying^ 

by 3: aifo 7 ^a^+h^ fignifies that V?+F is to be 
pkm {even times ; and fo of others. 

The numbers thus prefixed are cabled coefficients; 
and that quantity which (lands without a coefficient is 
always underftood to have an unit prefixed, or to be 
takeii once^ ahd no more* 

Thofe quantities arc find to be likf that are exprefted 
by the fame letters under the fame powers, or whid^ 
^iffer only in their coeflScicnts : dius 3^, 5*^, and 9ic 
krt like quantities; and th^ fame is to be underftood of 

^c Radicals % J ^^ and 7 J til . Blit ttniike quait- 

titles are thofe ^^hich are exprefted by different letters, 
or by the fam^ letters under diflTerent powers : thus 2ak% 
iabcy 5tf** arid jfei* are all unlike* ' 

When a quantity is exprefled by a fingle letter, or by 
feycral fingle letters joined t<^ethcr ij(i multiplicatiof^ 
'(without any Sign between tl^em) as <7,, or 2^^, it i% 
Idaiied a ySi^/^ quantity* 

But that quantity Which confitts of two or mipre fuch 
fwApk quantities, connefi:^d by the fighs + or — , is 
called a ^m^^ouantity : thus tf— ^2^-1-5^7^^ is a com^ 
pound quantity^ whereof the ^rrtple quantities tf, 7,ab and 
§abc are called the Terms or Members. 

The letters by which zt)j fimph auismtrty is exprelTed 
may be ranged according* to any order at pleafure, iand[ 
yet the fignification centinufe tV fame: thus ^^ may 
be wnote ba ; for ab d^hotcs the produft of a by *, ani 
^ the produft of b by <7j, but it is ^wcU known, thatj^ 
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yheo tw^ QJ^mbers are to bp mu)cipUc4 toMdier, it 
matters not which of them i$ aiade the miiUipIicaiuI* 
nor which the in\iltipliert the produ<^ cither way> 
coming out the £une. In like ipaimer it will appear 
that.^, /ic6^ hacy bca^ cabj and cha all exprefs the iame 
Hhing, and may be uM indiferendy for c*^ other (as 
Will he demonftni^ed further on} ; but it will be fome- 
^'mes found eonvenient, in long optfattcns9 to place the 
feyeral j^etters according to th^ prd^r whiph they ob^ 
tain in the alphabet. * 

Likew^fe the feyeral members, or terms of which any 
quantity is com|x>red, may bp difeof^ according tp any 
order .at pl^afure, and yet die Signification be nowaya 
aile£le^ thereby, 'iphus a'-^iab+j^^b m^y be wrote 
#i + So*A^-r2flA, or — ani + a + Sa**, &c. for aB tbefe 
reprefent ti^ fame tbii^ vi%^ die quaiitity whii[^ re* 
|i|aix)«9 when, from tk^ ^in of 040 ^^ V> fhe quaniily 
:^afi i$ 4efjf^ed. 

Here follow fooje pipwnplcf whcwu iht fever?! Forma 
€>f Nptation hitherto explained are promifcuoufly con- 

prned, apd w)fere thp figmfica^PO 91 e^ is e^prcQed 
in Numbers. 

guppofe tf 3 6} j !^ 5 and ^ = 4 $ th^ will ^ 
^ 4- 3^*--^* = 36 + 90 — 16 = 110, 
2a^ ^ZaH + c' = 43^ — 54^ + 64 ?= — 44> 

tf' 216 

TTzc + '' = IF + *^^" + »^'?^» 

Vaac+f* (or JwTpli ) = V^r: ? (for 8 ?{ 8=564) 
i , 2^ 40 
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^b^'^Qc + }^a^ + €* = v^ 25—24 + 8 = 3- 

This mediod of explaining the fignificatipn of quan- 
${Ues \ have fowid to be of good 1^ to Young Begin-. 

B4 ners: 
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tiers : And would recommend it to Such, who are de^ 
firous of making a Proficiency in the Subjed, to get ^ 
clear idea of ^at has been thus far delivered, before 
They proceed ferther. , ^ 






SECTION IIv 

Of Addition. 

A DpITION, in algebra, is perfonne4 hy connefitt 
Xjl *"g ^^e quantities by their proper figns, and join-x 
ing into one fum fuch as can be united : For the more 
ready efFeding of which, phferye the foHqwiiig Rules. 

I^. Ify in the quantities to be added^ there are Terms that 
are like and have all the fame Jign^ add the coefficients of 
thofe terms together', find to their fum adjoin the letters 
common to each term', prefixing the common fign. 

Thus Sa And 5^1+7^ Alfo 5<^— 7* 

added to 3^ added to 7^+3^ added to 7^— r 3^ 

makes Ha* makes ir^^+xo^. i;(iakes 12^— iq^. 

Hence f2/3J+ 7/^ a j u f ^^ 3^ 

likewifq' \zv':^+ ^V^ f^^^lll ^ T 

the fum of 1 6/g^-f- gV^c 15* 7^ 

will be |iy^+i8/*^ "f___T 

willbel^ _i2^ 



a 



The Reafons on whic^h the preceding Operadions are 
grounded will readily appear by rqfle6);ing a little on the 
nature and figi^ification pf the quantities to be added : 
For, with regard to the firft example (where 3^? is to be 
added to.5<7) it is plain^^ that three times ai^ quantity 
whatever, added to five times the fame quantity, muft 
make eight times that quantity i Therefore 2^j or three 
times the quantity denoted by <7, being addecf to 5i?, or. 
. five times the fame, quantity, the fum muft confequenjly 
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t®. When^ in the quantities to be addei^ there cti like 
fermsy whereof fome are affirmative and others negative^ 
add together the affirmative terms (if there he inore than 
one) and do- the fame by the 'negative onesi then take the 
difference of the two fums (not regarding the figns) by 
fubtra^ing the coefficient of the lefjer from that of the 
greater and adjoining the letters common fo each j to which 
difference prefix 'thefign of the greater. 

Examples of this |lu}e may be as follow* 

J. iza^^^b ff — 2^b -f S^^ 

-^Sa + ih •+ lob — (jbc 

Sum 9^—- 3^ Sum ' 4/^^ — 4^^ 

3. tab + libc-^icd 4. i^/'^'^^^/'U^ + 8i 

--^'jab -^ 9*c + yd T^ ah + %^bc — lai 

*^2ah*^ Sbc+I2cd 'jVab -f "^y/Tc -f QJ 

3iim — 3^^— 7,bc + ^cd. Sum ^5^^ + 4/*^ + 5i 

^, ^ \%abc -rr itabd + 25^7^ — ^%bcd 

ibabc + i%ahd -f- 2p<7crf— libcd 

r^iyibc -^ ibabd — iS^ri + lairi 

yLabc -f iS^/M — lOtff^/ — \bbcd 

Sum 47a^c — ?• i %ab4 + ^Oflf ^ -r- 94^^^^ 
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make 8^, or eight times that quantity. From whence, as 
the fum of any two quantities is equal to the fum of all 
their parts, the reafon of the fecond cafe, jor exam[Je, is 
like wife obvious. Bi|t as to the third (where the giv^n 
quantities are S<7— 7^ and 7^—3^) we are to confider, 
that, tf the two quantities to be added together had beei^ 
exa£l;ly 5^1 and ^a (which are the two leading terms) the 
funi would, then, have been juft I2^? ; but, fince the for- 
mer quantity wants ^b of 5/7, and the latter 3^ of 7^, 
their fum muff} it is evident, want both 7^and 3^ of i2a\ 
and therefore be equ^l to I2a — loA, that is, equal to 
what remains, when the fum of the defedks is dedu^^ed. 
And by the very fame way of arguing, it is eafy to con- 
freive that the fum^ which arifes by adding any humbef 
'*":"" ^ ■• of 
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/ be I oh -f fc 

7 V' 9V — ^^^' — 

^ 'Jcc I he . r lab -k- 'cc 



_S££ + 
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In the laft example, and all o^trs, wh/ere fradfona} 
and rajdical quantities are concerned) every fuch quan- 
tityj exclufive of its coefficient, is to be treated in 
all refpedls lik^ 9 fimple quantity expr^fied by a fingle 
letter. • "■ ' ' 

3*. fFBfin in the quantities to be addedy there are Terms 
without others like tq tffef/i^ write them down with their 
frop£rftgns., * - 
Thus a-^ik Aiid aa-yjpk 
added to 3^4-^ ^dd6d to a -¥ i 

makes « -f 2^ +'3^ +"i. makes (2a + bb+ a -i-b. 
Here follow a few examples for the Learner's exer-? 
cife, wherein all the three fqregoing i^^lcs ^e place 
promifcuoufly. 

I. 2aa + JtzA + 8^f + i^ 
l^aa -^ jab + ^cc — i'* 
,— 2aa 4- j^b -|- yr -jr 30 

Sum Stfa • + l6{^ + d* -cr d^ + 3a 
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of quantities togctherj yA\l be equal to the fum of all the 
aiHrmative Terms diminHhed by the fum of all the ne- 
. gattve ones (confidered independent of their figns) \ 
from whence the reafon of the fecohd general Ruje is 
apparent. As to the cafe whqpc the quantities are un- 
like, it is plain that fuch quantities cannot be united 
into one, or other wife added, than byth^irfign$: thuSj^ 
for example, let a be fuppofed to reprefent a Crown, 
and i a Shilling ; then the fum of a and ^ can be nei- 
th^- ta nor 2^, that is, neither twd crowns nor tWQ 
fliiliings, but one crown plus gne Qiilliagi ot a^b* 
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8 V'ax'+ 1$ Vsa -i^ ;rjf — 8 • i^a 4 4jg;i? 



- - . .- ■ . MB— — — — MMiW— — » 

Sum 19 V^<?jr * + 14 Vaa ^ ^jf 

4^ ,— 2^* + 5^3 + 100 

aog^ -f ifiug* — ^r>^ 80 
Sum i3fl* + 22tf^ + 3*^ + tf'— f^ -^ 20 — ir. 
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SECTION IIL 

Of 'Suhtra8ioH. 

^VbtraBim^ in Jlgibra^ is pirfimud hy changing ifll 
*^ thfi Signs ^ the Subtrahtnd (or conctiving them t9 be 
changed) and then fonneiiing the ptantitiesy as in ad* 
diflon* 



Ex. 2. From 8^ + ^h 
take 5* — 3^ 

Rem. 3tf + fiX* 

£x. 4» From ia -«— 5^ 
cake 519 — 3* 



Rem. 3« -^ 2K 



Ex. I* From 8a -f 5^ 
take 5f_+3* 
Rem. ^a + 2A. 

Ex* 3» From 8^ — 5A 

take 5g 4- 3 <^ 
R^m, 3tf -r- ST 

In the fecond examjde, cooceiving the figns of the 
fubtrahend to be changed to their contrary, that of 
3^ becomes + } and fo the ligns of 3^ and 5^ being 
alik^j the coefficients 3 and -5 are to be added together, 
by cafe I of addition. The fame thing happens ia 
the third example ; fince the ilga of 3^, when changed, 
is -r-, and therefore the fame with that of 5^. But, 
m the fourth example, the figns of 3* and 5^, after 
that of 3J is changed, being unlihy the difference- of 
the coefficients mhlt he taken conformable to cafe 2 ih 
a4dition» 

Other 
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w OF SUBTRACTION". 

Other examples in Subtraftion^ may be as follow: 
From %oax + 5^f — ^aa From ^y ax + ^y/ hy^ 
take i2ax — 3^t — 5^^ take •— 5/ ^a* + 12/ ^ y 
jRcm. 8flf;r -f Sic — 2«« Rem,' izV ax -^ 3/ A j. 

Fr<Hn 6 y^ aa^^xx + iQ^fl'— ^^— 7 V "7" 



t^ke \jy/ aar^ XX ^-^ 15^ 
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Rem — 3 '^ aa^xx •+ 25v^ a^ ^ ;^3 -j. 2 y "7^ 
From 7tf* — -^ + 6^ -^ + ^ 
•^ke .- + 42- Vf +^ 

]R.em. 6fl* — — +7y— +rf— *. 

In this laft example the quantity tf* in the fubtr^? 
hend, being without a coefficient, an unit is to be un- 
derftoo4> for \a^ ^nd (?* mean the fatfae. thing. The 
likbi is to be obferved in all othef iimilar cafes. 

The Grounds of the general rule for the fubtxaf^ion 
of algebraic quantities may be explained thus > Let it be 
here required to fubtra£t 5^ — ^h from 8^ + 5^ (as in ex. 
2. ) It is plain, in the firft place, that, if the ^rma^ 
tive part ^q were aloh^ to be fubtraded, the remainder 
would then be 8^+5^-^-5^ ; but, as^ the quantity aftu- 
ally propofed to be fubtrafted is lefs than 5^ by 3^, top 
much has been taken away by Z^ > and therefore the true 
remainder will be greater than 8^ + 5^—4^ by*3i; an4 
fo will be truly expreffed by 8^ + 5 J — %a + 3* .* whereiri / 
the figns of the two laft terms are both contrary to what 
they were given in the fubtrahend ; and where the whole, 
by uniting the like terms, js rfiduce4 tp S^s^ + ^^j as iij^ 
the example. 
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SECTION IV. 

0/ Multiplication. 

BEFORE I proceed to lay clown the ncceflary rules 
for multiplying quantities one by another^ it may 
be proper to premife the following particulars, in order 
to give the Learner a clear idea of the reaibn and cer* 
tainty of fuch rules. 

I^irjlj theHj it is to be obfervedj that when federal 
fuantitiis are to be multiplied continually together ^ the re^ 
Julty or froduH^ will come out exaffly the fame, multiply 
them according to what order you will. Thus a X ^ X r , 
« X r X ^, ^ 'x c X a, ^c. have all the fame value^ 
and maybetifed indifferently: To iJJu (Irate which we 
may fuppofe ^7 = 2, ^ = 3, and r = ^; then 'will a x 
^X<: = 2X3X4 = 24; <7XfX^ = 2x4x3 = 245 
and ^ xrXi7=3X4X2 = 24. 

Secondly. If any number of quantities be multiplied 
continually together^ and any other number of quantities 
he alfo multiplied continually together^ and then the two 
froduSfs one into the other^ the quantity thence arifing will 
he equal to the quantity that arifes ^ multiplying all the 
propofed quantities continually together: Thus will abc X 
de:::! a X b X c X d X e^ fo that, if a was r: 2, ^ =r 3, 
rr=4,^=:5, «=:6, then would abc x' ^^ = 24 x 30 
£=72o,andtf xAxfXrfx^ = 2X3X4X5x6=: 
720. The general Demonftration of thefe obfervatioris 
is given below in the notes. 

The fdlowing Demonftrations (depend on 'this PriiTi 
Ciple, that if two quantities^ whereof the one is n times as 
great as toe other (n being any number at pleafure)^ Be 
multiplied by one and the fame quantity y the produSlj in 
the one cafe^ will alfo be n times as great as in the other. 
The greater quantity may be conceived to, be divided 
into 72 parts, equal, each, to the lefler quantity; arid 
the produA of each part (by the given a^ultiplier) will 

be 
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U OF MtJLTlPLlCATtON. 

' The multiplication of algebraic quantities may he 
confidered in the fevea following caies. 
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be equal to that of the faid lefTer quantity ) dierefore the 
fttO) of the pfoduds of -all the jparts, which make up the 
whole greater pradu^t, muft necofiarilv be.iz tim^ as 
great as the lefiief predud, or the pso&uBt of one fingle 
part, alone. 

This being premifed, it will readily appear^ in the&ft 

?Iace) that ^ x .« and a x b are equal to each other : 
■"or, i x^ being if tinoe^ «s gfeat m i X a {iusuft the 
mukipUcand is b times es gr*e^t) it «Duft therefore be 
equal to i X a (or a)y repeated b times^that isj equal 
to a X by by tig definition of multipUcatiott* 

In the lame mstnnect the equality of all the variations^ 
cr produ£ts, ebc^ iitc^ acb^ <ahy bcay-cba (where the num-* 
ber of iai9»rs is 3) may be inferred : For thofe that have 
the laft iadors the Tame (which I call of the fame daft) 
tre manifeftljr ««|ua}> being produced of equal quantities 
multifdied l^y the fame quantity : And* to be iatiafie^ 
that thofe of different claffis^ as 4ihc and e^by #re like- 
wife equaU we need only confider, that, iince ac x b^ 
is c times as great as a x b (becaufe the multiplicand is ^ 
times as great) it muft therefore be equal to« X ^ taken 
c times^ that is> equal to ^ X ^ X ^ ^ ^^ definition of 
-multiflicatiott* 

Vniverfally. If ^1 tiie Produ^b, when the number 
0^ fftiilors is «, be equal, all the Produdls, When di^ 
number of faSors is » + j, will lik^wife be equal: 
For thofe rf the fame clafs are equal> being produced 
of -equal quantities multiplied by the (ame quantity i 
and, to fliew that thofe of different claffcs ate equal 
alfo^ we need onlv take two Produfts which differ in. 
their two laft faSors, and have all the preceding ones 
according to the fame order, and prove diem to btf 
equal. Thcfe two faftors wo will fuppofe to be repre- 
fented Ky r and j, and the Prodaft of all the preceding 
ones by p; then the two Produds thcmfehres will be 
xeprefented b/^r^ and^ir, which are equals by cafe 2« 
* Thus, 
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i\ SiMie fuantittei are fmHtlplUd Ug ether by muhi* 
pfying the coefficients One into the dtber^ and t9 the froduH 
emnexing the qnantity which^ according to the method of 
notatiohy exprejfes the produSl of the Jpecie5\ prefixing the 
fign ^ or-^ according as the Jigns rf the given quanti^ 
ties are like or unlike* 

Thus 2a- Alfo hob And ^la^ 
liiult. by 3^ mult, by 5<: mult, by ^ah 

makes So^T makes ^fiahc. makes 'j'jaahdf* 
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Thus, by way of Hluftration, iA>cde will appear to be 
sr obced^ itc. For^ the former of thele being equal to 
every odier product of the dafs, or termination « (by 
bypothefis and equal multiplication), and the latter 
equal to Qvery other Product of the clafi| or termination 
4/; it is evklent> therefore, that all the Produds of diffe- 
rent clafles, as well as of the fame dais, are^ mutually 
equal to each otben 

. So &r relates to the firS: general obfervation : It re« 
mains to prove that abed X pqrst is= axbxcxdx 
p X q X r X s Xt,ln order to which, let abcdhc denoted 
by Xy then wiU abed x pqrst be denoted by at X pqrstj 
otpqrstXx (by cafe i), that is, by^XfXrXrx/x^j 
M^hich is equal to ^rx^x^xrxf x/, or^axixrx^x 
fXqxrXsXt-iiy the preceding Demonftratiotr. 

The Reafon of Rule i depends*on thefs two general 
Obfervations :'Tor it is evident from hence, that 7.a x jjb 
(in the firft -example) is=2XtfXjxi=:2X 
^ X tf X S =: 6 X a X h sz6ab: And, in the fame 
wianher, wadf x *fab (in the third example) appears 
to.be=: II X fl X dxfx J xaXbzz 11 xjxax 
a X b X d xf zzTl X aabdf '=L ^jaabdf. But Ae 
grounds of the method of proceeiUng may be otfaer« 
wife explained, thus: It has been obferved that ab 
(according to the mediod of notsition) d'efines the pro- 
duA of the^ecies a^b (in the firft example), therefore 
the ffodud of tf by 3^^ wfaidi muft be three times as 
gl^ (becaufe tbe multiplier is here tiiree times as great), 

Virill 



/ / 



i6 Ol^ Alutf IPLIcAtldNf. 

In the preceding examples all the produ^ are /jjJfM^ 
nmthey the quantities given to be multiplied being fo ; 
but, in thofe that follow, fome are affirmaiive^ and 
others negative^ according to the different cafes fpecifiecl 
in the latter part of the rule i whereof the reafons will 
be explained hereafter. 

Mult. 4 Stf Mult. — * ^d MuK. — 5^ 
by -—6^ by 4- 6^ by — 6i 

Prod. -^ 2Pab. Prod; — ^ ^Pab. Prod. + 2Pab^ 

Mule. + ^>^ ax l/txAii — ^ay / aa -f xx 

by — 5V^ <y b y — ^ 6^/ tf^y-^j y ^ 

Prod. — 35X V ^^ V^rj^.Prod* + J\f^aby^^/ aa^xx x V^ tftf-jy 

In the two laft examples^ and all others, where radi'* 
cal quantities are doncerned^ every fuCh quantity may 
be confidercd, and treated in all refpe£ts as a (imple 

Quantity, expreiled by a fingle letter ; (Ince it is hot thef 
orm of the expteffioii, but the value of the quantity 
that is here regarded. 

2*. A Fra&ion is multiplied^ by multiplying the nume-'' 
rafor thereof by the given multiplief^ arid making the pra-^ 
du^ a numerator t6 the given denominator » 

«-i ^ , ^r ,- 'Xac , . 6aacd 

Thus-7- X r makes -r;alfo^ X 2<?i niakeS -^-r-^ 3 
b b *b b 

will be truly defined by yth^ or ah taken three times : but^ 
fince the produd of a by 3^ appears to be 317^, it is plain 
that the product of 7.a by 3^ muft be twice as great as 
that of a by 3^, and therefore will be truly expreffed,bj| 
\ tab. Thus alfo, the produft of the Species ab aftd c (in 
the fecohd example) being abc (by bare notation) it is 
evident that the produft of hah by c will be truly defined 
by habc^ or ahc fix times taken, and confequently the pro- . 
i^\Qi of hob and 5^, by JP^^^'i o*" hahc taken live times, 
the multiplier here being five times as great* 

T*he Reafon of Rule 2** may be thus demonftrated : Let 
jh« numerator of any propofcd fra^Sion be dengted by A, 

the 
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jikewife ^ X 7 /.^ makes *i^j laftly -4^ 

:X 7.iaf maJccs ■ '^i '-- •■ ^^ • 

_ .' • 

3*. Frontons are multiplied int9 one anethef^ By mubi" 
plying the numerators together for a new numerator^ and 
tBe denoyninators together for a new denominator. 

, a 'c ac , ^ab s^d lOaHd 

^ b J bd ^ 3/ gcf * 

kOflV ;e * 3flV ^ 5^ •«« + XX 
— TTT— ^ 9 and — 7=. X ^^^ ^ — ^— ■ = 

>5g^ X l/jrSTx \^aa+xx / 

<2 + J5^ X V tf^ 
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the denominator by B, and the givtn multiplkator by C : 
then, I fey, that 4- « equal to ^ x C. For fince t£ 
denotes the quantity ^ich.yifcs by dividing AQ by B| 
and -^ the quantity which arifes by dividing A by B, it is 

evident that the fornjer of the(e two quantities muft be 
C times as great a& the latter (becaufe the dividual is C 
*times as great in the one cafe as in the other) and there- 
fore muft be equal to the latter C times taken* that is, 
AC A ^ 

-g- muft be equal to g x C^ as was to be (hewn. 

- The Reafon of Rule 3" will app^r evident from 

tlie preceding demonftration of Rule 2». For, it be* 

A AC 

iflg there proved that^ X C is equal to -r^, it is ob- 

A C -^ AC 

yious that g X g* can be only the D part of -^ j be* 

G . ^ caufe, 
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4*... Surd quantities under the fame radical fign are muU 
tiplied like rational quantities y only the produ^ muft Jiand 
under the fame radical fign. 

Thus, /7 X ^"S = ^35; ^^ X y^= ^^5 
^7^t: X V^5^ rrv^ 35^^^^ 5 3/^ X 5 ^•^ ^ =: 1 5 v'tf^c ; 
2^2V(2fy X 3^V^5fl;c ( = bah x V^iO' X V^ fgAr ) 

J ■ I ■■■ . ■ J , ■ 

c 

caufe^ _, the multiplier here, is but the D ftLtt of the 

^ AC 

former multiplier C : But -gf^ is'alfo equal to the D 

part of the fame ; becaufe its divifor is D times 

B 

AC 

as great as that of : therefore thefe two quanti- 

B 

A C AC 

ties, -« X — and being the fame part of one and 

the (ame quantity, they muft ncGeffarily be equal to each 
pther ; which was to be proved. 

As to Rule 4'* for the multiplication of fimilar ra- 
dical quantities, it may be explained thus : Suppofe 

V A and \/B to reprefent the twp given quantities to 
be multijjlied together ; let the former of them be de- 
noted by a^ and the latter by ^, that is, let the quan- • 
tities reprefented by a and b be fuch, that aa may be =: 

A, and />^ -z B ; then the produft of V^A by V^B, or 
of a by by will be exprefled by ab^ and its fquare by 
abxab: but abxab is 1= axbxaxbzzaaxbb (by 
the general obfervations premifcd at the beginning of 
this feition) ; whence the fquare of the producS is like- 
wife truly exprefled by aa x bb^ or its equal A X B j and 

confcquently the produ(5l itfelf, by VA X B, that is, by 
the quantity which, being multipied in^ itfelf, pro- 
duces A X B. 

In 



/ 



05" MULTIPLICATION. 



»9 



^\ rowsrs^ or roots of ibf fame quantity are muluplud 
together^, by adding* tbetr exponents : But the exponents 
here underfiood are thofe denned in p. 5, where roots are 
reprefented as frailional powers. 

Thus, ^* X jrMs = jp' ; tf+zl X a -^ %\ = a -{-xX » 
Jir^x A^^ z= r ^ * = a?* ; and a?^ x a?* n jr« = a:; 

/ a I • 

si\\oaa-{'%%y y. aa -^xz\'^ \^ zn' aa^^zz\ =:aa + zzi 

and 7+71^ X 7+71^=7+7]'^' "*■ ^sTTTl^*' 



In the fame mannet the produft of v^ A x v^ B will * 
appear to be v^ AB : for, if ^ A be denoted by ay and 
v^ B by J 'y orj which is the fame, if aaa = A, and 

^^^ =r B; then wiJl v^A X v^B = /?x* (or ^^j and 
' its cube ±:.al x ab ,x ah :z: aaa X /^^^ zz AB (by tho 
aforefaid obfervations) whence the prfduft itfelf will 
c videntjy be exprefied by v^ ABl 

* The Grounds of thefe Operations may be thus 
explained. Firft, when the exponefits are whole num- 
bers, as in example j, the demonftration is obvious, 
from xhQ general obfervations premifed at the begin- 
ning of the fexaion: For, by what is there ihewn, 
x^ X x\ or XX X XXX \^'=Lx^xKxX.xY.x'=ix^ (by 
Notation.) .But in the laft example, where the expo- 
nents are frafHons, let t: -f\y | ^' be reprefcnted by a-; 
that is, let the quantity x be fuch, that xy.xy.xK 

xXxyx^ox x"^ may be equal to r + y ; fo (ball c -{- y\i 
be expreiTed by A-J ; becaufe, by what has been already 
ihewn, A-'^x x^ is = f^• and, in the fame manner, 

willr+y JTbe exprdTed by «•* i becaufe j«?* x a?* x a?* is 
Jikewife = x\ Therefore 7T1\^ x TT^ ^ is =: 
^^^x ^* = a:' = the fifth poV^rer of 7T71 ^ i which is 
^ i- y \^.> h dotation* 
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i& OF MULTIPLICATION. 

t^*,A Compaund quantity is muliiptied by a ftniple dne^ 
by multiplying every term <^f the multiplicand by the mul- 
tiplier. 

Thus a+Ti—y Alfo «*— 5^2^7+7^ 
mult, by 3« mult, by 8r 



% ^ 



% 
/ 



* makes 3<2*+6ai — gcc; makes ia\ — ^oacV ic -f 56^^; 

And 5a* — iab + bac — ^jbc + 1 2^^ — 9c* ^ T 

6iult. by3£^£ ' I \_ . ' - ^ 

makes i5^^Z'r-24tf*^V+ I8«**A2I^7^V+-36<7^V-27t7*<:^ 



To Explain the Reafon of the two laft JRules, let 
it be, firjj^ propofed to multiply any compound quan- 
tity, ^s tf + b — c — d^ oy any -fimple quantity fy 
and, I fay, the produft will be af + bf — cf — af^ 
Por, the prodiiif^ of the affirmative terms, a + ^, 
will be ^4- ^ becaufe, to multiply on6' quantity by 
^another, is^ to tmke the multiplicand as many times as 
there arc units in the multipJier, and to take the whole 
multiplicand (a + ^) ^ny number of times (/)> is 
the fame as to tak^ all its parts (^, i^} the fame num- 
ber of times, and add them togcAer. Moreover, 
feeing n 4- b'-^c-^d denotes the excefs of the affir- 
mative terms {a and b) above the negative ones (c and 
dy) therefore, to multiply a + b — f— rfby^iis only 
to take the (aid excefs /times; but / times the ex- 
cefs of any quantity above another is, manifeftly, equal 
, to / times the former quantity, minus f times the 
latter ; but f times the former is, here, equal to af 
-i-bf (by what has-been already (hewn) and / times 
the latter (for the fame reafon) will be equal to cf^ df^ 
and therefore the proctu6l bf <» + ^,3— f — ^ byj^ is 
equal to af \- hf — rf '^ ^fs ^s was to be proved. 
Hence it appears, that a compound quantity is multi- 
plied by a fimple affirmative quantity, by multiplying 
every term of the former by the latter, and connedting 
the terms thence arifing vi^lh the figns of the multipli- 
cahdt > 

But, 



• 
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7*. Compound quantities an multiplied into one another^ 
hy multiplying every term of the multiplica^ by each ^ term 
^cf the multiplier^ fuccejfruely^ and connecting the feverai 
froduSfs thus arifing with the figns of the multiplicand^ if 
the multiplying term he affirniative^ but with contrary figns^ 
if negative. 

Thus the prod u<9s of 5^ + 3^* 
multiplied by 31? -f xx 

will be V^"" + 9-' ^ \ 

which, contrafted by unit- 7 , ^ . , , ^ 



i 



ing the like terms, is 



But, to prove that the Method al/b holds when both 
fhe quantities are ccunpound ones. Jet it be, noiv, pro- 
pofed to multiply A — B by C— 13 ; then, I fay, the pro- 
du£l will be truly expreited by AC—BC— AD + BD. 
For^ it has been already obfervedy that to multiply one 
quantity by another, is to take the muItipIicaiKl a» 
many times as there al^ units in the multiplier; and 
therefore, Ao multiply A — B by C— D is only to 
take A— B as many times as there are units in C-— O : 
Now .{according to the method of mirftiplying com- 
pound quantities) I firft take A — B, C dines (or multi- 
ply by C) and the quantfty thence arifing will be AC-— 
BC (by what is demonflrated above)* But, I was to 
have taken A— B only C— D times ; therefore, by this 
firft Operation, I have taken it D times too much$ 
whence, to have the true produ6^, I ought to dedu<9t 
D times A— B from AC— BC, the quantity thu» 
found; but D times A— B (by what is al/eady proved) 
is eoua] to AD — BD ; which fubtraded from AC 
^•^BC, or wrote down with its figns changed, gives 
the feue produ<a, AC — BC — AD + BD, as was 
to be demon/lrated* And, univerfalty^ if the figh of any 
propofed term of the multiplier^ in any cafe what- 
ever, be affirmative, it is eafy to conceive that the re- 
quired produ<St will be greater than It would be if there 

- C 3 yf^t^ 
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Like wife the produft 
of «» + a'-b 4- ^^* -J. h^ 
by • tf — i ^ 

^s I ^— a^ — a^b' ^ aP—h^ V / : * " 
Which, by ftriking out the terms th|t deftrpy one 
another, becomes ^♦^ — b\ '■.]'' 



were no ftch term, by d^e prodiia of that tierm into 
the whole multiplicand 5 ani thefefdre it is,- thit thl& 
produd is* to be added, or wrote^ down with its proper 
ijgns, which are proved above to be thofe of the multi- 
plicdndr But "iT^ qn the contrary^ the fign of the 
term, by whi'diyou multiply, be negative j, then, as 
the required i^roduct muft be lefs than it woiil^ be, if 
there were no .fuch term, by theprQdu<9: of that term 
^nto the whole multiplicand, this prodtifi:) it is manifelf^* 
ouglit to be ful^tr^afted, or wrote down with contrarji 
Cgns. • ■ . , ' 

Hence ;.is derived the commen Rule, that Hie Signs 
produce r\- ^ and unlike Signs -^^ 

Eor, firft, if the figns of both the quantities, QiLt?r|riSj( 
to be multiplied are affirfliative (and.therefore-///^^^ it>is 
plain that the fign' of the prodofl: muft likewife b,e:affir,-^ 
mative* ' . . ■ ^ 

.. Secondly, alfo* if the figns 6i both quantities are ne'-* 
gative (and therefore ftill Tike) that of. the produft will 
be affirnlative, becattfe contrary to that of the multiplicand^ 
hy what has been juft now proved* 

Thirdly, but if the fign of the multiplicand be affir-* 
mativej and that of the multiplier negative, (and there*** 
fore unlike) the fign of the produ6l will be negative, A^-. 
(aufe contrary to that of 'the multiplianid* 

Laftly, if the figft of the n:iultiplicand be negative, 
and that of the multiplier affirmative, (and therefore ft ill 
unlike) the fign 6f the produ6t will be negative, becaufe 
the fame with that of the multiplicand. 

And thefe four are all the Cafes that can poiEbly 
bP^ppen with regard to th? variation of figns. , 

. ' ■ . Other 
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Other samples in Multtplicatiqn, for the Learner's 
cxercife, may be as follow 5 from which he may (if he 
pleafes] proceed direcSly to Divifion, by pafling over the 
intervening Scholium. 



I. Multiply 
by 



X y 



produfl; 



A7* + jry + 

jg* — yy - {- 

— x^y — x^y* — xy^ 
' + xY + xy^ ^ y^ 



X' 



+ ^1 



.» 



tt: 



;2. Multiply 2/2* — 3JAr + A^x* 

by Sg* — 6^ .v — _^ 2a:* 

— i2fl^A; + iSfl*A:* — 24^Jt' 

— 4^*A?*-f 6^jr^~8t* 

produ(Sl 10^* — 2Ta^x 4: 34«*J»?* — loax^ — \ix^* 

3. Multiply 3*2 — 2^ + 2r 

by 2^—4^ 4- S^ _Vj 

baa"-^ , 4^^ + 4tff 

. 4- l^ac — lobc-^iocc ^ 

produdl baa-^ ibab + i()ac -f- 8^/>— 18*^+10^^. 

4. Multiply <73 — 2^*^ ^ 3tf^»_i3 

by g* -> 2g^ 4- ^* «_«....-« 

tf 5 _ 25*^ + 3^^^*— ^*^^ 

— 2fl*^ 4- ba^^— ba*b^ -{• tmIA 
4- a\b* — ^a^P 4. yih^^b^ 

produft a* — 5^*^ 4- io<?'^* — io«*^^+5tf^*— 6» 



SCHOLIUM. 

The manner of proceeding in referring the reafons 
of the different cafes of the figns to the multipUcation 
of compound quantities, may perhaps be looked upon 
as indired, and contrary to good method j according to 
whichi it may be thought, that thefc reafons ought to 

C 4 ^ ^^^^ 



24 



OF MULTIPLICATION. 



have been giveif before, along with the rules foc^fitnple 
•quantities, as it is the way that almoft all Authors on 
the fubjeifl have followed. 

But, however indireft the methpd here purfued may 
feem, it appears to me the moft clear and rational i and' 
I believe it will be found very diiBcult, if not impoflible, 
without explaining the rules for compound quantities • 
firft, to give a Liearner a dijiin^ Idea how the product 
of two fimple quantities, with negative figns, fuch as 
•— h and — r, •ought to be cxpre^cd, when t^ev ft^d 
alone, independent of all other quantities: And I can- 
not help thinking farther, -that the difficulties about the 
figns, fo generally complained of by -.Beginners, have 
been much more owing to the nianner cf explaining 
them, this way, than to ^ny re^l intricacy in the fub- 
jed itielf ; - nor will this opinion, perhaps, appear ill 
grounded, }r it" be confidertd that both" — a and -r-^, 
as they ftand here independeiuly, are as much im- 
pofEble in one fenfe, as the iniaginary furd quantities 

V'— i and "/*— rj fince the fign — ^., according to 
the eftablifbcd Rules of notation, {hews that the quan- 
tity to which // is prefixed, is to be fubtraded ; but, to 
liiptraft fom^thing^ from nothing is ii?ipoffible, and the 
notion, -or fuppofitlon of a quantity Ids than nothing, 
abfurd and fhockirig to the imagination : And, cer- 
tainly, if the matter be viewed in this light, it wouW 
be v^ry ridiculous to pretend to prov^, by any Jh^ of 
reafoning, what the produft of — ^ by -— r, or of 

l/— . b by ^^ — Cy muft be, when we can have no 
Jdea of tJie Viilue of the quantities to be multiplied. 
If, indeed, we were to look upon -^ h and — r as veal 
quantitieSv the fame as reprefented* to the mind by ^. 
arid c (which cannot be done conftftently, in pure Alge* 
bra, where magnitude only is regarded) we might then 
attempt to explain the matter in the fame manner that 
fbmc others have done; from the confld^ration, that^ 
as the fign -^^ is oppo&te in its nature to the fign +, 
it ought therefore to have in all operations an oppo- 
fHceffe^l and confecjuently, th^t as the produA, wheq 

the ^ 
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ylftie iign + is prefixed to the multiplier, is to be sdded ; 
ioyon thetontrary,.the produd, when the Iign — is pre- 
fixed, ought to be fubtra<5led. 

By thi$ way jof arguingj however reafonable it may 
appear, ieems to carry but ytiy ttde of fcieccc in /V, 
^and to fall greatly fhort of the evidence and convitSlion 
of a demonftration : nay, it even clafhes with Firft 
Principles, and the .more cf):abliAied RuTcs of notation ^ 
according to which 'the figns + and — • are relative only 
to ,the magnitudes of quantities, as compofcd of difFc- 
jrent terms or members, and not to any future operai- 
tions to be performed by them : Befides, when we are 
told that the produS arifing from a negative multiplier 
is to b& fubtra(9:ed, wc are not told what it is to be fub- 
tra&ed from ; nor is" there any thing from whence it can 
^^ fubtnuSted, when negative quantities are independent- 
ly confidered. And Arther, to reafon about oppciite 
c&k&Sj and recur to fenfible objetfis and popular confi- 
derations, fuch as debtor and creditor, ^c. in order to 
denionftrate the principles of a icience whofe Objcft is 
abftra6t Number, appears to me, not well fuited to the 
nature of fcience, and to derogate from the dignity of 

,the fubjeS. 

It muft be- allowed, that in the application of Alge- 
bra to different branches of mixed mathematics, ,where 
the coniideration of oppofite qualities, cffc&, or pofi- 
lions can have ^lace, the ufuaj methods have a better 
foundation; and the conception pf a quantity aUb- 
lutely negative becomes lefs iiifficult. Thus, for ex« 
ample, a line may be conceived to be produced out^ 
both ways, from any point ailigned; and the pare 
on the one lide of that point being taken as pofit'we^ the 
<>ther will be negative* But the gafe is not the fame ia 
abftracSl Number 5 whereof the beginning is fixed in the 
.jiature of things, from whence we can proceed only on© 
way. • 

There can, therefore, be no fuch things as nega- 
jtive numbers, or quantities abfolutely negatiye in pur« 
Algebra, i^^ofe Obje£l: is Number, and where every 

IPjiltiplic^tion, diviiipn, ^^, is a multiplication, divi^ 

fion. 
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fion, ^c. of Numbers, even in the application thereof: 
For, when we reafoji upon the quantities /^^/^/i;^/, 
and not upon the nuTnhers exprei&ng the meafures oi 
themj thb procefs becomes purely geometrical^ whatever 
iymbols may be ufed therein. From' the algebraic nota- 
tion ; which can be of no other ufe here than to abbre* 
viate the work. 

Howevei-, after all, it may be neceflary to fhew upon 
what kind of evidence the mulpplication of negative, 
and imaginary quantities is grounded, as thefe fomei- 
times occur, in the refolution of problems: In order 
to which it will be requifite to obferve, that, as all our 
reafoping regards- r^^/, pojittve quantities^ fo the alge-- 
bralc expreliions, whereby fuch quantities are exhi- 
bited, riiuft likewife be real and pojQtive. But, when 
the problem is brought to an equation, the cafe may 
indeed be otherwife; for, in ordering the equation, \o 
-much may be taken away from both fides thereof, as to 
leave the remaining quantities negative ;. and then it is, 
chiefly, that the multiplication by quantities abfolutely 
negative takes place. ■ , 

"Thus if there were given the equation « -7- — = c 

b 

(in order to find x) ; then by fubtrafting the quantity a 

fjcpm each fide thereof, we • (hall have • — ,.— . zr r — ^ <?; 

b 

which multiplied by — ^, according to the general Rule^ 

^ives X ;:z '^ cb ^ ab; that is — — by -<- ^ will give 

b 

.+ X'f chy — by — cby and — ahy-—^bj + aby which 

appear to be true; becaufe the produdts being thus ex- 

prefied, the fame co;iclufioD is derived, as if both fides 

of the original equation had been firft increafed by 

~ — r, and then nuiitiplied by b ; where both the mul- 
b . 

tiplier and multiplicand are real, affirmative quantities, 

and where the whole operation is, therefore, capable of 

^ clear and ftri<ft demonftration : but then, . it is not in 

i^onfequence of any reafoning I am capable of forming 

abouc 
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about — — and — h^ or about + c and — b^ conridered 
• b 

independently, that I can be certain that their produft 
Ought to be exprefled in that manner. 

So likewife, if there were given the equation a — 
' X* ' . 
-J- = r i by tranfpoilng -a and taking the fquare root 

6n both fides, we (hall have w = v c — a-, and 

this multiplied by VZZJ^ will give V'l?" (or x) = 

. r(-— r^ -f ^Zf,- which alfo appears to be true, becaufe 
the refult, this way, comes out exactly the fame, ias if 
the operations, for .finding a:, had been performed alto- 
gether by real quantititiS : But, notwithftanding this, 
jt is not from any re^iConlng that I can form, about the 

multiplication of the imagmary quantities -*/•— fL. 

and a/ — ^, &c. confidered independently, that I c^n 
prove their produfl: ought to be {o expreffed j for it would 
be very abfurd to pretend to demonftrate what th? pro- 
4u£t of two expreflions muft be, which are impolTible 
in themfplves, and of whofe values we tan form no idea. 
It' ifideed feems reafonable, that the known rults for 
the figns, as they are proved to hold' in all cafes what- 
ever, where it is poflible to form a demonftration, ihouid 
alfo anfwer hete : But; the ftrohgefl: evidence we can 

- have of die truth and certainty of conclufions derived 
by means of negative and imaginary quantities, is, the 
exa^t, and conftant agreement of fuch conclufions with 
thofe determined from more demonftrable methods where- 
in no fuch quantities have place. 

In the foregoing confidtTations, the negative quan- 
tities — ^, "^ Cy Sic, have been reprei'erited,. in fome 
cafes, as a kind of imaginary, or impollible quantities ; 
it may not, therefore, be improper to remarjc here, that 
fuch .imaginary quantities ferve, many times, as much 

. -Jo.difcover the impoffibility of a problem, as imaginary 

-^ -^ (urd 
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fiird quantities : for jt is plain, th;at, in all queftlons re- 
lating to abftracl Numbers, or fuch wherein niagnitudc 
anfy is regarded, and where* no confideration of psofj- 
tion, . or contrary values, Can have place \ I fay, in all 
fuch cafe?, it is plain that the folutibn will b.e altogether 
as impoifible, when the conclufion comes out a negative 
Quantity^ as' if it were actually afFefted with an imagi- 
nary furd ; fince, in tfae^ one cafe, it is required thata 
number (hould be a^ually lefs than .nothing y and in 
fhe other, that the double redlangle of two numbers 
fhould be greater than the fum of their fquaresj both 
whicfii are equally J mpoflibl^ : But, as aa inftance' of 
the impoffibility of fome fort of queftions, when the 
conclufion comes out negative, let there be given, iii 
the right-angled Triangle, the fum of the hypothcnufe 
and perpendicular = a^ and the bafe . = ^, to find 
the perpendicular} then ^by what ihall hefeafter be 
fhewn in its proper place) the Anfwer will come out 

y and is poffible, or impoirible,->according as the 



7.a 



quantity 






is affirmative or negative, or as <? is 



greater or lefs than^ ; which will manifeftly appear from 
a bare contemplafion of the problem : and the fame thing 
might be inftanced in a variety of other examples. •'" 



*«•- 
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S E C T I O N V. 

Of Divijion. 

• « 

DIvilion in fpecies, as in numbers^ is the converfe 
of multiplication, and is comprdiended , in the 
feven following cafes. 

l^ When me fimpk quantity is to be divided by an^ 
other ^ and all the factors of the divifor are alfo found in 
the dividend^ let thofe factors be all cafl off wr exfunged^ 
then the remaining faBors of the dividend^^ joined together^ 
%{!iU exprefs the quotient fought. But it is to be obferved 

; that, 
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thit, both here and in the fucceeding cafes, the fame rule 
is to be regarded in relation to the ftgns, as in multipli- 
cation, viz, that Hie Signs give + , ami unlike — . It 
may alfo be ^ropw to obferve, that, when any quantity 
is to be divided by itfelf, or an equal quantity, the quo- 
tfent will be expreffed by an unit, or i. 

Thus a "^ a-i gives I ; and 7.ah -f- 2ab gives I ; 

moreover ^^hcd -^ ac^ gives Z^d\ 

land i6^ -r- 8^, gives ^c: for the dividend here, 
by refolving its coefficient into two faftors, becomes 
2 X 8 X ^ X c \ from whence cafting ofF 8 and h^ thofe 
common to the divifor, we have 2 x c, or 2f. In the 
fame manner, by refolving, G!r dividing the coefficient 
of the dividend by that of the divifor, the quotient will 
' be had in other cafes : Thus, ioa^c divided by 4r, 

gives ^ah\ and — $\(ih V xy X V xx + yy^ divided by 

— lya ^xyy gives + 3^ V^xx +yy* 

2^. But if all the faSlors of the divifor are not to be 
found in the dividend^ cajl off thofe (ifanyjuch there he) 
that are common to bothy and write dotOn the remaining 
favors of the di'tfor^ joined together^ a^ denominator to 
thofe of the dividend \ fo Jball the f ration thiii arftng ex^ 
prefs the quotient fought. But if, by proceeding thus, all 
the fadors in the dividend fhouJd happen to go off, or 
vanilh, then an unit Will be the numerator of the fraflion 
required. ^ 

Thus, abc divided by bcd^ gives -j: 

And iba^bx^ divided by iabcx\ gives £f£: 

The firft Rule, given above, being exaSly the con- 
verfe of Rule 1° in .the preceding fedipn, requires no 
#ther demonftration than is there given. The fecond 
Rule (as weJJ as thofe that follow hereafter upon Frac- 
tions) depend on this principle. That, as many times 
as any one propofed quantity is contained in another, 
juft (o many times is the half, third, fourth, or any other 
ailigned part of the former, contained in the half, third, 
fourth, or other correfponding part of the latter j and 
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Likewife *vjah \/ xy divided by ^ a^ V xy^ gives 

And iab V ay divided by i(>a^by ay^ gives 

3*. Ortf Fr anion is divided by anvthery hy multiplying 
<the denominator of the divifor into the ' numerator of the 
.dividend for a new numerator^ and the numerator of the 
divifor into the denominator of the dividend for a mm de^- 
nominalor. , 

Thus — divided by* — .> gives • 

b ^ d ^ be' 

Alfoif^ divided by ^, gives ?S^^: 
3t: . jd libcc 



And ^ . divided by 

5^ . 



sab": . lia^v 
-^ gives 



3v 



25<7^\V 



» juft fo many times likewife is the double, triple, qua- 
druple, or any other ailigned multiple of the former con- 
tained in the double, triple, quadruple, or other corre- 
fponding multiple of the latter. The Demonftration of 
$his Principle (though it may be thought too obvious 
to fieed one) may be thus: Let A and B reprefent any 
two propofed quantities, and AC and BC their equimuU 
t'iples (or, let AC and BG be the two quantities, and A 

AC A 

and B their like parts): I fay, then, that — ^j. =: — .: 

; BC B 

AC 

For the multiple of --p- by BC is manifeftly = AC ; 

BC 

A - A 

' and — ,x BC, the multiple of — by the fame BC is zz 

B B ' . 

— — ^ (by rule 1 in multiplication) =: (vid.p,ij^ 

B B 

fiT?d 15) =: AC; Therefore, feeing the equimultiples 
of the two, propofed quantities are the fame, the quanti- 
ties themfelves muft neceffarily be equal. 

The fecond Rule, given above, is nothing more than 
d bare application of the Principle here demonftrated ; 

Tmce 
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But in cafes like this laft, where the two numerators, 
or. the denominators, have fadors common to both, the 
co^jclufion will become more neat by firft -cafting off 
fuch common faSors* 

Thus, cafting away ah out of the two numerators^ 

and X out of both the denominators, we have — to be 

5 



5^. 



1 8^ 



divided by 2_; whereof the quotient ' is 



fame manner 



1 2ac^ . jyxcsc 

I oh if ' Sh'd ' 



or 



In the 



-^— ■r---> gives 

2if d 2bjC 



6 . 7^ . \2h 

, or — -f- i- gives 

I 20 ']a 



'5c . \obc 

When either the divifor or the dividend is a whalt 
quantity (inftead of a fra&ion) it may be reduced to the- 
form of a fra<Slion, by writing an unit or i, under it. 



lince, by cafting off the fa(9:ors common to the. dividend 
and divifor (as direded in the rule) it is plain that we 
take like parts of thofe quantities : therefore the quotient 
arifmg by dividing the one part by the other, will be the 
iame as that arifmg by dividing one whole by the other. 



As to Rule 3°, wherein it is aflerted that 



C_AD 

B ' D ^ BC' 

it is evident that hQ and BC are equimultiples of the 

AC A 

givenquantities^and -- j becaufe ^ x BD is (by Rule 

, ' B D B I 

a« in multiplication) = :12£ = ADy and 2. x BD = 

B D 

CBD 



D 



= CB : Whence it follows that the quotient of 



A C 

divided by-- will be the fame with that of AD di- 

B ^D 

AD 
vided byBC; which, by Notation is _-, as was to 

be fliewn. The Grounds of Ae note fubjoined ^o this 

Rule are . thefe ; By calling away all fa(Stors common 

to 



j^. 



3« OF DIVISION. 

* . ' _ 

Thus — 1-divided by ^d (orZ- ) gives L-f^j 

And 5^'^ (or ^f!^) divided by 111 gives iif!!^- 
^ I ^ ' Sj' 9^^ 

4*. 5«r^ quantities under the fame radical fign^ art 
divided by one another like rational quantttlesy only th^ 
gufiient fnujl Jland wider the given radical fign. • 

Thus, the quotient of V ah . by v Z> is V ^ ; 

That of \/ i6iifjfy by >/8vy is t/ ix : 

T-T^ «. c /I0<7M. , I ^ab . I lOabbc I 2b 

Thrat of \r . by -*/ £— IS ^/ , or < — * 

And that of .6ab \f loacxy by ia Y2cy 15^3^ ^S^**? * 

5**. Different powers^ or roots of the fame quantity 
fire divided one by another -^ by fubtraliing the exponent 
cf the divifoj^ from that of the dividend^ and placing the 
remainder as an exponent , to the quantity given. But 
it muft be obferved, that the exponents here underftood 
are thofe defined in p. 5 j where all roots are reprefented 
as fradtional powers. * It will Hkewife be proper to 
remark further, that,- when the exponent of the divifor 
5s greater than that of the dividend, the quotient will 
have a negative exponent, or, which comes to the fame 
thing, the refult will be a fraftion, whereof .the nume- 
rator is an unit, and the denominator the fame quantity 
with its exponent changed to an affirmative one. 

Thus jf* divided by .v* gives x^: ^ 
• And tf + zli^ divided by a +,zV gives <sr + 2;)* 2 

Likewife A:a divided by ^? gives xi : 



«H^W 



to the two numerators we take equal parts of the quan-> 
tities ; and by throwing off the fa&ors common to botli 
denominators^ we take equimultiples of thofe ^arts. 
• The two preceding Rules, being nothing ^ more than 
theconverfe of 4th and 5th Rules in multiplication, 
iye demonftrated in them: though perhaps the cafe, 
in Rule 5, where the exponent comes out negative, may 
(land io n^ed of a rtiore particular Explanation. Accord- 
2 ing 



I ' 



OF DIVISION. 



Moteover, ^ + yY .divided by c + yl^ gives c + f ^* 
Laftly, x^ divided by ;ir* gives x^y or _. . 

X 

6*. ^ (dmpoutui quantity h divided hy a finplt om^ tf. 
, dividing every term thereof hy the given divifor^ 

Thus, 3i7>) yhc + l^Abx — ()aah {c + j\,x — yi : 

S ^ 

and fo of others. 

7*. But if the divifiry as well as the dividend^ be a ctm^ 
found quantity^let the terms of both quantities bedi/pofedim 
ttrder^ according to the dimenfions of form letter In themy as 
Jhall be judged moji expedient^ fo that thofe terms inayflani 
firft wherein the highe/t' power of that letter is involved^ 0nd 
thoft, next where the next highejl power is involved^ andji 
on : this being done^feek how many times thefrji term dfthi 
divifir is contained^ in the firjl term jof the dwieUnd^ whicb^ 
when found, place in the quotient (as in divifion in vulgar 
arithmetic) dnd then multiply the whole divifor therebyyiib* 
tracing the produB from the refpe^ive terms of the dividendi 
to the remainder br^ng downy with their proper ftgnsy as many 
of the next following terms of the dividend as are requifitefot ' 
the next operation \feekmg again how often the firft ierm of ^ 
the divifor is contained in the firfi term of the remainder^ 
which alfb write down in your quotient y^amprdceed as before^ 
repeating the operation till all the ttrms of tie dividend are 
txhanfiedy and you have nothing remaining^ 



ing to the faidi rule, die quotient of x^ divided by x^ wat 



affertcd i<y be sc^\ or 



Now that this is the true 



ipal^ k- evident; becaufe i and ;»* being like parts^of 
if*and;v* (which arifc by dividing ty **) their quotient 
win confequently be the feme with that of the quarititica 
Afffifelves, 

D Thus, 






/ 



14 OF DIVISION. 

Thus, if it were required to divide fl^+<flV+S^i** 
+«' by a + AT (where the fever^ terms are oifpdled ac- 
cording to the dimenftons of the letter a) I iirft write 
down the divifor and dividend, in the manner below, 
with a crooked line between diem) as in the Divifion 
6f whole Numbers; then I fay, how often is' a con- 
tained in a\ or what is the quotient of tf ' by c j the 
anfwer is a\ which I wtite down in the quotient, and 
multiply the whole divifor, a -^ x^ thereby, and there 
irifes a' + aV; which fubtrafted from the two^firft 
terms of the dividend leaves ^*x } to this remainder I 
bring down + 5^7**, the next term of the dividend, and 
then feek again how many times a is contained in ^^x ; 
Ac anfwer is 4^^, which I alfo put 3own in the quo- 
tient, and by. it multiply the whole divifor, aod^ there 
arifcs 4^*x + 4^*-*, which fubtrafted from /^*x + 5«af* 
leaves ax*y to ^ which I bring down x\ the laft term of 
the dividend, and feek how many times a is contained 
in a)^^ which 1 find to ht x^-, this I therefore alfo write 
down in the quotient, and by it multiply the whole / 
divifor; and then, having fubtradted the produft from. 
ax* + x\ find there is nothing remains; whence I con- 
clude, that the required <iuotrent is truly expreifed by 
tf* + ^x + x\ See the operation. 



< + ^) fl' + S^A- + Sax* + *' (fl* + 4^1*' + ** 
a^ + 



a^x 






i^-ii>: 



ax^ + X^ 

ax'^ + X* 




«* — 



-c 
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-f 3a3jf* — 6^7 V 4 3<2je* 



So lilcewife, \{d^^x^ be divided by « — x, die quo- 
rient will be fl* + fl'x+fl*;ff* + tf;r* + **; as by the work 
will appeal?. 



' <?**' — x^ 


* 


ia^x — tf';r* 


A 


«»*». 


-;r» 


a'x' - 


— «*** 




' <»»*' — *♦ 




« V — ax* 




ax^-^x^ 


t 


tf **— jf * 



Moreover, if it were required to divide «*— 3j*;r*+ 
3tf>^— x^ by fl»^- 3<3*x + 3tfAf* — ;v', the proccfs will 
^fiand thus.: * 

4iJ_3^,»;f 4. \ a^L^i^x^ + 3^ V— 5* (tf • + 3tf*Jr4- 3tf;»* + #• 
' jax*'^x* Ja^ — 3a'x >t"3a^;r^— flV 

4. 3fl5;r -^6fl*** + flV + 3fl*J»* 
+ 3a** — 0/»*jr* + Otf ';r'— 3^?*;r* 

^^^ + 34**»— 8tf^x' + 6tf V— A?** 

• + fl*jf3— 3fl*;c*4'3^*'— ** 
- - + fl'**— 3^>*;r*+3flJif'— Jr* 

o o 

D 4^. But 



/ 
\ 



I ^ 
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But it k to be obferved, that it is not always that the 
work will terminate without leaving a r^m^inderj and 
then this method is of little ufe' ; aqd in all .thefe cafes,- 
it will f)e' moft commodious to exprefs the quotienty in 
the manner of a fra&ion, hy writing the di^ifor under 
the dividend, with a line between them, as has been 
fliewn, in the method of notation. 

It would be needlefs to offer any diing by way of de- 
monftration to the two • laft rules, the grounds thereof 
being already fufficiently clear from what has been de- 
livered in the laft fecftion, and the rules themfelves no- 
thing more than the converfe of thofe there denrtotiftrated. 
*— I ftisill here (hew the reafcn why, in divifion (as well 
as multiplication) like figns produce -f , and unliie, — . 
In order thereto it muft firft be obferved, that according 
to the nature of divifion, every quotient whatever mul- 
, tiplied by the given divifor, ought to produce the given 
dividend; whence 'it is evident, 

2. That +tf) +ab ( +^> becaufe +a mult, by + iy 

^ - , gives ^ ab'y 

2. That -f «) -— tr^ ( -— i,; becaufe +a mult, by — ^ 

gives — ^^; 

3. That-x-w?) +ak { — ij becaufe*— /? mult, by — i, 
/ ^ ' gives -i- ah', 

4. That — ^) — tfJ ( +^; becaufe — « mult, by + kt 

gives — /7^ ; 
An4 .thefe fpur, are all th^ cafes that can poififely hap-^ 
pen in refpqil to t^e variation of the figrvs, . 



^ 



SEC t ION 

. Of Involution. 



yi 



INVOLUTION is the raifin'g of powers from 
any propofed roQt, ind.xuSy be performed by the , 
following Rules. , 

* . * _ - • 

' 1*/ If the ^uantityy or Root propofed to be involved has 
mSndi:(^ that is^ if it bf not it/elf a power orfurdy the power 

' ' ' ' , theriof' 



OF INVaLUTlON. 



Tf 



" 



ihfreifwiU be i^iprtfsntidhf the fame quantity under tffe given 

index^ or exponent. 

Thus, the fifth power. of a is expreflcd hya^i and the 
feventh power of / + z by a-f zj ^. | 

2*. J?!//^ if the quantity ptdpofed he itfelf a power j orfurd^ 
it will he involved by multiplying its exponent by the exponent 
•/the propofed power. 

Thu^ the cube, or tfiird power of tf* is tf*; th e 

fifth power of ar^ is ;?**; the" fourth power of ax + yy\ * 

is ax-jryy^ ; and the dufd power of « — ji^j* is a — x\'^ 

3®. ji Quantity compofed (f Jcveral faSiors multiplied 
together^ is involved by raifntg each faSlor to, the power 

propofed* H . 

Thus, the iqjuare, or fecond power cX ai is a*b*i 
the cube, or third power of 2ab is 2^a^Pj or Sa^b^^ 

the fifth power of 3 X aa — xx x a -t b -i- c is 

243 X aa'-^xx] X a -i- b ^ c] i and the fquare,.or 

- - ,1 ~ i 

fecond power of the radical quantity a^ x a + x \ ^ is 

a X d -^ x\ ^. . 



The firfl: of Ihe rules, here given, being mere nota- 
tion, dots not require, nor indeed admit of a demon<* 
ftration : The fecond may be explained thus 5 let A* 
be propofed to be raifed to the power whofe exponent 
is n : tiicn I fay, that the pow^r itfelf will be truly, ex- 
prefTed by A*"" : For fihce (by notation) A*" is the fame 
tMftg as-AxA^AxA, ^c. continuc'd to m fadors. 
This, raifed to the «th power, or multiplied n times, 
wfllj (by the general obfervations at pw. 13) be equal to 
i^X'AxAxAx AxA,*£sfc. contitiucd to « times m 
fa£bors^ that is, to mn fewStors ; which,r by notation, 
is A^"> But the feme tiling may be otherwife demon** 
ftrated, in a more gencwd manner, by means^ of rule 5^ 

D 3 iJi 
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4<». A Fra&ion is involved^ iy raifing bath tbtnummtor 

' ' and the denominator to the power propofed. ^ 

Thus, the fecond power of fL is fl ; the third power 

/ b bh 



of i^^ IS i^ i the fourth power of is 

3f . 27^^ 



3^ 



%i? 






the fquare of — 



, or _ IS — 5 the cube rf 



and the fixth power of/ 



aa + XX 



1 * <7^ + XX 

— is 



*^ . AT* . 

— IS —> 

^1 «* 



H' 



a — x\ * ^ — x\ 

When any quantity to be involved has the fign — 
prefixed, the power itfcff, if the index is an odd number, 
muft be expreffed with thelfame negative fign, but if 
an even number, with the contrary fign, or 4 • • 

Thus the fecond power of — ^, or — « ^— ^, is 
+ tf * (becaufc — into — produces + ) : alfo the^ cube 



m^mmmr^^m* 



in multiplication : For^ fince powers raifed from the 
fame root are multiplied by addition of their indices, 
it is evident that the i^uare of A"* (or Af X A^) whe- 
ther the exponent ;« be a whole number or a fraftion, 
will be truly defined by A**" : whence it likewife ap- 
pears, that the cube of A" (or A'*^ X A"*) will be.de-. 
fined by A''"; and the fourth power of A*" (or A^"* x A") 

The Reafoii of the ijiird Rule is alio grounded on 
the fame general obfervations f For, in the firft ex* 
ample, where the fquare of ah is aflerted to be' d^h^l 
w^ know that fquare to be ah x ah (by the definition of 
a fquare)) which quantity is there proved to be the fame 
with axby^aX^by or aaxbh* So likewife in the fe- 
cond example, the cube , of 2ah^ or lab x 2ah X zah^ 
will be = 2Xi7X^X2 X aX^X2XflrX^ = 2X2 X 

^^<rX<!?X<?^*X*xA==8 X a^ X b^ =; 8<^^A^ And 

'^^ -the 



♦ 
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of — fl'j or + fl* x:^ — a is — a^ (bccaufc + into — 
produces—) fo Tikewife the fourth power of — tf, or 
^— tf* X — -a is + a^j snd.the fifth power, or + «* x — «> 
is -*- a^y &c. &€• Hence it appears that all even PoWen, 
whether raifed from fojitive or negatiiM Roots, will 
be pojkive* 

5*- Quantities cempoundedT>ffiveral temu^ itn invohtd 
by an aSfual multiplicatioh of all their parts, 

. Thus, if a + b was propofed to be involved to the 
lixtHSpower ; by multiplying a-{-b into iifelf, we ihall 
firft have a*+2tfi+A*,#which is the fecond'powcr of 
^+^^and this, a^ain, multiplied by a-^-b^ gives 4*+' 
3^*^+3^^*+^S ror the third power of a-i-b : whence, 
by proceeding on,'>in this manner, the fixth poweir of % 
a ^ b will be found to come out <<* + ba'^b + iSa^h^ 
. + %Qa^b^ + 1 5^*1^ + ^<rf»^ + b^. See die operation. 

a + it the root of firft power. ■ 

m J m 

aa + ah 
^ ab-^ h^ 

fl* + 7.ab .+ b\ the fquare, or fecond power. 
a \ b . -^ 



the cafe will be the fame -when radical quantities are 
concerned ,(as in the fourth example) : For the fquare 

of «* Xtf + *IS orfl^ X <7 + *l • Xfl*^ x<7+xl* is si 



fl^ X fl^ X tf + ^l ' X « + 4 ^ = tf* X flS^ x'T+71 ^ 



», 



47-i- x| ^ : but a^ X «* (by rule 5* in mul^ij^ation) 

is=:/2^=tf, and J+n 2 x3+Tl^ =: a +*^^i there- 
fore pur fquare, or its equal produft, is likew\fe e;c* 

prefied by ^ x a -^ x\ ^« ' • _ 

The 4th rule, or cafe, for the involution of fni£)iofi9| 
is grounded on rule 3* in multiplication, and requires no 
other demonilration than is thcr^c glv^A* .^ 

I>4 . 
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■j-. a.*^+ 30^* + i^ ..- 
.a'+yi^b+: 3aiV+ i^die cube, or third power. 



?^f4^^??~5fl*F+~4d4^~?T*, the fourth power. 

a+ h. ■ . 

• 4"a*A 4a'^'4- 6fl^^'+ i^i* + h\ :-' 1 

tf' + 5i?*J+(Qtf'6*+iO(i'i'-f- 5"** + i'.dieSth power* : 

^^,+ 6, - - . • -i 

«f+6a'i+i5ii*i'+20<J'**+i5o^+'6rfA*+i*, the 6th, ' 

or required power of a -|- i, | 

So likewife, if it be required to involve or tfafy a-^^h 
to Aie fixth powerj the Procefs will fland thijs : 



a^—^ab + * i%'fecond power. ' 

a — i__ _ - ■-.■'■ 

*? — 24*^;. oi' , " .■ 

«' — 3a^i+ 3^** — ^iffirdpowtr. ■ -. 
a— ^ 

**— 4a^i + , oa^A* — 40^^ + i*, fourth power. 
W — • ^ - 
a'— 4a*i+ 6*'*' — ^d'i' + .ai* ~ 
— -a*A+. 4fl'^*-— 6g^i'-f 4fli*— ^' 
a'— 50*^ + lOa'^'— lOo'i* + jai* — 6', fifth power. 
'«— b ' 



OF INVdtUtlON, 

n^^fyi^ + \pitb'^^20s?bi'{^t Sa^B^'^-tah' + b\ Ac fixth 
power of ^-v— b\ and^ ^f any other. 

I But there is a Rule, or TheoresQi) given by Sir Ifkac 

Newton^ (demonftrated hereafter) whereby any power 
of a binomial a + ^, or tf — h'^ may be expreUed ia 
fimple terms, without the trouble of thofe tedious raul- 
tiplications required in the preceding operations \ which 
is thus : 

Let n denote any number at pleafure ; then the tA, 

Jjower of 4 -K* ^11 be / ^ neT'^b + ^ ' »— 'i 

1.2' 

r 

^ ^ I . a . 3 ^1.2.3-4 

^ i^*+ r: r-^- r.2 r— • ^ *',&C 

i*2«3*4*S 
And the »th power of <? — ^ will be exprefled in the 

very fame manner, only the figns of the fecoad^ fourth^ 

i^xdi, ^c. terms where die odd powers of b are involved) 

snuft be negaj^vew 

An example or two will (hew the ufe of this general 
Theorem. , % 

Firft, then,'Iet it be required to raife a + ^ to the third 
power. , Here^ the index of the propofe^- power^ be* 

ing 3, the itift term, 17 , of the general expreffi)Dn, is 

equal to «'; the (econd na b zz 3fl*i ; the third 

.. d i* zzyih^ ; the . fourth 



irf.^ 



1.2 , '^ X. 2 . 3 .• 

/^'p = i3 . ^a dip fifth ^-^-^■»-^'"-?. 

1.2.3.4 

iT' b\ Sec, =: nothing. Therefore the third power of 
^+i is tmly ejqprcffed by t^ + Ja'* '+.3tf** + ^'. 

Again, let it be required^ to ralfe ^ + ^ to the fixth 
power. In which cafe the index, «, being 6, we fhall, 

bf proceeding as in the lall example, have a r:^. 



na 



/ 

4^ 
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na bzz 6aH^ 



» . » — I 



d A*':=r I5^i*> &t. and 



confequemly a"+T} * =; «* + 6fl5A + 15^*4* + ^oa^P 
+ 15^*^* + 6ab^ + **; being the vcryfame as was above 
determined by continual multiplication. . 

Laftly, let it be propofed to involve cc + xy to the 

'fourth power. 
* Here a muft ftand for cc^ h for xy, and n for 4 ; then9 
by fubftituting thefe values, inftead of Oy b, ^d w, the 
general expreflion jwill become £* + ^^xy + bc^x^y* 
+ 4J:V>' + ;<f*>'*j the true value fought. 

From the- preceding ^pcjjations it mily be obferved, 
that the unciae, or codficiems, increafe till the indices 
of the two letters a and b become equal, or change 
.values, and then return, or decreaie again, according to 
the fame, order : therefore we need only find the coefH- 
ctents of the firft half of the terms in this manner; fince^ 

• from thefe the reft are given. 



S E C T I O ^P VIL 

Of Evolution. 

J^FOLUTIQ^y er the Extra£iion o/RooiSj b^ng dt^ 
re^ly the contrary to Involution^ or raifing rfpowers^ is 
performed by cowverfeoperationsy yfxz^by thedivtfion ofindices^ 
as Involution was by their multiplication. 

Thus the fquare root of ;r% by dividing the exponent 
by 7, is found to be x^ ; and the cube root of *% by di- 
viding the exponent by 7, r appears to be ;ip*: moreover, 

the biquadratic root of a~^^l(\ • will be a-^x\ * j and 

the cube root of aa^-i-xx]^ will be aa -f xx\ ^ 

' In the fame ipanner, if the quantity given be a frac« 
tion, or confifts of feveral fadors multiplied together, 
its root will be extracted, by extrading thie root of each 
^rticular faftor. 

Thus 



^ 



t 



aH 
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Thu$ the fquare rcxK of fl*i* will be tft; ftat of 
,„:n u. ^^, ,»^ ^.. .f 8x x^>^;^T^^ ^^^ ^ 
^ i6x«— ;rl* 



•A* 



2l2i^S^-' Moreover, die fquare root ofa^ — jr*|^ 



4-x^ — 07 , , 

wiU be tf tf — xx\^ I its cube root ^^ — xx\ ^\ 



and 



its biquadratic root, ^7^ -~ jrjir | ^ ; and lb of others. All 
which being nothing moc:e than the converie of the ope* 
rations in the preceding feftion, requires no other demon* 
ftration than what is there given. 

Evolution of componnd quantities is performed by 
the following' Rule. 

Ftrfty place thejeveral TerlhS'i whereof thi given quau" 
tity is campofedy in order,, according to the dimenjions if 
feme letter therein, as Jhall be judged nujl commodious ; thm 
let the root of the fifjl term he founds and placed in the 
quotient \ which term being fuhtr ad ed^ let the firfl-tirm of 
the remainder be brought down^ and divided by twice thi 
firft term of the quotienfj or by three times 'its ffuare^ or 
four times its cube^ &c. according as the root to kt ex* 
tra£lid is a fquare^ cuhic^ or biquadratic oncy &c* mid let 
the quantity thence arijing be alfo wrote down in the pio*- 
tientj and the whole be raifed to thefecond, thirds orfimrihy 
&c. power^ according to the of or ef aid Cafes^ refpeSivefyi 
and jubtra£hd from the given quantity^ and (ifanytbing^ 
remains) let tne oberatiort be repeated'^ by alwass dividing 
thefirJiHerm of toe remainder by the fame divijoryfound as 
eibove. 

- Suppofe, for example, it were required to extrad the 
fquare root of the compound quantity 2ax + « * + jt* : 
then having raneed the terms in order according to' 
' the^dioienfion^ of the letter d^ the given quantity will, 
ftarid thus, a* 4- iax + x\, and the root of its Arit 
term will be <7 9 by the double of which I divide a^jr, 
(th^ firft of the remainiqg terms^ and add -f x, the 
quantity thence ariftng to a. (already 'found )^ and (b have 
a ■{- X \xi the quotient ; whiclT being raifed to the fecond, 
power, and fubtrafted from thp 'given quantity, nothing 

reitudns^ 
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\. 



I ' 



remart^s; tlter^ote a + x is the fquare to6t fcquitfed* 

S^e the operation. ' \.. 

•; a* + iiax + X* (a-i; x 

2a) lax 
^^Jr 2fjf nf: jrf , fecond powM of A + *. 

O O O .'- , 

} . . - 
In like manner, if the qti^ntit^ <?♦ — 7.a*x + 3^';^*' 
i*— 2tfA' + jf* bie propofecf.to extFa£k> the fqiiare root 
thereof; the anfwer will come ovrt a*.**** ^J? -f >*y aift 
appears by the procefs. 

«♦ — r2^V4- <«**% fecond power of «*—<»•. 

2tf *) 2«V, firft term of the remainder. 
> a^ — la^x -f 3tf V^-^2ai»^ -^ y^, fqoare of tf*--^Ji^+ «* 
o o . o o o 

. Again, let it be required to extraiS the cube rool of, 
J^-*-6tt^;r + r2tfx^-— 8^^, and the work will ftand thus : 

^^, . 1,3 ^^cP-x 4- i2tf** — "Sj^S cube of <^— 2<jr. 



I % t 



.^ O' O O O ' 

ijsS&fj let it be required to cxtraft' the Biquadratie 
wiot of i6> — 96ir^j^ + 2*i6;if*/ — 2i6yjr''+ 8rj?*, and 
the procefs will ftaUd as follows : 

i6y> — 96A'*;^+2i6/(ry — 2i6a3^* + 8i>* (aie — jjr 

j6;r* — o6;r*y+2i6*y — 2161x7' + 8iy* 

.0 o o 0^0 

And, in the fame mahner the root may be deter- 
ititned in any other cafe, where it is pblTible to be ex- 
tfa^^ed ; but if that cannot be done, or, after all, there 
}ft tf- remaind^, then the root is tb be ^preffed in the 
ihanner of a ford, according to what has been already 
ftewn. As to the truth of the preceding Rule, it is 
tbo obvious to need a formal dcmptliftration, every ope- 
ration* 
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ration being a proof 6f itfelf* I fiiall only add here^ 
that there are other Roies' befides that^ for extra£hng ' 
the roots of compound quantities; which, fometimes, 
bring out the conclufions rather more expedltioufly ; but 
as thefe are cobfuied to particular cafes^ and would taJce 
^up a great deal of room to. explain in a manner fti^ 
ficientiy.clear and intelUgible, it feemed more eligible 
to lay down the whole in one eafy general method, 
than to difcourage and retard the Learner by a multi-- 
plicity of Rules.^— However, as the e>ftra<3ion of the 
iquare root is much more neceflary and ufeful than 
,the reft, I (ha}l here put down one ilngle example 
thereof, wrought according to the common method of 
extracSling the fquare root, in numbers : which I fup* 
pofe the reader to be .acquainted with, and which he 
will fin^ more expeditious than the general Rule ex* 
plained above. 

^ , • ^ .' ' ' 

Examp. a^ -f ^a^x + 6^ V + ^dx^ +Xf {a* + zax + #* 
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ta*-^2ax) 


+ 4«' 
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^a^ 



^m 



SECTION VIIL 

0/ the RtduSlion of f rational and radical Quan- 
tities, 

,/Tr^HE R6du<Sion of fradional and radical quanti- 
^^ ' X ^^^^ ^^ ^^ "^ '^ changing an expreffioii to die moft 
firpple and commodious form it is capable of ^ and thai> 
either by bringing it to its leaft terms, or all the mein« 
bers , thereof (if it be compounded) to the fame denof^. 

mioatian. 

AFft^i9n 
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REDUCTION Of 



A FraSlhn is reduad to its Uqfi iermsy by diviJSng 
hoth the numerator and denominator hy thegreatefi common 
divifor* " 



ab 

Tc 
2abc 



Thus, ff, by dividing by i, is reduced to J^: 
be • c 



And ^fff , by dividing ty ab^ is reduced to -f : 
abb ^ ^ , 

Moreover, E2f*f will be reduced to if, or W: 
And ^^^'^^^^^^ will be reduced to ^ 



^^d^xW xy 



ba 



\ 



Thttsalfo, i^ffnifi, by dividing every term 

of the numerator ^d denominator by tOy is reduced 

^ta^b • ^ 

IP -: 

^a 
by a^**,. IS reduced to 7 ^ • 



Laftly, 



3«+ 2^ 



, by dividing both thp, 



a^ + yib + 2^* 
-numerator and .denominator by the compound diviCbr 

tf 4- ^, IS reduced td ! -J — . '' 

But the compound divifors whereby a Fra<£tion xraa, 
fometimes, be reduced to lower terais,,are not fo eafily 
difcovered as its fimple onesj for which Veafpn, it may 
not be improper to lay down a Rule, for finding fuch 
divifors. ^ 

' Firjiy divide both the numerator and denomnator by their 
greatefi fimple divifors^ and then the quotients one by the 
other (as is taught in Cafe 7. Se<ftion 5.^ always ob- 
fervlng to make that the divifor which is of the J^afi di^ 
menfions ; and if any thing remains^ divide it by its great' 
ejl fimple divifoTy and then divide the lafi compound di-^ 

- vifor 



\ 



V 
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yfifif hf ihe quantity thence arlfitigi and ifiany thing jit r/- 

mains^ divide it likewifs by its greateft ftmpU divifwy and tbt 
laji compound divifsr i^ the quantity thence ar\fing \ proceed9K ^ 
in this manner till nothing remsins^fojhallthelajfi diviforex'' 
a^ly divide both the numerator and denominator^^ without 
leaving any remainder, 

Note, If, after you have divided any remainder by itf 
ilmple divifor, you can difcover acoa>pouiid one which 
will likewife meafure the. fame, and is prime to the di- 
vifor from whence that remainder arofe, it will be con- 
yienient to divide, alfo, thereby. And, if in any cafe 
' it ibould happien that the firft term of the divifor docs 
not exactly meafure that of die dividend, the whole di- 
vidend may be multiplied by any quantity, as (hall be 
neccffary to make Ae operation fucceed. 

Ex. I. Let It be required to redupc the FradHoa. 
5tf» + io«*i + 5^'^* . , « ' .- * 

a^b + ^-b- + \ab^ + b^ ^^^^^' '^^^* ^^"°^ ""^ ^^ ^ 
the greateft common meafure of its numerator and de- 
nominator. Here^ dividing firft by the greateft fimple 
diviforS) 50' and ^, we have a* + lah + h\ and «' + 
na^b + %ai^ + h^ : and if the latter of thefe be divided 
by the ioxm'^^ the work wilj ftand thus : 

a^.^ %ab + b*) a^ + %a^b +^ ^aV + b^ fa 

fl» \ lux^b + ab^ 

where thcvremainder is + ab^ + b^ ; which be- 

ing divided by b\ its greateft iimpte diviibr, gives 
a -k- b\ by this divide a* -f %ah + b\ and the quptient 
wiU come out a + by txzd^y ; therefore the Uift diviipTt 
a + bj will ex9(^y meafure both quantities^ as may be 
proved thus : , 



S^b -f- Sa^b* 
o O 






# + *) 



/,> 



f 
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'■ a'b'- + 2/?^' 

% aP + ^* 

. 

In both which cafes nothing' remains; therefore the 

fraction eiven will be reduced to — ^ . ^ • 
^ a'b + ah'' + b^ 

Ex.2.. Let it be propofed to reduce the fradlioa 



<3*— Jf* 



to its lowcft terms ; then the 



^3 ^^ ^^^ — ^^y' ^ jgZ 

work will ftand as follows : , 

«5 _ tf V — ^7;r* + i^) <?♦ + O + p + o — ^♦(<2+4(r 

-|-2a'*;e*-h O— 2^* 
tf ' -i — o — ax^ ' f 



— /7*;y+ -F ;c* 

o q o" • 

Froqpi 'wchencc it appears that fl* +' o — 4?% or «*— 4p* 
will meafure both ^z*— ;»?* and ^2^ — ^ *j; -^- ax^ + *^ « 
and, by dividing thereby, the fradion propoied isr re« 

duced to 



a^ + a?* 



i* • 



X 



Thefe Operations arc founded on this Principje, 
That whatever quantity ^neafuf^e^ the wboU^ and one part 
§f another^ mujl do the lit& by the remaining part. For, 
d|at quantity (whatever it is) which meafures both 
thef divifor and divL^en(}, in the -firft example, muft 
evidently meafure a^ + 2,(i^b + ab* (being a multiple of 
• ' 4 . the 



■ 



Example 3. In tbe '£une numttr die ftaSHon' 

x-^5ax + 4a\ geft the (m>c«& 
JT— ^3^ ... 

jp4 — ax^ — 8tfV+ 6j«;r 

« * ^ • ' , . 



Remainder 



4*. 



— 2a*x*^^ Jia^x-^ 4a 



^hidi divided by-*- 2a\ gives x* ^ 2ax -— ao* for the 
^ext divifor. 

X* 4. auwp— aa*) *^— «** — S^V + ba^ (* — j« 

6 CO 

I I i*< ■ ■ ■ I. m ' "^i ■ 11 ^ I I ■ II |i ■ ! 

^5fljr* — I oa^jf* 4 r Otf '>f 

No"^ If, by proceeding in this manner, no compound 
^ivrfoT can be found, th^t is, if the laft remainder be 
^nlv a fifltiple quantity, we may conclude the cafe prbf- 
pofed does not adarit of eny^ but js already in tts lowcft 



itaf*^ 



*• 1" 



**' ■• • 



the formed) : tdience, by the Prihdpte abov^ quoted, 
the feme quantity, as it meafures the whole dividend^ 
muft ^fo meaffure the remaining part t)f it> ah^ -f- h^ : 
kat the divifor^ we are in queft of, behig a compound' 
one, we inay caft oiF the ftnple divifor ^% as not for 
onr pilrpofe; i^ence a ^ b apjpears to be the only Com- 
pound divifor the cafe admits of ; Which, th^efbre, muft 
be the common meafure required^ if the ^example prp^ 
pc^d admits of any fuch« 

£ termf 
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terms. Thus, fov iriftirice, if th^ fra6fion propofedf 

#ere to be — ^ r ■ ' .m ^ . r-T^ , j it is plain, by 

infpedioni that it is not reducible l^y any fimple divijor^ 
but to know whether it may not, by a compound oncy 
I proceed as above,, and find the laft remainder to be the 
fimple quantity 'jxx : whence I conclude that the frac- 
tion is already in ite loweft terms. 

Anodrer obfervation may be here made, in relation 
to fnl£tions that have in them more than two different 
fctter^^ When one of the letters rifes only to a fingle 
dimenfion, either in the numerator or in the denomi- 
nator, it will be beft to divide the iaid mtmeratof or de- 
ijominator (which ever it is) into two parts, fo that the 
liid letter may be found in every term of the one part,- 
and be totally excluded out of the others this being 
done, let the greateft common divifor of thefe two parts 
be found; which will, evidently, be a divtfor to the 
whde^ and by which the divifion of the other quantity 
is' to 1)6 tried V as in the following example, where the 

^ ^. . . ;tf^ -f jjtf* + hx'^ — ^a^x + hax — ^ha^ 

fra<aion given i$ = 7 — tz. TT " 

o XX — bx -^ lax — lab 

Here the denominator being the leaft compounded, and 
h rifmg therein to a fingle dimenfion only, I divide the - 
fame into the parts x^ + 2tfx, and — i;ir -^ ^ah ; whichy 

by infpe6lion, appear to be equal to x -^ ta Y. x^ and 
37Tfr^ X -— ^. Therefore x* -f 2<7 is a divifbf to both 
the parts, and likewifc to the whole, exprefied hj 
X + %a X jr — ^; fo that one of thefe two fa^rs,- 
if the fraftion given can be reduced to lower terms, 
muft alfo meafure^ the numerator : but the former ^ 
will be found to fucceed, the quotient com}Ag out 
x^'-^ax ^ hx — ah^ exa^: whence the fraction it< 

x^ — *- dx -^ hif — * ifh 

felf is reduced to . . - > ^ ' ' i which is not re^ 

X'-^b 

duciblc farther, by ;v-*»i, fincefthe divifion d6es.no€^ 

terminate without \ remainder, as upon trial wrll be 

found. 

Having 
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Having ixififted largely on the rtdu^on of frauSion^ 
Co their leaft terms, we now come to confider their re- 
duction to the £ime denominator* 

FraSiims are reduced to the fame denemnaUr ly multi" 
plying the numerator of each into all the denominatorty ex^ 
cept its otvny for a new correfponding nunieratory and all 
the denominators continually together ^ for a common deno-* 
mnator^ 

Thus, 1 and f, wiU be reduced to i^ and il j 
b d bd bd 

^,4,andl,tofr, 5^and'*^5 
k d' f^ hdf hdf '"• 



* and 



TXiX 



ha^x 



hdf 



— ^ and ^JLy to ^^^^, and 2^^^; and 
cd yi yicd %acd 

(oof others. 

But when the denominators have a common cffvifor, 
the operation will be more fimple, and the conclufion 
neater, if, inftead of multplying* the terms of each 
fra£):ion by the denominator of the other, you only 
^ multiply by that part which arifes by dividing by the 
common divifor. As, if there were propofed the frac* 

tions \-~ and ^ } then, ^e denominators having the 
ad cd 

is&ox d common to Both, I multiply by the remaining 
factors a and c\ whence the two fradlions will be 



reduced to ^ and — (where 
acd acd 



d remains as before^ 



nothing having been done tfaecewitb)* By the hta^ 

method 3f2! and Zff! are reduced to i2^ and 
^abc ^hd 7.0abcd 

35^; and ^'''^ and Z£2:5ZE,to i^f!!? 

ZOabcd She yib l^abc 



and 



JS^hc 



But, as has beenl>efore hinted, the principal ufe of 
this fort of redu£):ion is to transform compound quan- 
tities, to the moft commodious fgrms of exprei!k)n ; 

E 2 which| 
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which, for the general part, are more eafily tnanagi^ 

i whether diey are to bt added, fubtraded, multiplied, or 
ivided) when all their members are brought to ^ fiune 
denomiitation. 

ThMS the compound quantity — f- •-; will be tranf- 

b d 

formed tb f^ . *i or to illii; for it is evident, 
bd ^ bd bd 

that the quotient which arifes by dividing the whole, is 
equal to the quotients of all the parts, by the fame &« 
vifor. 

In the 6me manner will 1 _. 1 be = 2fLzif; 

b d bd 

i2Afy , 35 .« ^ ^ ^xybd '\- iSaaxd"^ Saabc ^ 

^aa b d s^ab4 

alfo2^ + *, or »± + * will bc= 2^Li-f!s 
« a I a 

J 7.ab , ^ab A- aa^^eb ab + aa 

and,—- + tf =1 — — 1 zz *-— — r • 

a-^b a^^^b tf — 



tf* 



So likewife, by redu£lion, \. .— %a 

tf — a? a -^ X 

^^^^^^,^^ ,^^.„^^,^ »iM^«^^«» ^BK^MMMB 

rt, , <?*X<? + jf+fl^Xtf — ;r — 2tf Xtf + A-Xfl — * 

Will DC n:: • ■ I I I ■ . I II > 

tf — X" X « + *. 
^xyArSa^xj^i^a-^^ax^ andVo in other cafes. 



■ ■!■ 'i -ii 



The reafon of the two kinds. of reduftion hitherto 
explained, is groginij^ on this obvious principle, that 
the equimultiples, or like parts of quantities, are in the 
fame ratio to each other, as the quantities themfelves, or, 
that the quotient which arifes by dividing one quantity 
by another, is the fame as arifes by dividing any j)art off. 
n^kiple of the former, by the like part or Qiultiple of the 



i 
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Beitdes Aefe> there are yet two other ibrts oiF reduc-- 
^on which Authors have treated of j^der the head of 
•&s&lons s which are, tb^ nducing $/a tohole quatntitf $$ 
en equivalent /ra£Iion. of a given denomination^ and a conh- 
found fronton to a Jimple one of the fame value. Nei- 
ther of theiq, indeed, are of any great ufe in the folutioti 
•of problems, however it might be improper to leave 
them intirely untouched. 

1°. A whole quantity is reduced to an equivalent frac* 

tion by multiplying it by the given denominator^ and writing 

-the multiplier underneath the produ^y with a Jine between 

them, 

, Thus the quantit}' «, reduced to the denominator b^ 

will be — ., and the quantity c -^ ^ to the denominator 
b 

4t + *, Will be ^^+^' ^ '^T^ ^r ^ + ^^+ ^d,^ id . 

a + b a + b 

a*. A compound fraStion is reduced to a Jimpb one of 
the fame vaiue^ by multiplying the Tiumerators together for 
a new numerator'^ and the denominators together for a new 
4emminator. 

But by a compound fra£lion here, we are not to un** 



latter : for in reducing to the lowcft terms. It is plain 
that, inftead of the whole numerator and denominator, 
we only take that part of each which is defined by die 
greateft common meafures whereas, in redudion to 
che fame denQminator, we, on the contrary, make ufe 
of ^uimukiples of thofe quantities; fince, in multi- 
plying any numerator into all the denominators^ except 
its own, we multijdy // by the very fiune quantities by 
which its denomiiiator ia multiplied. 

The Rule, for reducing a cooipound £ra£)ton to 
X fimpte one, may be explained thust It is plain 

^t the part of ^ defined by ^ ; which arifes by 

d b 

4ividin|; by ^y will be equal to .~ (the diviibr here 

bd 



E3 



being 



p 



!• ^ 
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derftand one confifting of fevend teems, oonnefibed^tbge'- 
ther by the ligns 4- and — ( whidh tsj the. gene^l dcfi- 
niticAi of a compound quantity) but fuch Tin oaeasesfr* 
flrclTes a giyen part of feme other fraction* 

Thus -, of — will be equal to — . and the t 
3 5 . ^ IS* T 

part of —will be = 7-1 • 
* tf va 

Cy M^ ReduBwi of Radical Quantities. 

The RedufUon of furd quantities, like that of frac- 
tions, may be either, to. the leaft "terajs, or to the feme 
denomination. 

// radical quatHity is reduced'to its leaft Urms^ hyrefohr 
ing it into twofaSfors^ and extra£fing the root of that which 
is rational:- 

Thus, V7S is reduced to V^ x 1/7"; which, by 
extra<aing the fquare root of 4, becomes 2 ^7 : alfo 
V^^ is reduced to V^J*"x V^T; which, by extracU ng 
the root of a\ becomes a \/T: likewife V^a^b^c\ or 

^H^ ^ is r educed to ^^ X v^Af% or ab^t?i 
moreover / y -^ ~ 4^ ^ jg ygjuced to ^/If- x 

JfEE or !f X y^Zi and '/i^iflli^' 
^^ ^ r V ^ * V 8i^V— 162^'y 



being ^ times as great);' therefore the part of .-jde- 

fined by •7-, eing a times as great as that defined by-r, 

. £ ac 

miift be truly expreffed by t^ X ^, or its equal tjj 

as was to Ujhewns 

is 
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or 



3^ 

^'^ — ^ ; and fo of any other : all which 19 

eyi4knt from cafe 4 of multiplication, and cafe 3 of in- 
"volution. But it i$ to be obferved, that, in refolving 
any exprei&on in this manner, the h6koT out of which 
the root is to be extra(^ed, is always to be talTen the 
^gre^teft the cafe will admit of. It alfo may be proper to 
take notice, that this *kind of reduction is chiefly ufeful 
in the addition and fubtra<Slion of furd quantities^ and in 
uniting the terms of compound expreflions that are com-* 
menfurable to each other, where the irrational part, or 
factor, after redudtlon, is the fame in each term. 

ThusV^iH 4- V^ 32 is reduced to3v^2 -f 4 V 2, or 
71^2 ; and t/8^* + "^ $00* — ^jia'' is reduced to 
2^^2 4- $ay/ 2 -^ 6gv /2 = gv 2> Moreover, by re- 

duaion, JIE^ + JiEk becomes =r 725 + 
^ 5 __' 4 . * 20 

^ 20 ^20 ^ 20 V 20 

And ^aV/^a^x^ + %x^ + ^^x^^^a^ -f j^a^'x^ becomesJ 

Surd quantities^ under different radical figns^are reduced 
t(y the fame radical Jign^ by reducing their indices to the leajl 
common denQminatQr. 

Thus firx and i', reduced to the fame radical fign, 

,3 a 

will become c? and a'^ (for the indices are here \ and 

I, and thefe are equivalent to | and ^ where both h^ve 

the feme denominator). In the fame manner 2| * and 

^ 5 will become ^ ^ and'Jl ^, or T| * and"9l *. And, 

ffniveifalfy^ A*" and Bf, will, when their "exponents. 

5 4 ?>re 



-s 



S6 RED«UCT10N of, &C. 

ftre reduced to the faniQ denapdination, become 7^ wf 

The principal ufe of this fort of redud^ipn, k, when 
quantities under different radicd fignsi are to lie oiulti^ 
plied or divided by each oth^r^ 
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That the redudlion. of a radical quantity to another 
of a different denomination, by an equal multiplication 
of the terms of its exponent, makes no alteration in the 
value of the quantity, may be thus demonftrate^* 

h^t A" be any quantity of this kind; then, the 
term^ of its exponent being equally multiplied by any 

mr 

fiumbQr r, I fay, the quantity A«^, b^nce ^iilfig, i|S 

equal to the given one A » • 

"^ . I ■ 

For, if ^ be aflumed =:: Ar, or, which is the fame^ 
if the value of a? be fuch, that ^"^ =z A ; th«i, Ae n^i 

root pi^x"^ being ^ (by cafe % of fi&ion 6) and the »Ui 

I 

Fpbt of A being A« (hy notatim)j thefe two quantities! 

x^ and A>^ muft, likewifej be equal to each other : 
and, if they be both raifed to the ;;?th power, the equa- 
lity will ftill continue 5 b^t the rnt\i power of the former 

(:^) is =: jt^'' (by tafi %rf involution) -y ?md the mih 

JL iL 

power of the latter (A« ) is A« (hy notation) ; there- 

fore x*^ is zz- A" • ^ut, x being = A"*-, we have 
Pit ■ «"• 

x^^,'=:- hrf-i by notation 'y and confequently ' A"** 
, -yz h^'^ which was to be proved^ 
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t X 

Thus, V 5 tnultiplied by v^ i o, or 5I into 101 , 

will give 125 1 X Tool or 12500! ^' alfo l/57 into 

• l^tfV, orSjH * into aVl ^ will give c V 1 * x a^x*>\ 

or fi^x^ I * : and i/ZT divided by v^^^ will pve 



will give V4J? X yioxj or 1/ i^^j?. 



> ^'^ 71 . Laftly, 2x liultiplicd into 




axt 
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SECTION IX. 

\ 

I 

Of Equations, 

A N Equation is, when two equal quantities, dif-^ 
XjL, ftrently expr^ed, are compared together, \j 
fceans of the fign =: placed between them. 

Thus, S — ^ 2 = 6 is an equation, expreffing the equa- 
lity of the quantities 8 — 2, and 6 '. and jr ::= a + ^ i^ an 
equation, ihewing that the quantity reprefenfied by jr is 
equal to the fum oi rhe two quantities reprefented by ^ 
fluid h. 

Equations are th§ means whereby we come at fiich 
ponclufions as anfwer the conditions of a problem ; 
wherein, from the quantities given, the unlcnown ones 
are determined ; and this is called the fefolution, or fc- 
'^dton of equations, 

Reduciion of Jinik Equations. 

Single equations are fujch as contain only one un- 
kndwn quai^tity, which, before that quantity can be 
jdifcovered, muft be fo ordjcred f^nd transformed, by the 
jiddition, fubtra<ftion, multiplication, or divifion,- ^r. 
pi equal quantities, that a juft equality between the two 
parts thereof may he Jlill preferved, and that there may 
j^f fult, at laft, an equation, wherein the unknown quan- 
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.tity ftands alone on one' fide, and all the known ones on 
the other. But, though this method of orikring an equa- 
tion is grounded upon felf-evidcnt principles, yet the 
operations are fometimes a litde difficult to manage in 
the beft (nanner ; for which reafon the following Rules 
' are fubjoined. . 

I*, jfny T^rm of an equation^ may he tranjpefid to the 
contrary Jide^ if its ftgn he changed*. 

— Thus, if A* + 6 ;r= i6; then will x zi 16—^.6, fliat , 

is, ;r = lo: 
And, if jr ^— 4 n .8 ; then will jc = 8 + 4> or x=. 12 : 
Alfo, if 2^=:tx+ 24; then will 2^ — 2;if = 24, •^ 
that is X = 24; 
' "* Again, if f;*- -r 8 = 3;^' + 20 ; then will 5^ — 3* =: 

20 -f 8, or 2;^ =: 28 : 

Laftly,^ i£ax + hx — ^ 4- ^ — ex =r/ — g + hx-^kx ; 
then, by tranfpofition, ax -^ hx — ex — hx -^ kx =/*— 
^ + f — ^/j where all the terms afFefted by x (the un-^ 
known quantity) ftand, now, on the fame fide ^f the 
equation* 

, 2°. Ifihere is any quantity hy whici^ all the4erms of the 
eqaation are multiplied^ let them all he divided hy that , 
qyanti^i but if all $f them be divided i?y any quantity^ fet 
the co/imoH diyifer he ca/i away. 

Thus, the equation ax r: ah is reduced to x zihi - 
alfo, lOArrrjo (or 10 X ;ir p 10 x 7) is reduced to 
A*=:7; and x^zzax^+hx\ is reduced- to x z=i a + h : 

♦ The reafon of this rule is extremely evident ; fincc 
tranfpofin^ of a quantity thus, is nothing more than fub-* 
tracing or adding it on both fides of the equation, ac- 
cording as the fign thereof is pofitive or negative. Thus, 
in the equation ^ + 6 = 16 (which by tranfpofition be* 
comes ^-rriG — 6=:io) the number 6 is fubtrafted 
from both fides ; and, in the equation ;^— *'4r=.8 (which 
by tranfpofition becomes ;r=:8 + 4^12) the number 
4 is added on both fides. 

2 ^oreovfif 
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» 



h . 



Mbi^ver fh the bturpart of the Rule) .— = — i» re- 

duced to ;«■ = ^ ; ;uul _ 55 . "^ , to ^^ re 

^i** — acj^ ; which, if the whole be divided /by «**, 
WiM jbe fer Aer reduced -to «• =i ^ -»- r. 

3\ Iftiure are irreducible fraBions^ let the wh§le equa^' 
iion ie mnltipliedhy the prqdu^ of all their denrnninai^n^ 
^ory which is the farne^ let the numerator of every term in 
the equation be multiplied by. all the denominators^ except 
its.owfiyfuppofing fuch terms (if any there be) tbed Jiemd 
without a denominator^ to Ixave (injumtfubfcribed. 

Thus, the equation x + , v -^ = 11, is rc- 

duced to 6;^4- ir -f. 2jr = 66, and x + ^Lif zzi2+ 

S 

-2> to .4^ + Sx + 16 =1.480 + s^ -^ '5 • *fo 



8 

likewife <j — -fl — 

'■'-; a . 

ax 



X Jtb 



, is reduced to a^c — c ^ r= tf r 



ex 



+ a =: — , to ahx + 0% + ahx = 
a -^ X h 



+.<ji^4 and 
acit -+ cx\ 

i^. Ify in your equation,^ there is an irreducible furd^ 
wherein the unknown quantity enters^ let all the other terms 
he tranfpofed to the contrary fide (by rule I.) ; and then^ 
if both ftides be involved to the power denominated by tl^e 
Juvd^ an equation will arife free from radical quantities ; 
unlejs there happen to be more fur ds than one^ in which cafe 
the operation is to be repeated. 

Thus, V X + 6 =: 10, by tranfpofirion, becomes 

VJ(~ lO — 6) =4; which, by fquaring both fides, 
gives X zzL i6« 

So, likewife, Vaa + ;p;if — r = x, becomes V aa -{-xx 
r= r + > ; which, fquared, giv» aa + xx :=, cc -^^ 2cx 
+ xx^ or aa^'^cc =;: %cx {Jby rule i).— The Reafons of 

this. 
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this, as well as of the two preceding rtil^ depend on 
felf^evident principles: for, when the equal quantities^ 
on each fide of an equation, are multiplied or divided by 
the fame, or by equal quantities) or raifedto equal powers> 
the quantities refulting muft heceflarily be equal. 

5*.» Havings by th/pfeceding ruUs (if there is 9ccafim) 
cleared your equation of /rational and radical quantities^ 
■and Jo ordered //, by tranfpofition^ that all the terms^ wh&ein 
the unkn&wn quantity is founds mayftand on the Jaine fide 
thereof y let the whole be divided by the coefficient^ orthefum 
efthe coefficients y of the highefi poxuer ofthefaid unknown 
quantity* And then, if your equation be a fimple one 
(that is, if the firit: power or the quantity itfelf, be only 
concerned) the work is at an ^nd ; but if it be a qua-- 
dfatic, or cubic one, ^c^ fomething further remains to 
be done; and recourfe muft be had to the particular 
methods for refdving thefe kinds of equations, hereafter 
to be confidered in a proper place* 

I (hall here fubjoi^ a few examples for the Le^ner's 
exercife, whejrein all jthe aforegoing Rules obtain pro* 
roifcuoufly. • ' 

Ex. I. Let 5^- — i6 *= 3ir -f 12 : then (by rulei) 
Sjk" -^ JA- = 12 + 16, or 2x = 28 : yjrhence. (by rule 5) 

Af = — = 14. 
2 

Ex. 2, Let 20 -r 3;tf -^ 8 n 60 — jx : then — 3* 

-f 7x == 60r^ 2p + 8,* that is, 4^^ =: 48 ; and confe- 

48 
quentlyxn — =12. 

£x» 3, Let ax — b szcx + d; then Ofc^cx si d+b% 

^ d + b 

ov a — cxxzzid+bf and therefore x :p: (by^ 

ruJeS')- a^cy 

Ex. 4. Let 6;^* — ^ox zz i6x + Zx*^ then, divi<jing 
by 2x (according to rule 2) we have 34?— -10=18 + ;?; 
whence 2^ — x zz B + ro, that is, 2ac r= 18; and 
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Ex. S; Let ^ji' — iAx*^zi ax* + aacx* : hoe, di- 
viding the whole hyax*^ we have J* — * =: » 4- 2rj 



therefore Zr z= 2c + ^, and x =: 



2c + b 



£x.6.Let^+ fl = ai: tbcii('A3fr«i^3)4Jp+Jr 
3 4 



=: 252 i and therefore x =: -^ = 36. 



Ex. 7. Let 



X + 



^+ 3. 



-Ji + 2-±-? = 16- :L2-2 : then 
a 3 4 

J2ar + 12 + 8;ir -I- 16 3: 384 ^ 6x — x8 ; whence 

26jf = 338, and ^ :=: i^ = I3» 

JEx. 8. Let a — — = f ; then ax-^bb zz ex; whence 

€tx -— ex !=: ^^> and ;ir z: *—-*-- • 

tf — ^ 

i^jf. 9. Let-i + !L + !L^ d: then^ fcA'+tffA'+ 
a t * c 

«ix =: aof <% ot be -i- ac -i- ab X le =. abc4i and conds* 
quently *r => ., "^ . C*/ ra/* 5.) 

W + 4W + <7P 

Ex. 10. Lettf* + i* = ffiifi*: 'theii,'Sm« x 

a + X = ^J<f* + ^A that 15, a^x + «** + ^* + *V = 
xix^ + ac*i whence a*x -f ax^ + 3V— ax^ zi ac^-^ 
aH^y or tfV + h\c ti ac^ •— ab'^ i and therefore rtf =? 

aa + bb 

Ex. II. Lret.*" , + ^ = I : then, ax + ab + bx 
tf + ^ X 

— «Af + ;rAf ; whence — • y;^ + i;r = — <»4 ; whidi, by 

changbg all the ii|ns (in order that the hiebeft power 

of X may be pofitive) give3 xx-^bx ::z ai. But the 

iame con^lufion may be otherMnife brought out, by firft 

changing tiie fides oftbe. equation ax -i- ab ^ bx =: ax 



\ 
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'\- xx\ which thereby becoming ax -^ xscn ax + ah + 
hxy we thence get xx*^bx 3: oi, the fame as bsfire. 

Ex. 12. Let -if- + 12 — 17 : then JlifL = <, 
_ 3 3 

ted y/s^ — 15 ; whence, f*/ rule, 4) 5*^ = 225, and 

225 
therefore x = = 45. 

J?*-. 13. Let V^i2 + ;v = 2 + V^A»; then (by rule ^) 
12 + ;e=:4 + 4^*+^; whence, by tranQ)ofition, 
8 := 4 /;f 5 and, by divifion, 2 =5 V^* ; confequcutly 
4 = Ar. '•^ 



jB*-. 14. Lct\y + l^fl* + ;e* = 



2^?^ 



Here ^iy 



r ules) X X V ^* + X* + a* + x*^2a* ; whence x x 
y/a^-^-x^ = a* — ;e% and jf* X «* + ;^* = ^— .2aV 
+ *♦ (by rule 4-) y that is, ^iV + jt* = <?*— 2^?V+;^*^ 

r 

therefore 3flV*^=: '<7% and x^ = 



3« 



JSjf* 15. 



Let ^x + Vtf + * = 



3 

2^ 



Thca 



0X + XX 



y^a+'x 
y^ax+xx-{-a+ x tz 2rf, or \^ax-\rxx zza^^x-^ whence 

zza*-^ 2ax + a: , and jr — — 1= — . 

3« 3 

j&f. 16. Let v^A-^ — «' zz x-^c: then, by ^binj 

Both fides, x^^a^^ ^^ — S^at* + 3^*^>-.<:* > whence 

• ^^ I? 
^^;r»— 7cV = a^ — tfS and **— ^ry = — — — bydi* 
^ ** . 3^ ^ 3 

viding the' whole by 3c. \ ■ 

Ex. 17. Let "/aa + *jf = P'F'TT'i then, by raiC- 
ing both fides to the fourth power, we have aa^xx\^ 
:s; *+ + ;p*i that is, a* +^^«V 4- *♦ c: ** + ^ j and 

confequently ^* 1= ::z — — f^*- 

2aa '2aa 

Ex.iS. 
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» 

g^-hy Vlif + XX — tf. Here 

A" + fl n Vfl* + A' j/M + XX ; which iTquared, gives «*+ 
a/7Jir + fl*=:tf*+iipV^W-f ji?Ar>or je* + 2ax::z x V^bb + xx\^ 
divide b)^ ^y fo IhaU x '^ %azz Vhh -i- xxi this iquared 
again gives x^ *f 4^ x + 4^* zz M + xx, whence j^ax- 

= W — 4^!; and therefore *• = — '^a, 
■ La 

Of /A^ Etcttrmination of unknoivn quantities j or the 
redh£lion of two or more captations to a Jingle one. 

It hds beeh {hewn above, how to manage a fingle 
equation J but it often happens, that, in the folution of 
the fame problem, two, or three, or more equations are 
doncerned, and as many unknown quantities, mixed pro- 
mi/cuoufly in «ach of them ; which equations, before 
any one of thofe quantities can be known, muft be re-^ 
duced into one, or io ordered and connected, th^ from 
thence, a new equation may at length arife, afield 
with only 6iie unknown quantity. This, in moft cafes, ' 
may be performed various ways, but the following are 
the moft general. 

I". -Obferve whichy of all your unknown quantities'^ is the 
Uaji involved^ ^nd let the value of that quantity be found 
in eaih equation (by the methods already explained) looking 
upon all the reji as known \ let the values thus found be put 
equal tt each other (for they are equdlj hecauje they all ex^ 
prefs the fame thing) j whence new equations will arife j 
out of which that quantity will be totally excluded 'y with 
wbi^b new equations the operation may be repeated^ and the 
Unknown quantities exterminated^ one by one^ t illy at laji^ 
you come to an equation containing inly one unknown quah" 
tity. . 

2^. Or^ let the value of the unknown' quantity^ which 
you would firji exterminate^ be found in that equation 
wherein it is the leaf involved, confidering all the other 
Quantities as known ; and let this value^ and its powers^ be 
Jub/litutedfor that quantity and its refpe^ive powers in the 

other 
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ctber equations i and wkh thi new equations thus arijin£ 
f^eat the operation^ tUl you have only one wtknown quM^ 
tity, and one equation. 

3®. Of't la/ilyy let the given equations hi multiplied or 
divided hf fuch numbers or quantities^ whether knbwn or 
unknawnj thft the term which involves the highe/i power of 
the unknown quantity to he exterminated^ may be the fame 
in each equation ; and then^ by adding^ or fubtraSiing thi 
^quatiens-^as'occafion foall require^ that term will Vanijh^ 
and a new equation emerge^ wherein the number ofdimen-' 
Jions [if not the number of unknown quantities) will be di* 
pAnifhed. 

But the vSt of the different methods here laid dowfi 
vill be more d^rly underftood by help of a few ex-^ 
amples* 

EXAMPLE I. 

Im thtre be given the- equettions x -^ y zz 12, and $je 4r 
3^5=50; to find X andy^ 

Jc^rding to the firfl Method^ by tranfpofiiig jr and j)'* 
we get jv = 12 — J> and 5^ — 50 — • ^ s from the laft 

of M^hich Equations, x = i— , — ±i : Now, by equating 

didfc two values of j?, we have I4 — y s: ■ ' "^^ | 

and therefore 60 *— 5;^ =r $6 — « ijy : from which y is 

given = — n 55 and jr (iiJC2— j^^il*-^) —7- 
• 2 > 

According to the fecond Methods * being, by the firfl, 

equation, = 12— j^, this value mufl therefore be fub- 

ftituted in the fecond, that is, 60 -^ 5;^ muft be wrote 

in the room 4>f its equal 5^ i whence will be bad 60 — ^ 

5y + jy n SOi Mid from thence j = — = S> ^^ before. 

But according to the third Method^ having multipl!e(l 
Ae firfl equation by 5, h will ftand thus, 5;^ + 5;?=:6oi 
from whence fubtrading the adequation, ^x + 2y^S0i 
Ihere remains - - •«• - • %yrzt6i 
whence yz:: 5,^?/// thefafhi as bfore\ 
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The firft of Acife three ways is much ufcd by fome 
Authors, but &e laft of them is, for the general par^ 
the, moft eafy an4 expeditious in practice, and is for 
diat reafon, chiefly regarded in the fubfequent eaum* 
pies. 

EXAMPLE IL 

La f 5^ + 8y = iH 
I 3J? — 2j> = 20. 

Here the fecond equation being multiplied by 4 (in 
order that the coefficients of y in both equations may oc 
die fame) we have 12^ -^—Sy sr So. 

Let this equation and ^e firft be, now, added to<- 
getfaer i whence -y will be exterminated> there coming 

out fjx = 204^ fromwUch^ =:-^--i =: 12 '.therefore^ 

by the firft equation, yf= 'Jtpf s;i£fr± = |fr) 

= 8. 

EXAMPLE m. 

I 2a? -f 53f ri 160. 
Here, multiplying die firft equation by i, and the fe« 
condby 5, in order that the coefficient of x may beUic 
&me in both, there arises 

lojf— 6y =: 180 

lOx -jir 2Sy = 800. 
By fubtnuSing the former of which, from the latter^ ws 

have 2iy = 620: hence y =: — ..-. = 20 i and (o* by 

31 

the firft equation, ^(==:^i-±J?:=:?£±i2) = 30- 

But the value of x may be otherwife found, inde- 
pendent of the value of y ; for, by multiplying the firft 
equation by 5, and the lecond by 3, and then bidding 
them together, y will fie exterminated, and you will get 

2SX +6x =z 450 + 480 i whence x = .252. = 30, 

3c 
ihefamf as brfitn. 
. ^ "^ ' f EX- 
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EXAMPLE IV. 



Given 



(Jl + 2. = i5 



Given 



5 ; 9 

Here our equatiot^, cleared af fractions, w91 bd 

3^ + 2;^_= 96 

9^'— sy = 90- • 

■ An(l> if from the trijple of the Former the latter be fab^- 
tra<^ed, we fliall have % 4- -Sy = 288 — 90, that is-, 

"ijy = 198 5 ^«4ience j^ =i 18 } and x (= 2-Zl3?J2= 20. 

3 

^ ' EXAMPLE V. 

fiL-^I2 = £ + 8 

r * 

. t 5 3 4 

Here 4 * — 96 = 2;^ + 64, and 

l2Jk? .+. I2y + 20jr — 480 == 3qy -**• 15*- + 1620 j 

which, contraSed, becohie - 

- 4^ — 2y rr l^o, and 

47 jf— i8y =:2ioo: from the laft of Which fubfrafl 

9 times the former ;'ib (hall ii;»7 = 2100 — 1440 =r 

660 1 therefoi^e x = 6o> and ^^ ( =lfZll[^ :;taji?-^8o J 

.2 

xs 4^ ^ ^ 

EXAMPLE VI. 

f x+y = i2 i 
Let < .V + z =: 14 > ; to find at, y^ and «. 

I jf + z if 1 5 3 , 
By fubtraSlng the firft equation from the fecond (in 
order.*© ex terminate x) we hav^a;.-^;^ = i; to which 
Ac third eqaation being added, y wiH likewife be ex- 
terminated, there coming out 2z =16) or 2 = 8: 
whence y (= z — 1) == 7 j and ;ir ( =13 — y) = 6. 

EXAMP^^E 
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EXAMPLE VII. 

a 3 4 



67 



Let 



3 



t*i=« 



456 

Here diie given equations, cleared of fradlioAs, become 
iZx + 8^ 4- 6zzz 1488 
20X + 15/ + 122: n 2820 
3o<* -f 24y 4- 20Z = 4560. 
Now (to exterminate z) let the fecond of thefe equa- 
tions be iubtrafted from the double of the iirft ^ and alfo 
the triple of the third from the quintuple of the fecond s 
^whence is had 

_ 4^ + ;f = 156 
lox + 3y s= +20; 

irom which I2;ir-— iO*'=:468— 420, and*" s: 1- =: 24. 



Thercforc;^( =: 156— 4*) = 60s and »{ = 



_ 1488^8^— 124? 



I 



t=: I20» 



EXAMPLE iVIIL 



£// 



2Z 



jr + 100 zi: y + 
y + 100 = 2*" + 

z + 100 = 3^+ 3;^. 

To the double of the firft, let the fecond equation 
be added ; fo ihall the at's, on the contrary fides, de« 
ftroy each other, and you will have 300 + jf = 2y + 42, 
jor 300 =: ;^ + 42. Moreover, to the triple of the firft, 
let the third ^equation be added, whence, will be bad 
« ,+ 400= 6y + 3%, or 400 = 6y 4- 2*. 

Now, if from the double. of this laft equation, the 
former, 300 = y + 4%, be fubtrafted, there will come 

out 500 = I ly i and, confequeiitly, y zz J — = 45 tV 5 

F 2 therefore 



- -J 
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therefore a ( = 222z2 =s 75 — JL= 75 — iiA^) a 

4 4 

^Jtt ; and ir ( =:;r -j-z — -^ ido at logrr — 100) =: 9/,. 

EXAMPLE IX. 

Let * — > = 2) and Ay + 5J1? -*• 6j^ s; 120 j to ex^ 
terminate X* 

By the former equation x Tzy -{^ 7,\ which value be- 
ing I'ubftituted in the latter according to thefecond general 

method) it becomes/ 4- 2 X 7 + 5 X ^^ + 2-^/ n 120, 
that is,;'* >|- 2;^ + 5/ + 10 — 6y = 120, or;f*+ ;^ n i lO. 

EXAMPLE X. 

Let there be given x + y :ii a^ and «* + ^* s: i ; /* 
exterminate x* 

Here, by the firft equation, x z=:a — y ; and there- 
fore X* == <?— :yl*; which value being wrote in the 
other equation, we have <?— yl* + y* =: ^, that is, 

fl*-»"2<sry +y*+y* =: ij and therefore y* — /zy =: — ZlfS 

ft 

EXAMPLE XI. 

^'''''' {%XglVh^i}'' exterminate y. 

Multiply the fiVft equation hyf, and the feCond by^ a^ 
and fubtrad the latter produd from the former ; whence 
you will have bfx — agx +cfy'^ ahy = df-^^ak ; which, 

by tranfpofition and divifion, gives y = 1"'^ +^f* J^ 



•^m-mrmm-mmi^m 



cf^nh 

Let this value of y be now fubftituted in the firft equa- 
tion, and there will arife 
a^x — a'^kx -f a^gx^^^ abfx* + cd/-^ cak 4 cagx — chfx 

cf—ah 
hx =: d : whi ch, mul tiplied by ^-— ahy and contraSed, 

gives ag — hf x x^-^df'-^^k-^cg^bhxx zzck — hd, 
' EXAMPLE 



OF EQ.U ATI O N S* 
EXAMPLE XIL ^ 

Suppefing ax^+ ^jr + ^ r: o, mi/x* + gx+ i « 0| 
t9 exterminate x. 

Proceeding here as tn the laft example, we have fkx 
+fc — agX'^ ah "rzo I and> from theilce» x^ "^-^ • 

Whence, by fubftitution, a X "^^—^f , + iXfh^ 

fb^^g\ fb—ag 

+ <r =:: o. This, by uniting the two laft tcrmS) and 

dividing the whole by a, gives ^^3* + ^*ZS5 r^o i 

confequently ab—ft^* + /^ — ^S ^ W-— c| =i o. 

After the fame manner a: may be expunged out of the. 
equations ^A*' +i^*+ cx+d =z Oy2Lnd/x*+gx-i'A = o, 
&c. But, to fliew the uCs of the above example, fup- 
pofe there to be given the equations *•* + /*• — y*=: O, 
ahd 4f* + 3xy — 10 = a : then, by comparing the terms 
of thefe equations with thofe of the general ones, «**+ 
Jfx + c zz 0, andyi* + gx -^^ h = o ; .we have a =: r, 
* =: y, c = — y% /= I, i: = 3y, and* = — lO > 
wh ich values bei ng fubftitut ed in the equation ^7^^* 
+ yi^ — ag X ^^ — iy = o, // t hence becomes 

~io+yy|' + y — ay X — . loy -I- 2y3 =r o, that is, 
100 — 20y* + y* 4-*20y* — 6y* = o ; or, lOO :;: jy* j 
whence y may be found^ and from thence the value of ir 
^o. 
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0/ Proportion. 

QUANTITIES, of the fame kind, may be com- 
pared together, either with regard to creii difFe- 
^reqceS) or according to the part or parts, that orie is of 
the otber^ called their ratio. The comparifon of quan- 

F 3 titles 
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OF PROPORTION. 



tides according to their differences, is called arithfneticat\ 
but according to their ratios, geometricai. ' 

When, of four quantities, Z, 6j'i2, i6, the difference 
of the firft and fecond is equal to the difference of the 
third and fourth, thefe quantities ^xt f^id to be in ariih- 
rrtitical proportion. But, when the ratio of the firft and 
fecond is the fame with that of the third and fourth (as 
in 2, 6, 10, 30) then the quantities are faid to be vo.gco^ 
metrical prop^tion. Moreover, when the difference, or 
the ratio* of every two adjacent terms (as well of the fe- 
owid ana third, as of the firft' and fecond, ^c.) is the 
iame, then the proporticHi is faid to be continued: thus^ 2) 
4, 6, 8, &c, is a continued arithmetical proportion > and 
2, 4, 8, 16, tf^ a continued geometrical one. Thefe 
kinds of proportions are alfo called Projgrcflions, being 
carried, on according to the fame law throughout. 

Arithmetical Proportion. 

T H E aR E M I. 

Of any four quantities^ J, ^, ^ , d^ in arithmeikal pro^ 
grejfion ♦, the fum of the two means is equal to thkfum of 
the two extremes, 

iFor fince, by fuppofitfon, * '• — a: is = d^^Cj there- 
fore v^b + c zzd -^ a^hy tranfpofition. 

THEOREM II. 

In any continued arithmetical progrejjion (5, 7, 9, I It 
I^> ^5) ihefum of the two extremes ana that of every other 
two terms equally dijlantfrom them^ are equal. . 

Fdr^fince, by the nature of Progreffionals, the fecond' 
terin exceeds the firft by juft as miich as its correfponding 

*" Although, in the comparifon of quantities accord- 
ing to their differences, the term proportion y^ ufed ; yet 
'the word progrejjion is frequently fubltituted in its room^ 
and is, indeed, more proper; the former term being* 
in the commctti. acceptation of it, fynonymous with ra^ 
tio^ wbkb is only lufed ia the other kind of comparifon* 

* ' ■ term, 
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temi) the kft but oi:^> wants of the laft, it is matiifisft 
tli^ wlsMca tk^efe cpireipondiag terms are added together, 
th^ e9:cefs. qf the one will matte good the defed of the 
otliieF» and'ib efieir . fum be exa^y the fame with diat of 
the two extremes ; and in the fame manner ^t wiH ap« 
pear, tbat the fum of ^tny two other corresponding terms 
mutt be equal to that of the two extremes* 

When the number of terms is odd, as in the progref* 
Con, 4, 7, ro, 13, i6^j then toe fum of the two extremes 
being double to the middle term, or mean, the fum of 
any other two terms, equally i^emote from th^ extremes^ 
muHk jijc^wiie be (^pi^We to &e paean, 

T H E o It ig M nt 

In any- contlv^ued artihnuticalprqgreJiQn^ a^ a+d'^a^ %d^ 
a + 3^, fl -f 4^9 ^c, the hjfy or greateji term, is eqtialta 
ihefir/i {or leM^)^ mors th eommon diffiriwe 4f thi tirnik 
drawn into the number of all the^ terms after the firft^ or 
fntq tife wlxnk ntmai,er ^tkej tfrms^ lefs one. 

For, fince every term, after the firft, exceeds that 
preceding it, by the common difference, it is plain that 
the laft vipuft eii^ceed the iiriit by as tx^any times tbe.qomr 
mod difference as there are terms after the Hrftj and 
therefore muft be equal to the frrft, and the cgmmfyy 
difference repeated that number of times* ' . 

T H E O R E M I y. 

Xbe ^m rfartji rank orfiries ^ quantities^ in continjued 
(irithmetml progreffi^n (s, 7» ©j H, I3s *5) '^ ^f«^ H 
the fum of the two extreme mMfPplied into half the mnfr 
terrfUrmu 

For, becaufe (by the fecond Theorem) the fum of the 
two extremes, and that of.every two oAer terms equally 
remote from them, are equalj^he whole ferics, confift*. 
Uig of half as many fuch equal fums as there are term^ 
wm therefore ^e equal to the fum of the two extremes 
repeated half as many times as there are terms. The 
&me diing alfo holds, when the iiumber of terms is odd, 
-as m the feries &^ 12, 16, 20, 24 \ for then, the n^ean, 
ox middle term, being equal to half, the fum of any t\yo 

F 4 terms 
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terms equally diftant from it^ on contiary fides^ it is oK^ 
' vious that the value of the whole feries is the fame, at 
if every term thereof yn% equal to the mean, and there-* 
fere is equal to the mean (or half thje fum of the two 
extremes) multiplied hy the whole numi(>er of terms i or^ 
to the whole fum of the extremes multiplied by half the 
number of terms. 

Geometrical Proportion. 
THEOREM L 

If four quantities^ tf, i, Cydy (a, 6, 5, 15) an iHgeome-^ 
trical proportion^ the produH of the two meansy bc^ wilt 
be equal to that of the two extreme s<^ ad* 

For, fince the ratio of ^ to ^ (or the part which a 

Jm 

is of k) is jBxprefled by ~ ^ and the ratio ofc to 1/, in 

e 
like manner, by ^ ; and flnce, by fuppofition, thefe two 

ratios are equal, let them both be multiplied by bdy and 

a c ' 

tbe produds -^ xbd and -j K bd will likewiie be equal ; 

b d 

that h~^^J^yOvad=itb (by cafe ^. feff. J^.) 

b d , , 

T H E O R E M 11. 

Iffiur quantities^, tf, *, Cyd^ are fuch, that the produSt 
0f two ofthenti ad, is equal to the product of the other two^ 
icy then^are thofe quantities proportional. 

For fince^ by fuppofition, the products adzni be are 
equal, let both be divided by bd^ and the quotients 

£L f JL\ and -7^. /^ -^ j will alfo be equal ; and there* 
bd \ b J bd\d/. 

fore a : b : : c : d, 

THEOREM ^Ilf. 

If four quantities^ a^ *, r, d^ (2j 6, 5, 15) are propor* 
tionalythe rectangle of the means divided by either extreme^ 

^mll give tbe other extreme* 

For, 
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For, by the fecond Theorem, ad =: ic {i x 1$ zz 
^ 'x 5), whence dividing both fides of the equadon bj 

a (2), we >have ^ i= — (^5 = ^ ) • Hence, if the 

two means and one extreme be given, the other cxtrcDM 
may be found* 

THEOREM IV. 

Thi produ£fs of the correfponding terms of two geitmitri'* 
cal proportions^ are alfo proportionaL 

That is, if tf : * : : ^ : <ii and * : / : : ^ : i, tfien 
will ae\ hf \ \cg \ dh. 

For -f. =r i- , and L. rr 4- > ^y tiippofition ; whence 
h d f b 

£. X -^ =? -^ xA-y^y ^V^^ multiplication $ and conic* 
b f d b 

quently ^ = ^ (by p. 18) \ that is, ae : hf\ icgidb^ 
If db 

Hence it follows, that, if four quantities are propor- 
tional, their fquares, cubes, l^c. will likewife be propor* 
tional. 

THEOREM V. 

If four quantiiHs^a^ by ^,^9 (2, 6,5, 15) are proportional^ 

fi. inverfely, i : tf : : rf : r ("6 : 2 : : 15 : $) 

2. alternately, « : c : : i : rf (2 : 5 : : 6 : 15) 

I 3. compoundedly, a^M+bwce-i-d^i : 8 : : 51 20) 
§J 4. dividedly, a'Jh^\\c\d^^{2 : 4: : 5 : 10) 

g A 5. mixtly, b-ya : i— ^:;^+i:u/— <(8 : 4 : : 20 : lo) 
^-A 6. by multiplication, ra\rb'.\c\d{2r.tr:i 5:15) 

L7. by divifion, ^: i. : : r :rf(— : — : ^ 5 : XS) 
r r r r 

Becaufethe product of the means, in each caCb, is equal 
to that of the extremes, and therefore the quantities are 
proportiqnal, by Theorem 24 

- THEOREM 
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l^tkre^ numbers J a^ h^ r, ('2, 4, 8,) be in coritlnuid pr^ 
pprtioTiy the Jquart of the firjl will he ta that of the ficon^ 
fis thefirjl number tojhe third 5 that is a^ : b^ : : a : c. 

• •For^ fiace a : k : : i t c, thence wiH ac r= bbj by 
Theorem 1 ; and therefore aac zz abby by equal rnuhi* 
plication J confequently a^ : b* : : a : f, by Theorem 2. 

In like manner it pi^y be proved, that, of four quan-^ . 
t^tes continually proportional, the cube of the fix^ i&to 
Ihat of the fecono, as the firft quantity to tl)e fourth, 

^' THEOREM VIL 

In any corjinaed geometrical proportion (^ly 3, 9, 27, 8r> 
(pt.(.) the^rodj$£i of the two extremes^ and that, of every o{her 
two termsy equally dijlantfrom thenh (ire equal. 

For thp ratiq of die firft term to the fecond, being the 
fame as that of the laft but one to the laft, thefe four 
terms are in proportion j and therefore, by Theorem l^ 
the ra^angle of the extremes is equal to that of their 
two adjacent terms : and, after the very fame manner^ 
it* will appear, that f^e re(5langJe of the third and laft but 
two, is equal to that of the?r two adjacent terms, th^ 
fecond and laft but one ; and fo of the rpft. Whence the 
truth of the prdpofitioM is manifjpft/ 

THEOREM Vllf. 

. TThefum of any nwnber of quaf2titiesy in continued geome-* 
trtcal proportion^ is equal to the difference rfihe reStangle 
ff the fecond and Iq/I, terms and thefquar^ af the firjf^ J/- 
iH/kdby the difference afthefirji and fecond terms, 

. For, let the firft term of the proportion be denote^ 
by Oy the common ratio by r, the number of terns by 
fly and the funi of the whole progre^op by .v ; th6n it 
is manifeft that the fecond term will be exprefled by ^ x r, 
or ar \ the third by ar X r, or ar^ ; the fourth by ar* x r, 
br ar^j and the wth, or laft term, by ^r"^* ; and therer 
fore the proportion will ftand thus, a + ar + ar^ + ar^ 
• . . • + ^r'tr* + ar^^ zz ;ifi which equation, mul- 
... * tiplied 
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tiplied by r, gives ar-^ar^+ar^+ar* + ar^'^ 

-f. ai^ zs. rx \ from which the firft equation being fub- 
traded there will remain — « + ^r* ^zz rx, — at ; whepca 

as was to be demonftrated. 
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SECTION IX. 

The application of Algebra tMthe resolution of nu^ 

merical Problems. 

WHEN a Problem 'is propofed tp be felved alge<« 
braicajiy, its true dcfign and fignification oiighty 
rn the firft place, to be perfediJy underftood, fo that (if 
needful )>s it may be abftra^led from all ambiguous and 
unneceflary phrafes, and the conditions thereof exhibit- 
ed in the clear eft light poffible. This being done,.aa4 
the feveral quantities therein concer.ned bein^ denoted 
by proper fymbols, \^t the true fenfe and meaning of the 
queftion be translated from the verbal, 'to a fymbolical 
form of expreffion ; and the conditions, thus exprefled 
, in algebraic terms, will, if it be properly limited, give 
as many equations as are necefTary to its folution. But^ 
if fuch equations cannot be derived without fome pre- 
vious operations (which frequently happens to ,be the 
cafe), then let the Learner obferve this rule, viz. let 
him confider what method or procefs he would ufe to 
prove, or fatisfy himfelf in, the truth of the folution, 
were the numbers that anfwer the conditions of the 
queftion to be given, or affirmed to be fo and fo; and 
then, by folio wmg the very fanie fteps, only ufing un- 
known fymbols inftead of known numbers, the queftion 
will be brought to an equation* 

Thus, if the queftion were to find a number, which 
being multiplied by 5, and 8 fubtraftcd from the pro- 
duct, I 
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dud) the fquare of the remainder (hall be 144; then> 
having put <? = 5> ^ = 8> and c = 1441 fuppofe the 
number fought 



to be — — — '--4 
then 5) or a times that num- ) 
ber will be — — •- j 
from which 8,or^beingfub- 1 



20 



12 



(or) 



X 



ax 



ax'^b 



a^x* ~ ^axh + **, 



traded, there remains 
which, iquarcd, is — — 144 

Therefore aV— laxb +A* is r= ^ (pr 144) accord- 
ing to the conditions of the queftion. In the fame man- 
ner may a queftion be brought to an equation when two 
or more qtiantities are required. 

After the conditions of a problem are noted down in 
algebraic terms, the next thing to be done, is to con- 
fidcr whether it be properly limited, or admits, of ai) inde- 
finite number of anfwers ; in order to dtfcover which^ 
obferve the following rules. 

RULE L 

When the number jof quantities fought^ exceeds the num^ 
her of equations given^i ^he quejiiim (for the general fart) 
h capable ^f innumerable anfwers. 

Thus, if it be required to find two numbers {x andjr) 
with this one fmgle condition, that their fum (hall be 
100, we (h;all have only one equation, viz^ x -^ y zz lOO^ 
but two unknown quantities, x andy, to be determined ; 
therefore it may be concluded, that the queftion will ad* 
mit of innumerable anfwers. 

R U L E II. 

But If the number of equations^ given from lie cwditiont 
rfthe queftion^ is'jti/i the fame as the number of quantities 
■ fought, then is the quefiion truly limited. 

As, if the queftion were to find two numbers, whole 
fum is 100, and whofe difference is 20 ; then, ;irbeins 
put for the- greater number, aiid y for the lefs, we fhaU 
have AT + y =: lOO, andx— -y =:2o; therefore, there 
being here two equations and two unknown quantities, 

the 
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the queftion is truly limited ; 60 and 40 being the only 
two micnbers that can anfwer the (conditions thereof. 

RULE in- 

When th nunAer df tquatrnt exceeds the number ^ 
quantities feught^ either^ the conditiom of the problem are 
inconfijient one with another^ or what is propofed^ in general 
fermSj can only be pojjible in certain particular cafes. 

But it is to be obferved^ that the equations underftood 
here» as Mrell as in the preceding rules, are fuppofed to 
be no ways dependent upon, or confequences of one an- 
other. If this be not the cafe, the queftion may be either 
unlimited, or abfurd, or perhaps both, at the iame timer' 
that it feems truly limited 3 as will appear by the fol- 
lowing example. , 

Wherein it is required to find three numbers, under 
thefe Conditions ; that the fum of once die firft, twice 
the iicond, and three times the third, may be equal to a 

fiven number^; that the fum of four times the firft^ 
ve times die fecond, and fix times the third, may be 
equal to a given number c\ and that the fum of feven 
times the firft, eight times the fecond, and nine times 
the third, may be equal to a third given number d^ 
Now, the three numbers foueht being, refpe£lively, de« 
noted by Xy ^, and z^ the queftion, in algebraic termS| 
will &^aad ihusy 

X + 2j -i- y: zz b 
4* + 5y + o« =: f 

7* + 8y + 9aj =: d. 

Here^ there being three equations and juft the fame 
number of unknown quantities, one might conclude the 
queftion to be truly limited : but, by refle6ling a litde 
upon tlfe nature and form of thefe equations, the con^ 
trary will foon appear; becaufe the^ft of them includes 
1^0 new condition but what is comprifed in, and may be 
derived froin the other two } for, if from die double of 
the fecond, the firft equation he taicen away, the value ^ 
of 7Jf + 8y + q% will from thence be given 3 2f — - b. 
Hence it is manifeft, that giving the value of ^jx + 8y 
4- 9«> in the third equation) Mmtribi^tes ootbix^ ton> 

wards 
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wards limitmg the protjeiti) and that the problem it(b)f 
is n0t only unlimited, but alfo impoifible, except when 
i/ is given equal to 2C — -A. ' v 

Having laid down the neceflary rulea^ .fer bringing 
problems to equations, and for difcovering when they 
are truly limited, it remains tfa<it we illuiirate what is 
hitherto delivered by proper examples. 

Arithmetical Problem. 
PROBLEM I. 

Y9 find thai number j to which 75 being addei^ the jum 
Jhall ht the quadruple tfth^faid required number* 

Let the number fought hi reprefented by • • • a-, 
then will its quadruple be denbted by • • • . • 4^ S 
whence, by the conditions of the queftion, x+'j^ zz J^i 
this equation, by tranlpofing x^ becomes . .75 bz^xl 

from whence, dividing by 3^ we hive je =r ii r: 25, 

3 

which is the number that was to be found (for it is plain 

that 25 + 25x3=25x4== 100). 

PROBLEM IL 

What number ts that, which being xidded to 4, and alf9 
mmltipliedby 4, the frdduff JhaJl be the triple cf the Jum ? 

Let the number fought be denoted by • • * . x\ 

fo (hall the fum be denoted by * + 4> 

and the product by , •.•••••«•'. 4^ .* 
whence , by the conditions of die queftion, 4* = 

Jr + 4 X 3 ; thit is, 4jr = 3.V + 12 5 from which by 
trang^ofition, jt == 12. 

. PROBLEM IIL 

Td find two mmAefsfuchy^at their JumJbaU he 30, and 
ibtir difference I2. , 

If X be taken to denote the leflfer of the two numbers | 
then, by adding the difference 12, the greawr number 
will be denoted by x ^ 12 ; and fo we fliall have 
24^ + 12 == 30, by the queftion. 

From which evjuation, 2;ir = 30^-i2=:i8j and con«* 
9 fequently 
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18 

fequently ^ = — = 9 : whence the greater niunber 

2 

(x+i2) is alfo given = 21. 

PROBLEM IV, 

To divide the number 60 into three fuch partSj that thi 
firft may Exceed the Jecond by 8, and the third by 16. 

Let the firft part be denoted ty x ; then the fecond 
will be ;tf --'8, and the third jr — 16 : the aggregate of 
all which, or 3^1? — 24 is = 60, by the quejiion. 

Hence 3;^ s= 60 + 24 =: 84, and at == -f r= 28 : fo 
' 3 

that 28, 20, and i2, are the three parts required. 



A 



PROBLEM V. 

Thefum of 660/. was raifed (for a certain purpofe) by 
four per fons^ A, B, C, andU^i wheretfB advanced twict 
as much e?V A ; C as much as A and B ; and D as mud 
as B andC : what did each perfon contribute ? 

Let the fum or number of pounds advanced \ 

byA, becalled \ ^^ 

then will the number of B's pounds be denoted by 2;r, 
thatbfC'sby . - * - - • ^ . - - 34r> 
wid that of D*s by ---•----. 5;rj 
file fam -of all which is given equal to 660/. that is, 

XI. X ^^ 660: from whence^? = « :=6o. Therefore* 

II 

60, 120, t80j and 300/. are the refpcftive fums, thaft 

Wcte to be determined. 

PROBLEM VL . 

A certain bm (f money was Jhared .among fk)9perfSm^ 
A, B, C^ i), andTL ; whereof^ received 10/. lejs tbofi 
A; C16/. more, than B; D 5/. lefs than C; £ 15/, 
more thanD: moreover it appear ed^ that thejbares of the 
two laft togithir were equal to the fum of thejhares of t hit 
other three : What was thi wMkfsm fiarfdy and hoil^ 

Let 
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Let X denote the (hare of A : 



then 




the (hare 




;uid therefore 2r + 17 = ^x — 4, hy thequeftion: from 
irfience, by tranfpofition, ^i zz x\ io that 21, 11, 27, 
^2,^ and 37/. are the feveral required (hares ; amount- 
ingi in the whole, to ix8/. 

PROBLEM Vn. 

To find three numbersy m thefe conditions^ that the fum 
rfthifirji and feeond Jhall bii^\ of the firft and third 16 j 
and of t hi feeond aiid third 1 7. 

If the firft number be' denoted by ;ir; then it is plain, 
by the queftion, that the fetond will be repretented by 
15 —AT, and the third by 16 — jr. But the fum of 
Aefe two laft is given equal to 17 j that is, 31 — . a^r =; 
17;' whence, by traofpofition, 14 r: 2;ir; and con(e- 

quently AT :;;= -£ =7/ Hence 15— -;ir=8, and li — x 



vz 9 ; which are the other two numbers required. 

PROBLEM VIII. 

,To find that number^ which being ' doubled^ and ibfub* 
traced from tbeprodiUf^ the remainder /ball as much exceed 
%00 as the required number itfelfis lefs than 1 00. 

The number fought being denoted by x^ the double 
Ijhereof will be repreientedby 2x\ from which fubtraS- 
ing 16, the remainder will be 2Ar — i6> and its ex- 
tcTs above 100, equal to 2x — 16—100: therefore 
2jr— 16 — \00 z:^ 100 -^ x^ by she queJHon\ whence 

2x :^ 7.i6\ and confequently ;r =: — L = 72* 

3 . . ' 

P R O B L E M IX. 

To divide the number 75 intotwofucbparts^ that three 
ffnus the greater may* exceed feVen times the leffer by 15. 
Let the greater part be =: ^r; then wUl the ieiTer 

part 
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^irt =: 75 -— A!, and, we fhall havd jx— 15 ^s 

75 -i-* ;ir X 7 ; or, which is the fame, 3;if — 15=525-^7;^: 
tram Vfhexk9 lOx t=z 540 j aiid cdnfequently ;r = 54^ 

PROBLEM X. 

Ywoperfins'i Aa^idB'i hAvihg rickived equal fums of 
'money y A out ofhh paid away 25A tf«^ B of kis 60/. £?«<? 
iheh it appeared that A hadjt^ ttvice as tnucb monfji ^^ 6^ 
whai nioney did each receive r . ' ' 

Siippofe X to denote the fiim rcceiVed by each per- 
fon ; then A,^ after paying away 25/. had x — 25 ; 
and B", after paying s^way 6o/» had x — ^ 60 : hence 
»— .25 3: 2jr-i*i20, by th^ quejii^n ; and thorcfore^ 
120 — ;t5 == 0.x — X, that is, 95,= x. 

/ .PROBLEM Xli 

To find thai number^ lajhofe J- part exceeds tis ipari 
by 12. ^ , 

Let the number fought fee reprefented by ;r j then 

will— — -. tz I2V by the conditions of the pr6blcnij 

which equation (by maltiplylng every numerator into all 
the denominators, exteptiti bwii) gives ^ — 3^* z= 144^ 
that is) X 32 144. 

^ PROBLEM Xn. . 
JPlid% jfuijfi of money is thatwhofe i party i; party and\ 
party added together^ JIall amount to i)^ pounds ? 

If X be the number of pounds required, then will 

— I- ^ + — . zzi)^ : ft-oni whence, by reduftion, 20x+ 

3 4 5 

iSx- 4- 12JC ^ 94 X 60, that is, 47*- = 94 x 6b ; and 

therefore ;f n 2 x 60 = 120. '.. 

PROBLEM XIIL 

In a mixture of coppery tiny andhad^ one half of the vjhole 
— l6lb. was topper y one third bf the whcif — i_2]b, tin ; 
ami Oiu fourth of the whde 4- 41b. lead : what quantity of 
. red) li'as there ini(?c compcfuion ? 

G ' ' -Let 
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Let *• denote' the weight of the whole ; 



— 10 



2 
X 



then will — < — 
^3 



12 



coppery 



V,be,l._»dgh.]^_ 



1 + 



.lead; 



and, if all thefe be added together, we (hall have 

— -I-. — J -f- ^ -^ 2^ zz Xy hy the quejllon. Hence by 
2 3 4' 



7.x = 576, and X -=. iL — 
' 2 



redu6tion, i2x + 8^+6;^ — 576 == 24^ \ therefore 

= 288. So that there were 

1281b. of copper, 841b- of tin, and 761b. of lead. 

PROBLEM XIV. 

JVhat fum of money is that'^ from which 5I. being Jub^^ 
trailed ^ 'two thirds of the remainder Jhall be 40I. ? 

Let X reprefent the required fum \ then, 5 being fub- 
tra6led, there will remain x — 5 ; two thirds of which 



will be X — 5 X f, or 



%x — 10 



; and fo, by the quefiiotty 



we have -f— =: 40: whence 2.v — 10 ir 120; 

3 

PROBLEM XV. 

What number is thaty which being divided by 1 2, the ■ 
quotient, dividend, and divifor, added all together, Jhall 
amount tob^. ?• - « 

Let X = the required number ; fo fljall 

iL + A? + 12 = 64, by the conditions ot the queftionv 
12 

Whence^;^' + I2;r = 52 X 12, ar 13;^ =: 624 v and cori- 

= 48. 

PRO- 



fequemly x = — 1 

^3 
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PROBLEM XVL 

^dfirid two numbers in the proportion of 2 to ly fo thatj 
if 4. be added to each^ the twofums thence arifmg Jhall be in 
proportion as 3 to 2. 

Let ;ir denote the lefler number ; then the greater will 
be denoted by 2x j and fo, by the quejiion^ we fliall have 
7.'X -i- 4-' ^ + 4: 13:2. From whence, as the product 
of the two extremes, of any Four proportional num- 
bers, is equal to the produft of the two means, (fee 
Se£f ion JO, Theorem I.) we have the following equation, 

^/«, 2JK* 4- 4 X 2 z= ^ + 4 X 3, that is, 4X + 83 
2^ + 12 ; whence jk* z= 4, and2;«' =: 8 : which are the 
two numbers that were to be found, 

PROBLEM XyiL 

j^ prize of 200dk was divided between twoperfonSj whofe 
/hares therein were in proportion as'] to () ; what was the 
\ Jhare of each ? 

If jt? =z the fhare'of the firft, thei) that of the fecond will 
be 2000 — X \ and we Qiall have x : 2000 — at : : y : g. 
. Hence, .by multiplying the extremes an^ means, 

qa* == 1400a — nx\ from which x is found = ' £i =: 

16 

875/. and 2000 — X =z 11 25/. 

PROBLEM XVIIL 

jf hill of 120\. was paid in guineas and moidores^ and the^ 
number of pieces of both forts was jufi 1 00 ; to find how' many 
there were of each, ' 

If jf ir the number of guineas, then will 100 — x be 
the numbei: of moidords : therefore, the number of 
(hillings in the guineas bring 21 a;, and, in the moidores, 

27. X lOO — A-, we have 21 ;if + 27 X lOO — x z^. 
120' X 20 = the fbillings in the whole fum : hence, 
by multiplication, 21 x + 2;['00 — 27;if. 1= 240D j and 
__ -200 ' ' 

AT = :2_ = 50. 
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PROBLEM »XIX. 

» . A labourer engaged toferve 40 days^ on- thefe condition^, 
that for e^ery day he worked he was to receive 20pence^ huf 
fbdt^for every day he tlayedy or was abfenty he way to forfeit 
8 peip:e j now after the 40 dayi were e^piredj it was found 
th(tt he had to receVje^ upon the whoJe^2>^0 pence : the quef'^ 
tlon isj to fnd h&iv many dap of thejorty he t)orkedy~anJ 
how many he played* 

Let the number exprefling the days he worked, be re- 
ppefented by x \ then the number of days he flayed wilt' 
be expreffed by 40 "^ x : moreover^ fin^ he was to de- 
ceive 20 pence for every day fee Wozkcd, the whc4e num- 
ber of pence gained by working, wi|l be lose y and for* 
the like reafon, the number of pe nce forfe ited by play- 
ing, or being abfenty will be 8. X 40 — *•, or 320— Sat ^^ 
which dedti^ted from 20jr, lea^e^ 28x-^32<^ for the fum 
total of what he had to receive :. whence we have this 
equation, ^Zx'■^^'^^o = 380 j from which %%x t= 380 + 

320 = 700, and confequcntly ;f = 2 rS' 25?, equal 

28 

to the wimber of days he worked -, therefore 40—25 

:^ 1 5^ will be the number of days he played. 

PROBLEM XX. ' 

A farmer would mix t%uo forts of grainy viz, wheats 
worth 4s. ff hujhely with ryey worth 2s. 6d, the hujhely fi 
tljat the whole tnixture may conjijf of lOO hujhelty and hi 
wcrtb 7^%. and 2d. the hujhel : now it is required t9 find how 
many hujhels of each fort muft he taken tChmake upfuch a 
mixture^ 

h^t the number of bu(hels of wheat be pat 3 Xy and * 
the number of buflieljs of rye will be lOO — x: but the 
number of bufliels multiplied by the number of pence 
per bufhel, is equal to the number of pence the whole \ 
is' worthy therefore 48.V is the whole value of the wheats 

and 30 X 100 — Xy OF 3^0—* 30Ar, that of the ryev* 
and coufequently, /\.%x -f 3000 — ■- 30^, the fum of thefe 
two, the whole value of the mixture : which, by the 
quejiiony is equal to 1 00 X 38, OX 3800 pence: hence 
3 wc 



to the "Resolvjion of Problems. 85 

;ire have 48;^ + 3000.-^ 30X = 3800 ; and therefore 
i?= 44^ tjie number of buibels of wheat; 



IP = 



8co 
78 



•wlvenge^e number of bufiiels of rye will be loO — 
•44? ^ 5S>- 

PROBLEM xxr. 

4 farmer fildy to one maH^ 30 huflnh tf ii/hfOt and ^Q 
4f barley^ and far the wh^le reaivid 2J0 Jkillings y and ta 
.another he fold $0 bufhels of wheat and 30 afharley^Mt the 
(ante prices j and for thewbeU received '^efi fiillings : not^ it 
it required ^p find what each fort of grain was fold at per 

Let x:^and y be, refpe^ively, -the numb^ of (hillings 
which a bulherof each fort was fold for ^ then, frooo the 
-coHditions of the gueftion, weft^II have thefe twojeqaa- 
^ionsy "viz. 

2^ + 40y = 270, 

50^ + 39y = 340 ; ' 
from 4 times the fecpnd of which fubtraft 3 times the 

^rftjfp (hall ijojif z: 550; and confequently a == ^^ 



no 



r: 5 : nipreover, by fubtradling 3 times the fecond, from 
5 times the firft, you will have /iioyzr^jo, and therc- 

ibrfr j^ 



= 332 =3, 
110 



For 



J 30 X 5 + 40 X 3 = 270, 



5 + 3P X 3 = 340. 
FRpBi^EM XXII. ' 

jI fon ajking his father how old be tvasy rueii^d tie 
following reply ; My gge-^fays the father ^ y years ago^ wa$ 
jyififour times as great as yours at that time j butq years 
bence^ if you and I Uve^ my age wifl the^ ie only double to 
yours: 'it is required to find from hence^ the ag^ of eacit 
perfon. 

Let A'reprqfent the ageof thp fon feve^ years be- 
fore the queftion ; then the age of the /aijier, ^t ^^t 
Cicae^^jvuis 4;^, bv tiio conditions of thj^.qutftionj, ^nd, 

' "■ G3: , :, -if 
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Tf»e Application of XxoEriifA- 



PROBLEM »XIX. 

. J labourer ^ugaged to ferve /^o'days^ on- thefe conditional 
that for every day he worked he was to receive lO^pence^ buf 
fbat^for every day he playedy or was ahfeni^ he wasf^o firfeif 
8 terp:e \ now after the 40 dayt were expired^ it was found 
thgt he had to receitse^ upon the whole^'^^O pence t the quef" 
tlon isy to find h&uJ many day's of thejortj he '^orkedy-and 
how many he played. 

Lei the number expreiling the days he worked, be re- 
presented by A?; then the nirmber of days be flayed wtUf 
be exprefled by 40 ' — x : moreoverj* fin<^ he Was to de- 
ceive 20 pence for evepy day ke woriccd, the whde num- 
ber of pence gained by W0rkmg5"Wi|l be %03C vand for 
the like reafon, the number of pe nce forfe ited^ by play- 
ing, or being^ abfent, will be 8. X 40 — *•, or 320— Sa* ;,• 
which dedtH^ed from 20jr, lea^esr 28x-^320, i<x the i\im 
total of what he had to receive :, whence we haVe this 
equation, 28;^:-*- 320 =z 380 j from which 28x == 380 + 

equal 



320 = 700, and confequcntly ;f =: 2 



^ 2if, 



to the li^imber of days be worked v therefore 40 -— 25 
z::;f. J 5> will be the number of days he played. 

PROBLEM XX, ' 

j1 farmer would mix t'luo forts of grain^ viz. whejaij 
worth 4s. a hujhel, with ryey worth 2S. 6d, the bujhelj fi 
that the whole mixture may conftji of lOO bujhelsy and b€ 
worth '^s. and id. the bu/hel : now it is required to find how 
. many bujhels of^achfort muft be taken to make upfuch a 
mixture. 

Let the number of bu(beU of wheat be pat rz Xy and 
the number of buth^Ijs of rye will be 100 — x: but the 
number of bufhels multiplied by the number of pence 
^fr bi4{h<3l, is equal to the number of pence the whole 
is' worthy therefore 48.V is the whole\ value of the wheat, 

and 30 X 100 — Xy or 3600— * 30**,' that of the rye^* 
and coufequently, 48W -f- 3000 — - 30^, the fum of thefft 
-two, the whole value of the mixture : which, by the 
^uefiioTiy is equal to loO X 38, or 3800 pence : hence 

3 wc 



i ,. 



• < 



■we have 48* + 3000 -^ 30* = 3800; aod dicrcfore 
» = ~S2. ez 44^ tbc numbef of boflieb of wtiea; 
>wKence the number of buflieU of ryt wiQ be loO — 
■44? = 55>- 

PROBi-EM XXI. 

4 farmBr ftli^ to »iu ma*, yi iufinh ^ ^vhe^ and ^^ 
*f barley J and for tbt wh»U rectivtd i-jojkiL'^n^i ;■ an^» 
.anatbtr he fold 50 bu/heb tfviheat and y^ afi-a'uj,at tct 
fajTU prices, end/er the woelt rativid '^a fiiiiliKft : Mvtt 
4/ required Jo find what etch fart »f graim ■xas jtid mt pei 

Let x^atidjr Se, trfpeS'ivdy, tijc nairibcr of ih'.lUn»v 
which a bufticl' of each fort was fold for ; th^.i, froai nc 
.-coiditiofts of thegueflion, we A4U hnc di;J"c m-ue(;s». 
tio/is, S'/z. 

3ar + 40? = 270, 
50a- + 397 = 340 ; 
from 4 times the fecond of wtuch fubtraS 3 times tiie 

no 
=: 5 : mpreover, by CubtraOin; 3 limes the frcond, /rnm 
5 times the Arf(, /ou wiiJ bare ^107=330, and ihcr;- 
ibrev =132-3. 

liO 

F«r ( 30 >^ 5 + 40 X 3 = 270, 
■(50x5 + 30x3 = 340. 

PRQBi-EM XXn. 
^ -ftn ofk'mg bit father half oU he tf«, rtcei-jtd At 

^dhming reply \ Mj Pge^fajs the father., y jeart aga. vies 
jufifaur times as great as yours at that limr ; but 7 y^iri 
Berut, if you and I live., my age wifl then ke anifdauHi n 
yours: 'it is rejvfred to find from htMce, the age afiat't ' 
perfin. 

Let * reprefmt the age of the ion lerco yean be- 

ibre the queftioti ; then the age of the /ather, at tl|}t 

tKB^ fKas 4X, bj ^a conditions of dw .qucftiooi aid, 

G 3 if 
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The 'AppLicAfioN of i^tOEtfifA^ 



PROBLEM »XIX. 

• 

• . A labourer engaged toferve 40 days^ on- ihefe conditianfy 
that for e^ery day he worked he was to reteive 2<^pfnce<i bu^ 
fhat^for evtry day he playedy or was ahfeni^ he way^ofirfett 
8 pei^e 5 now after the 4.0 days were expired^ it was found 
th(it he had to remtfe^ tip&n the whole^'^O pence : the quef* 
tion isj to find honjU many' dap of thejorty he ^orkedy-and 
how many he played. 

Let the number exprefling the days he worked, be re- 
prefented by a?; then the number of days be played wtlt 
be exprefled by 40 — x ; moreover^ finte he Was to de- 
ceive 20 pence for evepy day fee WoAcd, the whde num-- 
ber of pence gained by working,* wijl be 20oc k and for 
the like peafon, the number of pen ce forfe ited* by play- 
ing, or being abfent, will be 8. X 40 — *•, or 320—8^ v 
which deduced from 20;^*, leftvesr 28^x-^32d^ (ck the (um 
total of what he had to receive :. whence we haVe this 
equation, 28Ar-*-320 = 380 ; from which 28;ir == 380 + 

* 320 =: 700, and confequcntly jf =: 2 — — 2^ equal 

to the wimber of days be worked ; therefore 40—25 
^iSy will be the number of days he played. 

PROBLEM XX, ^ 

j1 farmer would mix tzuo forts of grain^ viz, wheaty 
worth 4s. a hujhely with ryey worth 2s. 6d* the bujhely fi 
tlmt the whole mixture may canftjt of lOO hujhehy and bt 
worth '^s. andlA, the hujhel : now it is rei^uired t0 find how 
. jnany hujhels of tach fort niufi he taken t(fmake upfuch a 
mixture^ 

L<;t the number of bufhels of wfteat be pat =e jt, and 
the number of bufliel^ of rye will be 100 — x: but the 
number of bufhels multiplied by the number of pence 
j!>^r buftiel, is equal to the number of pence the whole 
is* worthy therefore 48.V is rfie whole value of the wheat, 

and 30 X 100— A-, or 3^0— 30;r, that of the ryej^^ 
and cowfequently, 48** + 3000 — • 30^, the fum of theft 
-two, the whole value of the mixture : which, by the 
^uejliony is equal to 100 X 38, or 3800 pence; hence 
3 ^ . we 



tothe'RESoLtirti^NorPRoBLEUit. 8$ 

■me have ^8* + 3000 -^ 30X = 3800 ; and di^cfore 



'Wticn<^ the number of buihds of rye wiQ be loO •* 

p R o B I. E M xxr. 

^farrrurJilJ, to mw maA, 30 iaflult ^ ^tAitat end ^m 
tfbarlejf and far thi whflt reetivtd 2^0 jijl/ingt y and tt 
.another he ftld jo hulheh afvjhtat and ^0 ofharUj^ at tht 
foTM prices^ and for tbt zubelt reeilvei 34.0 fiiUtiKgs : mnu tt 
ii required iefiad what tsch fart tf grata wasjaid at pet 

Let )c,xai.y \>e, TefpeftVvely, Ae number of (bUUng« 
wluch a bufticY of each fort was fold for ; ihtn, from the 
roHditions of thegueflio/j, we&^bxve ihefe rwijcqtra* 
tions, 1/iz. 

30* + 4oy = 270, 
50*- + 30)' = 34o; 
from 4 times the fecond of which fubtna 3 limes the 
£rft,lo {hall ijojs = 550i and contMiuenily k = IH 

=: 5: moreover, by fubtrafting 3 umes the fccond, ham 
S times the firft, ^ouwilJhave ^107=330, and ih;r;- 

fore y ^ -ii. = 2. 
■^ 110 

F„ J 30 >; 5 + 40 X 3 = 270, 

i 50 X 5 + 30 X 3 = 3+0. 

P R p B €. E M XXn. 

^/•B o/iiwf bis Jather haw old he tvat^ reetivtd dt 
fdkwlng reply -, Mj Cge-,fays thi father, 7 ycart aga, vm; 
juftfaur times as great as yours at that time ; but .7 y/grt 
bemCi if you and I live, my age vfi(l thai he only dtubli (» 
yours: 'it is repaired to findfrtm heuce, the age of tai^ ' 
perfin. 

I-rt X reprqfent tbe age of tbe fon few n yean be- 
fore the queftioii ; then the age of the /ather, » t^t 
time,iRaG 4.x, bv ^s conditiom of ik>s .qucftion; tpd, 
G 3 if 
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Tiie 'Application of AtCEtiBTA- 



PROBLEM »XIX. 

• . A labourer engaged toferve 40 days^^ on- thefe conditian^^ 
that for e^ery day he worked he mas to receive %(^pence^ hut 
fhat^for every day he playedy or was ahfent^ he way^oftrfeif 
8 ter^e \ now after the 40 days were e^pired^ it was found 
th(it he had to receVje^ upon the whole^'^O pence : the quef^^ 
tlon isj to find h&vu many days of thejorty he 'doorkedy-anel 
how many he played* 

Let the number exprefling the days he worked, be re- 
ppefented by a?; then the number of days he played wtU-' 
be exprefled by 40 <— jr ; moreover^ finte he was to de- 
ceive 20 pence for evepy day he Woriced, the whdte num* 
ber of pence gained by workmg,*wiJl be %<3x j-and for* 
the like reafon, the number of pe nce forfe ited' by pl^y- 

i«g> or being abfent, will be 8. X 40 — at, or 320— Sat ;,• 
which dediH^ied from 20;^, leaved 28x-^^326, f<dr the fum 
total of what he had to receive :. whence we haVe this 
equation, 28^'-*-* 320 =: 380; from which l%x tz 380 + 

* 320 =: 700, and conrequcntly ;if =:: 2 :± Q.^ equal 

to the ii«|mber of days he worked y therefore 40 — 25 
:;;: 15, will be the number of days he played. 

PROBLEM XX, ^ 

A farmer would mix two forts of grain^ viz. Viheaii 
worth 4s. ^ hujhely with ryey worth 2s. 6d, the bujbelj fi 
that the whole mixture may conjiji of lOO- bujhehy andbi 
worth 2^»and 2d. the hujhel : now it is required t» find how 
. many hujhels of iach fort thufl be taken to^make upfuch a 
mixture^ 

L<;t the number of birihels of wheat be pat =r x^ and 
the number of buflieljs of rye will be 100 — x: but the 
nuniber of bufliels multiplied by the number of pence 
per bufhel, is equal to the number of pence the whole 
is- worthy therefore 48.V is the wholes value of the wheats 

' 1 1 ■■ ■ ■■ ' ill 

and 30 X 100 —A", or j^p — * 30;r, that of the rye^* 
and coi^fequently, 48iv -f 3000 — » 30^, the fum of theffc ' 
two, the whole value of the mixture : which, by the 
^uejiion^ is equal to 1 00 X 38, 01 3:800 pence; hence 
3 we 



1 






•t 



to thiC 'ViBSOLiXfTIO^ of P^OBLDtt, $$ 

m^ bave b^x + 3000 --^ 30ar =r 2^^i and thrcfore 

X = .^ s= 44^ the number of boAds of ite; 
10 

wh£ii<;edie number of \>\i(hels of r]re wiE be ioO-« 
•44f = 55J. 

PROBl^EM XXf. 

Afarrrwrfildy to 99t£ man^ 30 huJbiU ^ ^t/heMt and ^'^ 
^fbarltj^ and for the wb^l^ received iLlOjk^Uirri ;• and t% 
another he fold $0 hufhels ofvuhe^t and ^^ aft-a'Uj^ at tht 
fame prices^ and for tb£ whole rtceivtd^^ ^iiiiKfi : mu; if 
is required J0 find what eeuh fart of grain was j»U at ^t 

Let x,an4 j^ \>e, TcfpcaivcVy, ^c number of IhllUnn 
vehich a bulheV of each fort was fold for; th::ny from rnc 
x-onditions of the gaelihn^ wclh^U h^vc tbd'c twocc^rom 
itidns, t^/z, 

JOr -f- 40/ = 270, 

-from 4 times the fecond of which fubtraS 3 times Ac 

r r 'J 

1 10 
=r 5 : tnpreoverybyfuhtniAing 5 times the fecotiJ^ from 
5 times the Ail, you will have /loy =^jo, auJ Lh:r.- 

ibre/ rr Ml - ?• 

IJO 

30 ^ 5 + 40 X 3 = 27P> 
^ 5 + 3P ^ 3 = 34<^- 
PRQBi.EM XXn. 

*^1os ^, by the conditio*** -^'^ ** .qucttioo. ^ 



For /30 
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Tiie APPLICAflON of' AxGt^ttji 



PROBLEM »XIX. 

• . A labourer engaged toferve 40 days^ on- thefe conditionf, 
that for every day he worked he was to receive 2<>pencey hu^ 
fhat^for every day he playedy or was abfent^ he wasf^ofirfeii 
8 ferp:e \ now after the 40 dayi were expired^ it was found 
th(tt he had to receive^ upon the whole^'fio pence : the quef^ 
tlon isj to find h&W many dap if thejorty he 'dJorkedyMnd 
how many he played* 

Let the number expreiling the days he worked, be re- 
prefented \sy x ; then the number of days he played wtlt 
be exprefled bjr 40 — x : moreover^ finte he was to de- 
ceive 20 pence for every day he Woriccd, the whdte num-- 
ber of pence gained by warkfJig^»wi|l be %ox yaxA for* 
the like reafon, the number of pe nce forfe ited*^ by play- 
ing, OF being- abfent, will be 8. X 40 — *•, or 320—8*- v 
which dedtH^ed from 20;^, leaved 28x-^320^ for the fum 
total of what he had to receive :. whence we haVe this 
equation, 28;»r-*-' 320 = 380 j from which 28;»r == 380 + 

320 = 700, and confequcntly ;f = 1, . — 2^ equal 

to the linmber of days he worked; thefefoFc 40—25 
:;=;r 15^ will be the number of days he played. 

PROBLEM XX, ' 

A farmer would mix two forts of grain^ viz. viheat^- 
worth 4s. a hujhely with ryey worth 2s. 6d, the bufielj fi 
tlmt the whole mixture may conjijf of LOO bufliels^ and b^ 
worth 3s. and 2d. the bujhel : now it is rehired t» find how 
many bujhels of tach fort mufi he taken to^make upfuch a 
mixture* 

Let the numbfe^r of bufhels of wheat be ptrt rs jp, and 
the number of buftieljs of rye will be lOO — x: but the 
number of buftiels multiplied by the number of pence 
^^r bufhel, is equal to the number of pence the whole 
is- worthy therefore 48.V is rfie whole value of the wheat* 

and 30 X 100— ;k', or 3^0— 30;ir, that of the ryej? 
and coiifequently, a^Zx -f 3000 — ' 30^:, the fum of thefe 
-two, the whole value of the mixture :' which, by the 
^uejiion^ is equal to 100 X 38, or 3:800 pence; hence 

3 we 



to the "Resoluxion of Problems. 



55 



ire have j^2x + 3000 -*- 30jr = 3800 ; and therefore 

X = .£2 ^ 444; the number of buihels of wheat; 
i8 , . 

whence the number of bu{hels of rye will be loQ -*^ 
44f = 55i- 

PROBLEM xxr. 

jf/arrwrfildy to one ma?tj 30 iujhi/s ^ v/h(at and ^Ol 
^f barley-, and far the vjh^le received 2'jojkillings y and t9 
another he foU $0 hulheh of wheat and 30 of barley^ at the 
fame prices j and fir the whole received ^^O Jpillinp : no^ it 
ie fequirediQ find what each fart of grain was jold at per 
tu/beL 

Let x,and y be, refpeSively, the numbqr of (hillings 
which a bulheVof each fort was fold for ; then, from the 
.conditions of tbegueftion, weftgll have thefe twoequa- 
itidns, Viz. 

3ar + 40;r = 270, 

SO*" + 39r = 3+0 ; 

from 4 times the fecpnd of which fubtraft 3 times the 

4r.ft,.fp (hall ijo.jp = %S^\ and confequcntly k == 5^ 

no 
=1 5 : moreover, by fubtraSing 3 times the fecond, from 
5 times the firft, you will have jl loy zz 730, and there- 
fore y 



no 



For 



130^5 + 40x3 = 270, 
*Sox5 + 3ox3 = 340. 



PRQBLEM XXII. 

^ fon qjking bis father ho^ old he y;asj receiind the 

following reply \ My age-, fays the father ^ 7 years agOy wa} 

' juft four times as great as yours at that time j butq years 

bence^ if you and I Uve^ my age wi(l the^ he only double to 

yours: 'it is required to find from hence ^ ^he age of eack 

perfon. 

I/et X reprqfent the age of the fon feven years be- 
fore the queftion ; then the age of the /atjier, jat rfjk^t 
Ci^aae, ^jiuis 4;^, bj^ tho conditions of d^ .queftion;. ^^y 

G3 if 



$4 Tlie Applicat'ion of AxGiBgjc 

PROBLEM »XIX. 

► . jf labourer engaged toferve 40 days^ art thefe conditions"^ 
that /or e^ery day he worked he was to receive %(^pence^ hu€ 
fhat^for every day he played^ or i»as abfeni^ he waytofitfeit 
8 ^eip:e \ now after the 40 days were expired^ it was found 
th(it he had to recittJe^ upon the whole^jl&O pence : the ^uef^ 
tlon isj to find how many days tf thejarty he tiorkedyMftd 
how many he played. 

Let the number expreifing the days he worked, be re^ 
ppefented by x ; then the number of days he played wilt 
be exprefled by 40 <— jr ; mdreovery fin<&e he Was to i-c- 
ceive 20 pence for every day he worked, the whcAe num- 
ber of pence gained by working,- wi^l be %ox >and for* 
the like reafon, the number of pe nce forfe ited' by play- 
ing, or being abfent, will be 8. X 40 — *•, or 320— Sat j.- 
which dedudred from 20x, leaved 2&r-^32a, for the fuixi 
total of what he had to receive :. whence we have this 
equation, 28;if-*-' 320 = 380 j from which 28jr == 380 + 

320 = 700, and confequcntly ;f =: I :± 25, equal 

to the wimber of days be worked; therefore 40—25 
n^ 15^ will be the number of days he played. 

PROBLEM XX, ' 

j1 farmer would mix two forts of grain^ viz. wheafy 
wortfj 4s. a bujhely with rye^ worth 2s. 6d, the bujbel^ fi 
tlmi the whole mixture may eonfij} of 1 00 bujhels^ and bs 
worth ^s. and id, the bujhel : now it is rehired t9 find how 
many bujhels oftachfort muft he taken to^make upfuch a 
mixture* 

Lt?t the numter of bulhels of wheat be put a: jr, and 
the number of buflieljs of rye will be 100 — x: but the 
number of bufliels multiplied by the number of pence 
per bufhel, is equal to the number of pence the whole 
is' worthy therefore 48.V is the whole value of the wheat* 

and 30 X 100 — JT, OF jtoo — * 30^:, that of the rye v 
and co^^fequently, 48;x' -^ 3000 — ' 3o«r, the fum of theffc 
•two, the whole value of the mixture : which, by the 
quejlion^ is equal to 1 00 X 38, or 3800 pence: hence 

3 we 



to the Resolution of Problems. $$ 

we have 48^' + 3000.-.- 30jr = 3800 ; and thercfofe 
n » ^ 44^ the number of buihels of wheat; 



X n 



18 



.wlvengethe number of buflicls of rye wfll be loQ — 
44? == 55h 

PR OBI. EM XXI- 

4 farmer fdUd^ to one martj 30 iujhels of it/heat tfnd ^0, 
^fbarley<y and for the xjukpU received IJOjkf Icings y and to 
.another he fold 50 bufhels of wheat and ^0 af barley^ at the 
fame prices^ and for thewhfiU received '^^o Jhillings : noi^ it 
as required 4ft find what each fort of grain was fold at per 

byJbiU 

Let x,and y be, refpe^lvely, the number of (hllUngs 
whichabufherof each fort was fold for; tjien, fropi the 
jconditions of t^egueftion, weft^U have thefe twoeqwa* 
■tions, Wz. 

30^* + AOy = 270, 

50^ + 39y = 3+0 ; 
from 4 tjiqies the fecond of which fubtraft 3 times the 

^rftj.fp (hall ijojc =:: 550; and confequently k zz. 512 

no 
•=z 5 : moreover, by fubtraSing 3 times the fecond, from 
5 times the firft, you will have ^ loy zz 230, and tljierc- 
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For 



J 30 >^ 5 + 40 X 3 = 270, 



SO X 5 + 3P X. 3 = 340* 
P.R.QB€.EM XXII. 

^ fon qfkmg bis father how old he tt;as^ receiiUkd the 

^dlhwing reply ; My age^fays the father^ 7 years ago.^wa$ 

' juftfour times as great as. yours at that time ^ butq years 

bencey if you and I livcy my age wifl thm he only double to 

^ours: it is rejvjred to find from hence ^ the age of eacb 

perfon. 

Let X repr^fent the age of tb^ fon feven years be- 
fore the queftion ; then the age of the /aijier, jax ti^t 
ticae, ^i^as 4;^, bv tho conditions c^ tl:^ \queftion;. ^dy 

Gy , :, -.if 



$4 The 'AppLicAi'ioM of AxGt^g/s 

PROBLEM »XIX. 

• . jf labourer engaged toferve 40 days^^ orr thefe conditicn$\ 
that for every day he worked he^ was to receive 2&pence^ buff 
fbat^for evtry day he playedy or i»as abfeni^ he way^ofirfeif 
8 pe7p:e 5 now after the 40 days were expired^ it was found 
th(it he had to rem<tse^ upon the whohy'^^io pence : the quef*- 
tlon isy to find h&W many dap cf thejorty he 'djorkedy-anj 
how many he played. 

Let the number expreffing the days he worked, be re- 
prefented by x ; then the number of days he playfed wilt 
be exprefled by 40 ^— * ; mdreovery finee he Was to de- 
ceive 20 pence for every day fee woriced, the whde num-- 
ber of pence gained fey workfJig^-wiJl be lose >and for 
the like reafon, the niiinber of pe nce forfe ited^ by play- 
ing, OF being abfent, will be 8. X 40 — *•, or 320— 8;v ;.• 
which dedtH&d from 20;r, leave^r 28^x-^326j for the fum 
total of what he had to receive :. whence vn haVe this 
equation, 28Ar-*-'320 =: 380; from which 28x == 380 + 

320 = 700, and eonfequently ;f = Z_ — o.^ equal 

28 

to the lidmberof days be worked j thefefoFe40— - 25 

'^i^ will be the number of days he played. 

PROBLEM XX, ' 

A farmer would mix two forts of grain^ viz. wheat y 
worth 4s. a bujhely with rye^ worth 2s. 6d, the bujhel^ fi 
that the whole mixture may tonftji of lOO- bujhels^ and bs 
worth ^s. and 2d, the bujhel : now it is rehired t^pnd how 
many bujhels of 4ach fort muft be taken t^'make upfuch a 
mixture^ 

L<?t the number of bulhels of wheat be put rs x^ and 
the number of buftiek of rye will be lOO — x: but the 
number of bufliels multiplied by the number of pence 
per bufhel, is equal to the number of pence the whole 
is' worthy therefore 48.V is the whole value of the wheats 

and 30 X 100 "^Xy or 36CO— * 30Ar,' that of the ryCy* 
and coiifequently, 48* -f^ 3000 — » 3o«r, the fum of thefe 
two, the whole value of the mixture :' which, by the 
^ufjiiouy is equal to 1 00 X 38, 01 3800 pence; hence 
2 wc 



9 

to the TLesolujion of Problems. $$ 

ire have 4.jB;c + 3000^r- 30X = 3800 ; and iherefote 

X zz —2 p: 44^ the number of bolhels of wheat; 
18 . , • ' 

whenge the number of buflicls of rye wfll be loQ — 

PROBLEM XXr. 

4 farnuT fd\d^ to one maiiy ^0 huflals (f ttweat <ind ^0. 
4/ barley', and for the wh^U received 2J0 JiJUtngs y and t9 
another he fold 50 bu/hels of wheat and 30 of barley^ at the 
fame prices j and for the whole received ^^0 fhilUngs : no7/u it 
is required Jo find what each fort of grain wasjoid at per 
bujhei. 

Let x^TLTiAy be, refpeQively, the numb^ of (hillings 
whichabu&el'of each fort was fold for^ then, froqi the 
roRditions of t^egueftion, weftall have thefe two equa- 
tions, Wz. 

20X + 40y = 270, 

50*- + 20y = 340 ; 
from 4 tJnaes the fecpnd of which fubtraft 3 times the 

£rft, fp fhall laojif z= 550; and confequently x ;= i52 

no 
= 5 : moreover, by fubtrafting 3 times the fecond, from 
5 times the firft, you will have /i 10^ = 730, and there- 
fore V = Aii. n 3. 
^ no '^ 



Far I 30 ^ 5 + 40 X 3 = 270^ 
'150x5 + 30x3 = 340. 



PRQBLEM XXII. 

jf fon 0fkmg his father how old he tvas., receii»d the 
following reply \ My (ig^-ifays the father y 7 years ago-, waf 
jufifour times as great as yours at that time j but q years 
hence-, if you and I live^ my age wifl thej^ he only double to 
yours: *it is reju\red to find from hence ^ ibe ag^ of eacb 
perfoHn 

Let X reprqfent the age of the fon fev^n years be- 
fore the queftion ; then the age of the fatjier, .at ^^t 
^if^^3& 4.x, bv the conditions g^f the.queftion;. 9??d, 

G3 if 
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if each ofthcfe ages be Increafed by r4, itis^lam th.t 
X + 14 and ^x +-14 will refpeaively «fprefs the two 
ages 7 years after the time in queftion; whence, again, 
by the problem, we have 4a? + 14 = 2 X ;f + H J ^°^ 
which X = 7, and 4^ = 28; therefore 7+7-14, ^ 
and 28 + 7 = 35) ar e the tw o ages required. 
- For J3S-7 = i4zi7X4,' 
•'35 + 7 = H+ 7 X 2. 

« 

PROBLEM XXIII. ^ 

Aeentleman hired afervant for 12 monthh and agreed 
to allow him 20I. and a livery, if he fiaid uU the year 
was expired i-tut at the end of 8 monXhi the fervant went 
away and received 12I. and the livery, at a proportioiuit 
part of his whges : the quejiion is, what was the hvery 

valued at? ' . . -n u a- 

Let X be the value fought ; then 20 + * will be the 
whole wages for 12 months, and 12 + * the part thereof 
which he received for 8 months. . • 

But, the wages being in the fame proportion as the 
times in which t-iey are earned, or becoriie due, we 
there fore have , as 1 2 •.8:: 20 + *: 12 + x; wrhencc 
12 X T2TT = 8 X 20 + ;f, or 144 + I2x^ 160 -f ix, 
(by Theor. i. p. 72; confcquently i2Af-^8# -, lOO — 

144,andjf=: _ = 4I. 

PROBLEM XXIV. 

Four perJins,:A:^B^C, D, /pent tiventy Jhillings^ in com- 
p^iny together-, whereof h.j>ropbfed to pay, j ; ^I'yX^j 
^ndl)-.part\ btit^ 'U'hcn the money came to be colle^idy 

they found itwm'notjlifficient to gnfwer the itHended pur-' 
'pole : the qihjlioyi then Is, to find hew much each per/on mu9 

contribute,^ to make up the whole reckoning, fuppoftng their 
Jeveral jhares to be to each^iherin the proportion above 

fpecified ? ♦ . ^n i ~ 

' -Let X be the (hare of A; then it will be, a$ 

i :-ii .oij.asA:^: :'^-:.— = ^efliajj? of Bi and, as 



I 



X 
$3 
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8? 



f: J, or, as 5 : 3 : : jf : 15 =, the fhare of C i alfo, as 

5 « 

•| : rj, or, as 2 : I : : A- : — . = the fliare of D. 

Therefore, /'v the queftion^ A'-f:^-f--+ — = 2oj 

452 

whence, 40;^ + 30X + 24^? + 20xrrr€o6,thatis,li4jr 

= 800 ; and confeqtiently x = — = y^'y, the fhare 

1x4 

of A; therefore ( ?f ) that of B wiirbe.=: 5^^ : that of \ 

4 ' .• ^ • 

C (|f ) := 411; and that of D ( 1 ) = 3^- 

PROBLEM XXV. 

jf market 'Woman bought in a certain tiumher of eggs ^ at 
^ a penny ^ and as many at 3 apenny^ and fold them alt out 
agaln^ at the rate of Sfor two penccy and bji four pence hyfo 
doing : what number of e^gs didjbe buy and fell ? 

Let ;c".be the number of eggs of each price, or fort; 

then — will-be the number of pence wHich all the firft 

2 . 

ibrt cofl", and — the price of all the fccond fort : but 

3 
the whole price of both forts ' together, at the rate' of 

5 for two pence, at which they were fold, will be 

l£(for as 5:2: : 2;v (the whole number of eggs) : 15) 
5 5 

hence, by the ^ueflion^ !L + ^ — lf'=:4; whence 

23 5 

J5f + lOAf — 24a; n 1 20, and theref(»re * 1= i2a» 

' 3?^ 120 , 120 240 ^ z . ^ r 

for + — — -Z-X 2 = 60 + 40 — 96 zr L. 

23 5 ^ ^ ^ 

PROBLEM XXVL 

A compofition of copper aiid tin^ containing I oa r»Aif 

inches^ being weighed^ its iveight was found to be 505 wnees r 

^ G 4 h(mf 






^9 The APPtlCATXOK of AtCEDRA 

how many ounces of each metal did it contain^ fi^^fi^i **^ 
weight of a cubic inch of copper to he 5J mnm^^ and that of 
u cubic inch oftiTp^\ f 

Let X be the number of ounces of copper j then 
505 — X will b? the niimber of ounces of tin. an4 wc 
IhallhaVe 

5 J : I (cubic inqh) \\x\Z. ipche$ of copper, 

4 J : I (cubic inch) :: 505 -r-.v:i£i3i inches of .tin. 

Therefore — + •? ^ ? = lOp, by ihf quejlion. 

Whence 4^ x x+si X 505 — a- = 5J x 4i X loo^that is, 
jjxx 21 X505— A-r_2i X17 xioo^_2r X 17x25. 

4 4 . 4x4 . , 4 

which, by rejeding the common ^ivifor, becomesi 

ijx 4- 21 >e 50s -r :r == 21 X 17 X 25 = ^9Zix 
pr i7;r — 2IA' = 8925 -^10605 2= -7». i68o. Fron^ 

whence jr r;;^ =r 420 j an4 505 --?;^ :;: ^5 j which 

4 ' ' ' ' 

are th^ two numbers required. 

The fame othenvife^ 

Suppofe X t5 be the number of fqlid inches of cpp- 
per ; then the number of inch es of tin b eiiig 100 — x^ 

we have 5I: X ;^ + 4:^: X iOO — x = 505, that is, 

St** + 425 — 4;-^ ~ 5^S> o^ ^. =5= 505 — 425 == 80^ 
which, multiplied by 55, gives 420, for the ounces of 

copper, * ' . 

PROBLEM XXVIL 

jfjhepherdj in time ofnpar^ fell in with a party tf foh 
diers^ v^hQ plundered him of half his flocji^ and half a fhee^ 
pver ; afterwards afecqndparty met him^ who tfoibalfwbfit 
he had lefty and half a Jheep over 5 and^ ftfbn after thisj a 
third tarty met him^ and ufed him in tbtfame manner ; and 
then m had only jive Jheep left : it is required to find wha% 
number of/heep he had atfirfl^ 

* - - " '/ Xct 
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I^t ^ (^ \^u9l) ^ the number fought ; then acf 
cording to the queflion, the number of ^eep left, rfter 
|>eing plundered ^e firft time, wi^ be exprefied b]r 

,1—1, orf-TT f ; the half of which is fLUl j from 

l^rljencelubtr^iling |, the remairi&r / *"?" „ — f ) fZlJ 

4 4 

will be the number of (Iieep left after being plun- 

^ered the f^cond time ; in }ike iiyuuier, if from »■ .^ *^ 

o 

I 

(the half of f iT/ ^ ) jou, again, take fj ^erewUIre- 

+ 



fnain 



A'^S 



I OT-, 



8 



2 the number ijf (hcep re-r 



plaining at laft. Hence we havf '^ — Z 2: 5 ; . there? 
^re A* -^ 7 zr 40, and jf 2= 47. 

_PRQBLEM XXVIII. 

'9Tb^ difference of two number $ being glven^ equal to 4, 
fnd the difference of tl^eir fyuares^ ejual to ^O j So find 
the nuTJtbers^ 

Let the leflcr number be x\ then, the difference be- 
ing 4, the greater muft confcguently be * 4- 4, and its 
ftjuare At'x -f 8* 4- i6^ fj-om which xx^ the fquare of 
the lefler being t^ken away, the difference is 8jr + 16 ; 
therefore %x + 16 =: 40 ; which, reduced, gives jf =: 3 j 
wiienccAT -f- 4 =: 7 } therefore t^e two reouircd num- 
^rs are 3 arid 7» A 

All the problems, hitherto delivered are refolved by a 
numeral exegejisy wherein the imknown. quantities, only^ 
^e reprefenteid by letters of tjie alpl^abec j which feem- 
ed neceffary, in order to ftrengthen the Beginner'^ 
Id^a, at ^ttiiig out, and Jead him on bv proper grar 
dations : but* it is . not only more njafterfy ^nd elegant, 
but aifo more ufeful, to reprefent the known, as well 
as the tinkifi)Wn quantities, by algebraic fymbols ; fines 
^<3fff _ |I^ace ^ general theorem is derived^ whereby 
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all other queftions of the fame kind mzy be re*^ 
folved. 

As an inftance hereof, let the laft problem be agafn 
refumed ; then, the given diiFerence of the required 
numbers being denoted by tf, ,the difFerence of their 
f^uares by by and the lefler number by ;r ; the greater 
will be Of -f flf, and its fquare x"^ + 2ra -f v* ; from 
' which, x\ , the fquare of the lefler numbej-^ being de- 
du£l:edy there remains 7.xa \ a^ zz h : . whence, if aa 
be fubtraded from: both fides, there will remain 7.a» zr 

h a' 

I — 'jaay this, divided by 2/7, gives x r: ^ ; and 

confequently jr + ^ = — + — • Hence it appears, 

• 2a 2 

that, if the difFerence of the fquares be divided by 
twice the difference of the numbers, and half the dif- 
ference of the numbers be fubtra<Sled from the quotient, 
the remainder will be the leffer number; but if half 
the diffisrence of the numbers be added to the quotient, 
the fum will give the greater number. Thus, if the dif- 
ference {a} be 4, and the difference {h) of the fquares 

40 (as. in the cafe ab6ve) ; then ( ) the difference 

of the fquares, divided, by twice the difference of the 
numbers, will be 5; from which fubtrading (2) half 
the djfierence of the numbers, there remains j, for the 
JeiTer number fought ; and^ by adding the faid half 
' difference, you will have 7 zr the greater number* lo 
the (ame manner, if the difference of the two numbers 
had been M^O 6» and the difference of their fquares 
60, the nimbers tbemfelves would have come out 2 and 
S : and fo of any other. 

PROBLEM XXIJC. 

■ . f 

Having givin the fum of two numhtrsj equal to 30, 
and the difference of their fquares^ equal ta ,120 ; ta pnd 
the numbers^ ^ 

Put a z=L 30, and h :=i 12a, and let x be the lefler nunw 
ber &}ught| and then the greater will be (X*-^x«; whofe- 

fqiiarc 



to the* RESOLUTION of Problems, ^t 

fquarers aa'^'-^ 2ax 4- i*; frpm which the fquareof the 
JefTer being fubtraftcd, we havt a^ — 2ax zz b ; this rc- 

duc6d, gives x^ the lefitfr number, = — — — . z: 13, 

2 2a • 

Therefore the greater (a — x) will be = ^ — — + 

h a b 

_= —+ — = 17^. But if the greater number 
na 2 7.a ' 

had been fir ft m^de the obje6l of our enquiry, or been 

put = ;f, the lefler would have been ^ — r, and its 

iquare a^ — 2ax + *•% which fubtra<Slcd from x^ leaves 

^ax — a^zuby whence 2tf;if=:^ + <»% and ^ = -^ -f ^ 

2a X 

s= 1 7, the fame as before. 

PROBLEM XXX. 

ft 

t 

If one agent A, alone^ can produce an effeSl e^ in 'hi 
ihne d^and another agent B, alone^ in the time b ; in Low 
long thne'wiil they both together produce the fame tffeH ? 

Let the time fought be denoted by x, and it will be, 

2js>a\x\\ e\ — , the part of the efFefl: produced by A : 

a 

iTheor. 3. p. 72) alfo, as ^ : ;f : : ^ : -^ , the part prd^ 

b 

duced by B : therefgre — -f — = ^* Divide the whole 

a b 

by e^ and you will have — + — . = 1 ; ' and this, rc» 
. . a b 

duced, gives jk? = . After the fame manner, if 

a •\' b 

there be three agents. A, B, and C, the time wherein 

they will all together produce the given effect, will come 

• ahc 
out = ^ . 

ab H- ac + be 
Example, Suppofe A, alone, can perform a piece of 
work- Ml 10; B, .alone, in 12 days; and C, alone, 
io r^ jdaysj then all three together will perform the 

iam5 



The APWiCATiofr of Algebra 

fame piece pF work in 4/y days ; for in this cafe. 
/? being == 10, b ZZ12, c - i6, it ^s plain tha^ 

^ ^^ / IQXT2XI6 ^ 

^b + ac + bc^ fox 12+ 10 X *€?+ 12 K i6 ^ "^ *^^' 

PROBLEM XXXL 

Twi? travellers^ A and B^/et out together from the fame 
flace^ and travel Jkoth the fame way ; , A goes 28 miles the 
firjl d^y^ %b thefecundy 24 the third, andfi on^ decreafmg 
two miles ewry day ; but B travels uniformly 20 miles 
0very day : now it is required to find how many miles each 
perfon mufl travel before B comes up again with A ? 

Let ^ = the number of days in which B overtakes 

A : th^ the miles .travelled by B, in that time, will be 

'nQx'y and thofe travelled by A, 28:4. 26 + 24 + 22^ 

i^c. continued to x terms ; where the laft term {by 

Seifion 10. Theorem g)"wiH be equalto 28 — 2 X x i 

or 30— 2Ar^ an d therefore the f um of the whole pro' 
grcffion e^ual to 28 -J- 30 — 2*- X Ja-, or 29jr — jr* (b^ 
Theorem^) Hence we have 2Qx =z 29;^— ;r* ; whence 
20 = 2a — xy and x = 9 : tlierefore 20 x 9 =: 180 
is the diltance which was to be found. 

PROBLEM XXXIL 

To find three numbers, fq that { the fir ft. ^ efthe /J- 



I 

I 

■ 



-i 

1 



Put a ^ 62,> = 47vand c - 38, and let the numV 
bers fought be denoted by*, j-, and z; then the condi- 
tions of the problem, exprefled in algebraic terms, will 
^Ujjidthus, V • ^ *» 



— T T- .+ — = <7, 

» 3 4 

J + 2.+ f. = *, 

3 4,5 

* 5 6. ' 



i 

4 



— I 
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« 



Which)' ckared of fraSiens, become 

20;r + 15/ + I7« ^ 60*, 

If*- + 12^ + 10* i= 6oc# 
And) by fubtrafling the fecond of thefe equations 
from the quadruple of the iirft, (in-order to exterminate 
%) we have 4jr + jr == 48a — 60^ ; moreover by taking 
3 times the third .^om 10 times the firft, we have 15^ 4- 
4y :^ i2oa-^^ liccy this fubtra£led from 4 times the 
laft, leaves » zz^jza*^ 240 1 -f lioc s: 24 } 'whence 



±: 120. 



r^ + 



60 



no 



For 



1^ 3 4 



=: 12 4 M + 30 = 62,- 

8 + i5 + 24 = 47» 

= 6 + 12 + ao = 38. 



3 4 5 

1 21 + ^ + 152 

PROBLEM XXXm. 

A^entUman left a fum^rfnwmy to be divided atmng 
faurfervantSyfo that the Jhare ef the firft was f thefumof 
the JIjAres of the other three ; the, Jhdre of the fecond 
3 ^/ ^^^ A^ 'f, ^^' ff/A^r three ; tf»/ /A^ Jhare of the 
thirei \ oftb^fum of the other three j and it was aifo found 
that the Jhare ofthefirfl exceeded that of the lafi by 14/: 
the quefiion isywhat wsts the whole fum, and what was the 
fiare of each perjon ? 

Let the jQiares be ^eprefented by x^ y, «, and «, re< 
fpedtively, and let « r: 14 ; then, by the queffion^ we 
&aU have ' 

y + 2 -f « 






2 
Z 



^ U 



li 



2 ^x -f y + » 



u 



4 



Whiijh 



w 



Th6 Application of AttsnitiA 



Which equatlonSj cleared of fra5;ions> ' become . 

4z:iz X ^- y + Uy 

NoWi if X be added to the firft, y to the fecond, and 
21 to the thi^d, we (hall get (;f +y + 2; -f «> =2 3*- == 4/ 

-^ cz ; and from thence z z= £f , and ;; = :?f ; which 

■~ ^ 5 4 

Talues being fubftituted in the firft equation, we have 

2x zz ^ + 3f ^^^or«=: iif 5 but, by the 4th 
4.5 20 

•quation, u zz x — a -y therefore ;r — <? = -jL , and 

;r i: 5£f = 40 : confequently j' ( 3f ) = 30, z ( if ) 

— 24, and w, (^ — 14) — 26; and the whole fum 
(^x +y -h ^ + u) — i2oL 

PROBLEM XXXIV. . - 

To find four numbers^ fo that the fir Jl together With half 
the Jecond may he 357 (a) the fecond wtth f of the third 
equal to 476 (b)^ the third with \ of the fourth equal to 
595 rO> and the fourth with j'ofthefifi equalio 714 {^d.) 

The required numbers being denoted by x^ y^ k, and 
jr> and the conditions of the qvieftioa expreff^d in alge- 
braic terms, we have the four following equations ; 



1 


X + 


i=- 


4 


y + 


3 




z + 

• 

• 


4 


• 


• 


5 


t 


' 


/ 



From, 
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From £he &r& whereof we get x zz a — . Z^; and 

6omtbe4th^A'i=5i— 5«; whence a — iLzr ^d — 5^^ 

and jif =2^ — loi-f iCa ; but> by the feCondj j =: 3 — 
i therefore 7,a »— lO/s? + lOa zz h — — , and 2: z= 3^ 



— 617 + 30^ — 30a 5 but, by the third, 2 = ^ -*- ii ; 

4 

whence 3^ — 6tf + 3oi — 30» = c -r- — « and I2i— - 
'•• • ' 4 

^4^ + J20d'^ IZOU r= 4c — «;, cbnfcqueatly « =3 

12^-^24^-f i20i-4^-, ^y6'i whence % { c— il ) 

ti:426^y(i=* — ^)=334,'and4f( = fl — /-)= 190, 

3 ^ 

Oiieriviji,. 
Let th« iirft of the required nuinbers be denoted by x 
(as above] ; then, the fum of the firft and | the fecond, 
being given equal to a^ it is manifeft that | the iecond 
mufi: be equal to a minus the firfl, that is i:z 47 — jr, and 
therefore the fecond niimber zz. 2a — ax : moreover, the 
fum of the iecpnd, and \ of ^^e third, being, given -=: h ^ 
it is likewife evident, that y of the third muft be equal to 
h minus the fecond, that is "=• b — 2^ -f 2 a-, and confe- 
quently the third number itfelf =3^ — ta •\- tx : In the: 
iame manner it will appear that ^ of the fourth nuinber 
r: c — 3^ 4- 6^ -3— 6;f ; and confequently the fourth 
number itfelf, = 4^— 12^ 4 24^— 24* : whence, bythi 

quejlion^^^'^ I2h -\- 24?— 24jr 4 — =: 4^nd therefore 

— Kd •\' 20c — 60b 4- t2oa __ ^ , 
«• = — Z_L : = IQO j as above. 

119 ♦ 

PROBLEM XXXV. 

1 

^ To divide the number 90 {a)intofourJ'uch paniy that^ 
jf the firft he- increafed by 5 (h)^ the fecond decreafed by 
4 (f), the third multiplied by 3 (^}, ^W /^^ fourth di^ 

' vided 



/. 



IP 

vid/dl^2i {e)itbe rtfuttj in Moch ^afiy fiattie ekaSfly tii 
fccmem 

Ibtt Xj yy 2 arid 2/, he the parts reqaired ; then; bytU 
queJiioHi we fliall have thefe ec^ilation^) t^ns, 
4?+^ + i + «ii^, and 

9C ^ b ra,y — i: 3: ^z 2: -* \ 

■ Whence^ by cooftpauring d% with each of the three 
Other, equal values, fucceifiveiyi ^ -:=. d% — \ y zr, d!i . 
+ ^, and U ±: ^^s; all which, being fubftituted, fer 
their equals^ in the firft equation, We thence get iWK — *• . 
^ + ^a -f ^ + ^ + iiTjs =: tf ; whence ^s^ + a</x 4- % 

fc^+*^c, andi«t= .f±i£Li. = r. There 

fore*(=iarfz — 3 ) z= 16 j ;> ( =: rf« + c) 23 a^j an4 
u ( =z ^z } = 42. 

PROBLEM XXXVL 

If K and B together^ can perform a piece ef work iH 
8 fa) d^yi'y A and C together in 9 f^) daysn andB and 
CinlO (c) days ; bow many days will it take each pierfon^ 
alone, to pcfform the fame work ? 

Let the three, numbers, fought be reprefented by Xy 

jr and Xy refpeftively : then it will be, as x (days) : a 

^ ' a 

(days) Ml, the whole work,, to ^ , the part thereof 

t>erforme(i by A in ^r days \ and, as jr : ^ : : i : ^ , th^ 

^ . . y 

part performed by B, in the fame time; whence, by the 
fue/iion^ jyu 4> ^ n i ( the whole work }• And^ bf 

proceeding in the very fame manner, w^ (ball havd- 

b b 
thefe t<fro other equaiions, vi%. — 4- — = I5 and 

X z ,. 

— + — 2= i: let the firft of thefe three equations be 
y z 

divided lyr <:?, the fecond by. ij and tht third by r, and 

you will then hav« - ^ i . 



/ 
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1 + 1 en L^, 
^ + 1 ~ i 

1 + 1=1, 

, > si , "^ ' . 

Sivhich added all together, and the fupi divided by a, give 

JL + i- + i- != — + -i 4- ~; from whence, 
jT y z ». 2^ . a;^ if 

each of the three laft equations being AicceiSvely fub* 
traded, we get^ 
I I ,1*1 '^ — ^fcr + at -f ab 

^ ~ la 4? . 2<: 2^^^ 

X ■ I 1 . I he -^ ac -^ ab 

3U? 2^ • 2V 2abc 



1 =z' JL + JL _ ^ 

^ ^^? 2b Tu: 

_^ 2tf^f . ^, 

2:±: 7 tz 

— be ^ ae.-^ ab 

*— 7.ahc 



be ^ oc -^ ab 



Hence 



1 440 



— go + 80 + 72 

1440 



= 23T'r. 



i,c — ac + ab 90 ^ 80 + 72 



-:r. = *75f> 



iif =: 



___ 2tf^<r ^ 



^44° =/4U. 



^f -fr 4?^ ^Z' 90 -f Jk) 72 

Othe^wife.j 
.Let the work performed by' A in one Aa^ be de-^ 
tioted.by ,v ; then his work in a days will be ax^ and in^ 
h days it will be ^j;^ ; therefore the work of B in a days 
-will be i-^tfAfi and that of C, in ^ days, i — bx^ by 
the conditions of the problem i . whence it follows 
that the work of B, in one day, will -be expreffed by 



I — av 



I — bx 



Zy and that of C, in <one day, by — ^^ 5 but 
a * 

the fum of thefe two laft is, by the quejimy equal to iL 

part of, the whole work, that is, — + — -^ 2* = — ; 

. a -9 c 

H wherxc 



<« 
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whence jr = — + — -*.r— :=:: — =! • j equal 

to the work done by A in one day 5 by which divide 
I (the whole) and the quotient, - — 1^L£ -, willgivfc 

die required number of dap in which he eaniinifli the 
whole. , 

. ' . PROBLEM XXXVII. 

To find three numbers^ on tbefe conJitiortSj that a times 
ihtfixfiy b times the fetond^ and c times thethirdt Jhall be 
etiuaito a given number p ; that d times tbefirft^ e times 
thefecbmi^r andftimef the thfrd^ Jhall be equal to another 
given' Hwnber q \ and that g times tbefir/ij h Times ^ the 
Jecondy and i times the jhirdy Jhall be equal to a third given 
number r, «. ! 

^Let the three required numbers be denote ^7,^y y% 
aad z^ and then vfe ihall have 

ax''\- by + f z =: ^, 
' ^jp + ^> + /z =: f , 
^ + ^ + ^« = r* 
From /times the firft of. which fubtrafl a times the 
fecond, and froiir g times the firft fubtra£l a^ times the; 
third, and you will have thefe two new equations, 
v/flfc \ kdy—aey^, cdz —afzzzdp — /7f, 
I bgy — ahy .H= cgz -*- akz rz gp^ary, 
or, which are the fame, 

bd-^kfe X y + cd ^ af X % ■=! dp -^ a^^ 

and, bg -^ ah x y + cg-'^ak x % z=. gp*^ ar^ 
Multiply the firft of ih^^ two equations by the 'C6tA* 
ctentrofyin the fecond, . atid t/w v^>y^, aftd let the kft; 
of the two produ6^s be fiibtr^ed from thefomrer,and you 

will next have cd-^af^ bg — ah%^ — bd- ^aex'cg -^ai 

X/z kibg-^ <ih ytldp — ifq w. t d^^^iJK^p — ' ar \ an d 

therefore,; ^ bg^ahxdflTlaq^bd-aeXgp^ar ^ 

- I III »4*a^» 4ii«S^nSS^4i aB«ifi^ ' II wmmit^mm a 

cd^^afkbg^^ah — bd'^aexcg-^ak 
whence x and y may alio be found. 

' • Example*" 



to the VLftsoLvrwtt of PnonttMS. ^ 

■ E^m^. Let die'given equations be 

^ + 3r + 4« = 3^9 
^3^ -¥ ty+ fOz zz 83 ; 

Ory which is the fime thing, let ^i = I, 'i = r, ^ =: 1, 
/ =: I2yd =i2^e:£ 3./ ==4i ^ =i 38, ^ = 3» * = 6, 
i =t 10, and r == 83 : then thefe values being fubtikuted 

aboyeinthat ofz, it will became 3^6x24-38'^3X36^ 
. , 2.4X 3- 6-2- 3x 3-10 

=: 4^ 47 -. "^ -- ^ . whence, alfo, we find 
6—^ 7 —I • 

./^yj»f^^?— ^^ — <Xi^ v^ n— .3?— ^— 4><$ 

bd -^ae- . . . 2 r-r- J 

■=:3t-: '':.■ ' - . - • • ' 

< Having ^bibiteda variety of examples of the ufe and 
applj^atioii of Algebna^ ki the refelutioo of problems 
oroduclng^ fnnide eqoait^fis^ I (hall now proceed to givt 
f6me itiftahces thereof in fuch as rife to quadratic equa- 
tions'; &ut, firftof all, it will be neceilary to premife 
fomething, in general, with regard to thefe kinds of 
equations. 

It has been alreadyobferved, that quadratic equations 
dre fuch wherein the higheft power of the unknown 
qdanrfhy rifes to two dimenfions ; of which there zm 
two forts, vi%. fmiple quadratics, and' adfe£ted ones« 
A fmiple quadratic equation, is that wherein the iquar« 
only 6f the uiiknbwn quantity is concerned,, ?isxx zz ai^ 
but!- an' ^dfeSed ooe is, when' both th^e fquare and iti 
i*00t are found involved in different t^fms of the fame 
equation j. as in the equationxJK* + 2a x = bb.^ The re- 
. ftilutiDn of the firft of thefe is performed by, barely^ 
extrafting the fquare root, on both fides tH.ereof : thus 

ir>the equation x* = al^, the value of x is given =: \/ <?^ 
(for if two qutintities be equal, their fquare roots muft 
necefflarily be equal). The method of foluti^n when, 
the eqUatiqn is adfe<^d, . is like wife by extrading the 

Ha fquare 






10^ 



The Ar^tICATI0N0f ^LGtBfeA 



fquare root;^ but, firft of all, fo rniich is to be adddd tm 
botb fides thereof as to rmkt that where the unknowi> 

^ quantity isi a perfedt fquare;. this is Hfifally called com-^, 
pleting the fquare^ and is .always done by taking half 
the coefficient of the fingle power of the uD>knQMi 
quantity, in 'the fecond.temi^ and /quaring it, and 

. then adding that fquare to both fides of the eq'uatioA- > 
1-hus, m the equation ^.v'+ lax r= hb^ the coefficient 
Di ;^?. in the feco*id term beiag la^ its half will Ijc a^ 
\^hich, ({fixd^t^ and added to both fides, gives x^ + 2qx' 
-t a^ zzh + <2* ; whereof the fon^er-paftisy n6^,. a- 
perfcft fquare. The fquare being thus "completed, its- 
l"oot is next to be extracted -, in order' to which^ it is to 
be obferved, -thai the rooti on Ae left-hand fide, where 
the linknoW^n: quantity (lands, is compofed of two 
terms, or 'memb|^rs ; whQjfeof the former is always the 
fquare root of the firft term- of the equation, atnt' tlie 
latter the half of the coefficient of the fecond tm-pi-'^ 
thus, in the equation, a^ +• lax -f- &* =z ^* -f a^i before 
us, the fquare rodt of the }eft-»hand' fide, x^ -f 2/7^ 4; ii% 

Will be exprefled by a* + ^ (for'T'^i^ X x-\-' d-±!.x^ -f 
2ax+a*J. Hence it fs iiiat1i fe?t that a- -fc 'W' ^r' 

\^h^ + ^*, and therefore, .x •:^ V^^ -^r a^, — a,\, ^^^^ 
which X is known. Thefe kinds 6f equations,' ft U,alfa 
to be obferved, are commonly divided into three iS;brms> 
according to the clifFerent variations pf the lign^ j. thus 
i* +' %ax rr'^^' is called an eqjuatioxi of the urfl: fornxf^ 
^ — lax^zz'b'^'y, one 6f the fecond form ;. and x^ H*- %a^, 
^ — :. ;^* one of the third form i' but the /method qf 
Cxtrafting the root, or finding the 'Value of Xy is the 
feme in all thrfee, except that, ip the lail of tbem, the^ 
root 'of the known part, on the right hand fide, is lx> 
be ^xpr^ffed ^wlth the"(louble fign ± before it, ;< having 
two difFerent affirmative values in this cafe. The reafon 
of whith^ as well asi of what has. been faid in general^ 
in relation to thefe .kinds of equations, will plainly ap- 
pear, by confideriiig, that any fquare, as x^ — lax + 
' tf*, raifed froni a binomial root, x — a (*or tf — at) is 
tfompofed of three members ; whereof the firfl is ,th^, 
fquare of the firfl term of the.root'j the fecond, a re(ft- 
' 3 . ^ '^ "' ' angle 
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angle of the firft into twice the fecx>nd '; and the third,* 
the A^uare of the fecond : from whence it is manifeft, 
that,^ if the firft and fecond xerms of the fquare be given 
^r cxpreffed, jiot only the remaining term, but the root 
itfelf, wiJl be found by the method above delivered. 

But now, as to the ambiguity taken notice of in the 

third form, where x^ — ; 2ax zc -— ^% or x*^-^ lax + 

jr* r^ <j* -« ^* ; the (quare root of the left^bimd fide . 

may be either x — - ^j or tf — • ;ir (for either of thife, 

fquared> ^ produce the fame quantity) therefore, in the 

fortner jcafe, x •:=. a •{- Va* — h\ and in the latter, 

X :rz a — v^tf*-^^*; both which values anfwer the con- 
ditions of the equation. The fame ambiguity would 
alfo take glace in the-other fbrms, were'ijot the root (ap) 
confined to a |)ofitive value. 

When the highefl: power of ^e Mnknown Quailtity 

' happens to be eiFe(5led by a coefficient, the whole equa- 
tion muft be divided by that coefficient j and if the %n 
pf that power is negative, aU ;he figns muft be changed, 
before you fet about to complete the fquare. 

All equations, whatever, in which there enter only 
two different dimenfipns of the unknown quantity, 
whereof the index of the one is juft double to that pf 
^he other, are folved ■ like quadratics, hj completing 

. the fquare: thus,' the equation x^ + '^ax* rr by by com-' 
Dieting the fquare will become *•* -f 2ax'^ -f £?* = 
h +a^*y whe nce, by ext railing the root on both fides, 

*•* + ^7 2: /r+T* i theref ore jt* r ; Vb + a* — a^ 
and confequently x z=^^\/}, ^ ^» — a. 

Thefe things being premifed, we uow proceed on in ' 
the refolution of PrabWrns. 

PROBLEM XXXVHI. 

1^0 find that number^ to which 20 being added^ and from - 
ivhicV 10 being fubtra^edy the fquare oftht fum^ added to 
twice the fquare of the remainder ^ fhall be 1 7475. 

Let the number fought be denoted by x\ then, by 
. ' H 3 condi* 
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conditions of the queftion, we fliall have at -^ aol* + z 

X X — lo|*=: 17475; that is, jr*'+ 40jr+ 400 +a«*. 
— 404f + 200 =r 1747s ; which, contrafted, gives 3** 
= 16875. Hence jf* s: 5625; and confequcndy, x =: ^ 

^56^=75- 

PROBLEM XXXIX. 

To divide lOO into two fuch parts^ thai^ if they bemul^ 
tipliid together the produ^ jhall he 21 00. 

Let the excefs of the greater part sthove (50) half the 
number given, be denoted by x \ then 50 + ir will be 
the greater part, and 50 — x the lefler \ therefore, iy 

thequeftioHy 50 + jf X 50—*', or 2500 — ji?* ■= aioo ; 

whence x* = 400, and confeqaently x = V 400 = 20'; 
therefore 56 -f * 3: 70 = the greater part, and 50 — «? 
ss 30 =: the lefe. 

PROBLEM XL. 

« 

What two numbers are thofe^ which are to one another in 
the ratio of'^ (a) to 5 (h)y ^and whofe fquaresy added to- 
gether ^^ make 1660 (c)? ^ ^ ' 

Let the leiler of the two required numbers he xi 

then, tf : ^ : : ;r : -^ = the greater } therefore, iy 

a 

the quiJiioHy x^ + 4-- =* c ; whence <? V + b^x* zz a*Cj 
"^^"^ ^ ^'Hj- * confequently x = ^-—j; = 



leffer riumber, arid Jl =: 35 -ts 



the greater. 

PROBLEM JfLl. 

To find two numbersy wbofi differente is 8, andprodu^ 
240., 

If theleflcr number be denoted by jr, the greater will 
be A- + 8^. and fo, by the que/Hon^ we fliall bavj? ** + %x 

= 240, 
4 
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is, 240* Now,' by .coDBpleting the fquare, m* + 8x 
-f 16 ( = 140 4- 16 } = 256 ; aRd, by extrafting the 

;'oot,^+ 4 •= y^2S(ii = 16 : whence x =: 16 — 4 rs 
12; and AT -f. 8 r: 20 ; which are the two numbers that 
\yere to be found, 

PROBLEM XLIL 
T(ifindfw9 numbers whi^t difference JhaU he 12^ and the 
fum of their fquares 1424. 
, Let the leffer be xy and the greater will be jf + 12 ; 

therefore, by the proileaij *+ i2|* + ** = ' 1424, or 
Ox* + 24X + 144 = 1424; this, ordered, gives ** + 
J2x zz 640 ; which, by completing the fquare, becomes 
;e*+ -iZx -f 36( =640 -f- '36) ^ 676 5 whence,' cxtrad- 

ing the root on both fides, we have x + 6 == (^676 ) 
26 ; therefore x — 20, and x -^ 12 r: 32, are the two 
numbers required. 

For j32 ~w =12, 
13a* -f ao» = 1424. 

PROBLEM XLHL 

To Svidi 36 into three fuch partss '^^ ^^^ fecond may 
exceed thefirji by 4, and that the fum of all their fquares 
may be j^d^. 

Let ;ir be the iirft part, then the fecond will be^ 4* 4; 
and, the fum of thefe two being taken from (36) the 
whole, we have 32 — 2x, for the third, or r emainin g 

part ; aitd fo, by the que/Hon^ x* + jr + 4I * + 32 — 2a1 * 
= 464, that Is, 6**— I20jf + 104Q = 464 ; wheilce 
bx* — 120* = — 576, and x^ — »- 2o;r = —96. Wow, 
by completing the fquare, ** — 20^* + 106 ( =: 100 
-^96) =: 4; and, by extracting the root, *— 10 = 
:p 2. Therefore x = 10 ip 2, that is, * = 8, or * s 
12; fb that 8, 12, and 16 are the three numbers re« 
quired. 

PROBLEM XLlV. 

To divide the number 100 (a) into twofuchfartSy that 
their' frodnSl and the difference oftl)eirfquares\ may be 
equatto each ctber^ 

H,4 Let 



"s 



t 



t 
I 

/ 



I 

/ I 



104 The Afplication of Algebra 

Let the leffer part be denoted by Xy then th e greate r 

will be ^7 ~ jicj and we {hall have a — x y. x :zz tf— x\ ^ 
r— x*'y that is, <7jr — jf* — fl* — 2^7* j whence jf* — J^Jir 
= — tf * i and, by completing the fquare, x^ — 312^? 

+ 2.— =:( — 6*+2f-) 1^ i of which the rpot being 
4 4 4 . 

cxtra^ed, there comes out ;^ i-r 2f == ± v i2f . and 

? ^ 4 • 

.therefore /p = 1- ± y — • ?ut iv, by the nature of 

2 4 

the problem, being lefs than a^ the upper fign ( + ) give$ 
X too great J fo that x = 3f ,_ y5ff «. 283,19658 
fcff. muft be the true yaliie required. 

PROBLEM XLV. 

Thefunty and' the fum of the ffuare$y of two number si , 
being given \ to find toe numbers. 

Let half the fum of the two numbers be denoted by a^. 
half the fum of their fquares by by and half the difference 
of the numbers by jr; then will the numbers themfelves 
be reprefented by « -— ;ir, and ^^ + a-, /and their tquares 
by ^* — Q.ax + x\ and «* + 2ax + jf* ; and fo we 
hav^ fl* — lax + ap* + <2* + 2ax + Jf* = 2b^ by the quef 
tion. Which equation,' contracted and divided by 2 give§ 
^» + jp* ±: ^ ) whence ** r= ^ — ^2% and confequently 

jf := Vb — ^** Therefore the numbers fought arc 

4i^Vb^a\ andtf 4- V^* — ^\ 

PROBLEM XLVL 

Thefum^ fin4 the fum gfthf cubes of two, numbers bfing^ 
'ffiven 5 to find the numbers. 

Let the two numbers be exprefled as in the preceding 

, problem, and let t he futn of their cubes be denoted 'by 

f. Therefore will a-r^xi^ + a -\- xV = cy that js,by 

Ipvolutjon and reduftion, . 2fi' -^ bax'^'p,.^\ whenc^. 



i 
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pax* =r tf — 2a% ** =: — == — — —, and x t^ 



c a* 



6a 3 

PROBLEM XLVIL 

7hefumy and tbi fum of the biquadrates (or /^h powers) 
efpivo numbers being given ; to find the numbers* 
The numbers being denoted as above^ We (ball here 

l^avefl — *|* + tf ^ jp|* == rf, that is, a^?* + l2/?V-(r 

2** = ^; from which, by traqfpofition and divifion, 

x^ + 6^V r= 1^— r^; and, by completing the fquare, 

.jf* + ba'^x* + 9^2* ;=: !</ 4- 8^ ; whence jc* 4- 3^* ac 

/|i+8a* J and,confequently, a?=z^ _ 5^* + /I5+"8a% 

PROBLEM XLVIIL 

The fumy and the fum of the $th powers of two numbers 
peing given \ to find the number 5% 

The notation in the preaedihg problems being ftill 

retained, ,we fhall have la^ -i- 20a^x^ -\- lOax^ :=i e \ and 

* e Q^ 

Iherefore, *♦ + ?«*** = — — — ; and j? * + ij* 25 

_^ ■ 10^, _J ^ 

/Zr+ If: ; wheKce ;. -JjlZ7^_a\ 
joa 5 ^ jo<2 5 

PROBLEM XLIX. 

Tf^hat two numbers are thofe^ whafe product is 1 20 (a^\ 
an4 if the greater be increafed by 8 (b)^ and the Ufer by 
5 r^>)> '^^ produSi of the two number4 thence arifingjhall 
he 300 {d)l 

If the greater number be denoted by .*• and the lefrer 
by^ we ihall have 
jry = ^, and • 

,v 4. ^ X ;y + r = <4 by the conditions of the queftion. 
SubtfKuSl the firft of thefe equations from the fccond, and 

you will have x + ^Xy-fr— A?y=: ^/— a^ that is, 
(x^- by + be zz dr^a'i where both fides being multi- 

plied 



4j 



^ 
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plied by AT (in order to cxtemiinatc j^j, wc thence have 
£x* + hxy + if^ = d^jr -7- <?/; butytjf being = tf, there- 
fore is bxy == ahy and consequently) . by fubftttuting this 
value in the iaft equation, ex* + <?^ + hex =: dx^^^ax^ 
vrhence ex* + -fc;r + tf ;r — ^;r =: — tf^, and therefore 

»* + ijr.+ f- •— jf =: — 1-5 which, by making / = 

c e e 

£ — 1 — *(= 28), will become ;r*—> = —.f?-, 
£ e e 

henceV-/* + J/» = — f* + {/% *— f/= ± 

tf 

Dr c:^ 12 ; and confequendy^ ( — ) zr 16, or = 7, 5. 

=s lao 



{ 12 X i< 
12 t|- 8 X 10 + 5 = 300, 

MhV±2L 

116 + 



16 X 7>5 =i i^Q 

8 >< 7,5 + 5 5: 30c, 



PROBLEM L. 

To find two numbersy fi that their fumy their proehi^y 
and the diffefenee af their j^uaresy may he alt equal to one 
another. ' 

The greater being denoted by at, and the lefler by/> 
we have x -^ y -zz xyy and ^ -f j^ n x* — ;^* : the Iaft of 
thefe equations, divided by 4f + y, gives l zi: x — y; 
whence x z=. i + > 5 this value, fubftltuted for x in the 
firft equation, gives j 4 2y 3: y.+ /* ; therefore y* — y 

r: I, andy = 5 + ^ %\ confequcntly x (i + y) =1 



5 

5P 



PROBLEM LL 

To divide the number lOO (a) into two fueh 'part Sy that 
ihefum of their Jquare roots maj he \\ ^b). 

Let the grater part be Xy and the leflbr will be ^ — ar ; 

th^efore, by the problemy V^^v + Va^-mx zz b 5 and, 

by 



^ « 



to the BJSsotuTiOH of PROBitm. 



tVf 



m . 

by fqiiaring bofli fides x + 2\^ax ^^xx + a ^^x :=: b b ; 
whence^ by tranfpofition and divifion, rax --^xx zn 

^ : therefore, by fquarlng agaia, ax '^ xx zz 



2 

bb — a]^ 



mmj 



or*' 



— tf ;v = ( — ■ ■ .. ' ■ ) = + 

'4 4 

2 



, and, X 'Ti ^ -^ / 

2 4. 2 V 



2ab^ — ^* 



= - + 



— v'2tf — A* = 64 = the greater part j whence ^ — ;r ^ 
2 _ 

r: 36 = the lefler part. 

' PROBLEM Lll. 

jf grazier bought in as many Jheep as ct^ft him 60I. out 
of which he referved 1$, and fold the remainder for 54!, 
and gained two Jhil lings a head by them : the que/lion is^ 
how many Jheep did he buyy and what did they coft him a 
headP 

Let the number of (beep be>; Aenif, 12069 tht 
number of fliiUings which they all coft, be divided by Xt 



the quotient^ 



1200 



win, it i$ evident, be the number 



of ihillings which they coft him apiece; and fo the 
number of &i]ling$ they were fold at per head wiH 

be ._- +. 2} by the quefli^n ; and therefore this, mttl- 

tiplied t)y ;r — 15, the number of flieep fo fold, will give 
1200 + %x "^ .. ««*- 30, equal to the whole number. • 

X ^ 

of (hillings which they were all fold for; that is, 11 70 
+ 2Jr — i = ijd8o : heiice we have 1 17031? -f 2*-* 

— iSooo c= lOSoA', 2y* 4- 90Af =: 18000, X* + 45;^ == 
9000, and X 3z ^.9506.25 — 22*5 = 75, the number 

offheep; and- confequently— r: 16 ihillings, the 

75 
price of each. . 

PRO- 



\ ' 



f'oS The AppticATiON of Algbbxa 
' ^ R O B L E M LIIL, , 

Two country-women^ A andB^, betwixt them brought I'oo 
(c) eggs to market \ they both received thefafnefumfor their 
'eggs^ but A (who had^the largefl^ and beji) fays to B, ' Had 
^ / brought as many eggs as you I jhould have recei'ued 
iSx(a) pence for them\ but^ replies B, Had I brought n0 
tnore than youy IJhoul^ have received only 8 (b) pence for 
Trnjie: the quejiim isy id find how majiy eggs each pfrfon 
had.* '.. 

If the number ojf eggs which A had be zz x-^ the 
immber of B's eggs will be = r — *• ; therefore, by the 

problem^ it will be, f —- ;f : « : : jr : =: the num-^ 



X 



ber of pencC' which A received ; and as ;f : f : :'f — ;if : 

h y> c — * X 

I ~ s= the number of pence which B received : 



whence, again, by theproblem^ 



ax 



b X r — 



; and 



c — X 
thereforf? ax^ z^T) X c — x |^ p: k* — - 2^i:«' + hx^ y 

which,equation, prdered, gives jic* + .. ~ 



a — b 



a^b 



• » 



f^om whence ;r , comes out ( ss y ^ a "^ ' '^I'l^ "^ 



) = fJ^fiZlif Ez 40. But the value of AT may 

be otherwi fe, more readily," derived frorh the equation 
ax*zz b X f '— 'xlS without the trouble of completing 
the fqware 5 for the fquare root being e^^tr^Qed oq both 

fides thereof, wt have x V^ z^ c-r^xY^ V^ ^ ; whence 
X \^ a ^xy/hzz.-c^b,m.i confequently * = . , ; 

= _i?°j:ll_ = ^°°V^^ - = 40, « i£/5r«. 



PRO- 
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PROBLEM LIV. 

One bought 120 pounds of pepper^ and as many rfgingery 

€nd had one pound of ginger more for a crotvn than of pepper ; 

and the whole price of the pepper exceeded thatof the ginger 

by fix crowns : J?4w many pounds of pepper had he for a 

* trown^ and how many of ginger ? 

Let the number of pounds of pepper which he had 
for a crown be x^ and the number of pounds of ginger 
will be * + I ; moreovei", the whole price oli the pep- 
per will be — crowns, and that of the ginger ; 



120 



120 _ 



therefore^ by ' the que/lhn^ — .^ -p- 

X X -^ I 



6 ; whence 



I20jtf + 120 — 120*' =: 6*-* -+ 6*-, and therefore jr*+jr 
rz ao; which, folved,. gives jr = 4 =:- the pounds of 
pepper, and x -{- 1 z: 5 = thofe of ginger. 

PROBLEM LV. 

To find three numbers in arithmetical progreffion^ whereif 
thefnm of thefqitures Jbali be 1 23a (a)y and thefquare of the 
mean greater than the product of the two extremes by ib (b)p 

Let the^mean be denoted by x^ and the common dif- / 
ierence by y ; then the rfumbers dierhfelves will be Jr — /, 
Xj and X -^ y y and fo, by the problem^ we ihili hav^e thcfe 
two eqvations, ' ' 

TITJ^J^* + £T7* = ^, and 

x* zz X — y XX ^ y 4- b : thefe contraifted, become 
3x* + 2y* =: ay and x* = a?* — / +^; from the latter < 
whereof we ge,t^* =z ^ 1= 16; and confequently y = 

v^ z= 45 which, fubftituted for ;f in the former, givcR 
3A?* + 2^ .3= ^1 ; whence a?* = — ZI , and therefor* 



xzz V - 



— 2b 



=: 20"; fo that the three required ntuh- 



bers are i6| 20, 2nd 24. 

""^Ijo* — 16 X24. = 16. 



\ 



PRO- 



t ♦ 



■ftta 



up Tke ApFLicATles of AtonfittA 

PROBLEM LVI. 

To find two numbers whofe difference Jhall bi to (a)^ 
and' if boo (b) he divided by each oftheni'i the difference ^^ 
tb^ quotients pall alfo be equal to jO (a)* 

The leffer number being reprefciated by a?, the greater 

will be reprefcnted hfx-i-ai and therefore, by the pro^ 

h b * .^ 

hlem^ . rs^r; which, freed from frafiions, 

gives bx ^ ba — i;r =: ax"^ -f d^x^ that is, ha s: tfV -f 
ei^x J wbeace, dividing by a^ and completing the fquai;e^ 
we have a*^ + ^ + J ^* = /> + J^v*j therefore ;ir + | tf = 

"^b + ii7% and consequently xz^y/ b-i-i a^'-^^a ss 20> 
the Tefier number, wfience x -{- ^ — 30) the greater 
i2umber. ^ 

PRQBLEM LVIL 

To find two numbers whofe fum is So (a), andy if they be 
divided alternately by eajch oUisv^ the fum of the quotients Jhall 

if one of the numbers i)e je, the other will be i? -^ *•, 
and we (hall, therefore have** — :— + . ."^ == b: whitii 

^— AT X 

equation, brought out of fradHons, becomes *•* + ^* — 
%ax -f *• =: abx -^ bx*- \ and this, by tranfpofition, 
gives %od'^ + bx'^ — ■ Hax — abx = — * a^*, that is^ 

a + /> X A7* — 2 -f i Xiwr =2 — tf*; whereof both fides 
being' divided by 2 -f ^, we have ap*^ -*• «*• := -^ 

5 whence, by completing' the fquaire, x'^-^-^ ax + 



a 



2'+ ^ 

4 4 

and X 



a' 



2 + ii 



:^.-..= 4.^^_, 



<2' 



a -^b 

= £. ± /£_ -fl. ^60, or=:20i which 
2 . V 4 2 + ^ 
two, are the numbers that were to be found* 

PROBLEM LVIII. 
To divide the number 1^4 (a) into three fueb partSy 
that once the firfly twice the Jecondy and thre$ times the 

thirdy 



to tisrRBsoLUTioN of Problems. 



fir 



third, added Ugether^ may be ^ 278 (b), and that ihefkm 
of rhefquares (^ all the three parts n}ay be = 60 36 {c}. 

Let the three parts be denoted by a*, y^ and z, refpec- 
tlvely f then, from the conditions of the probiems> W€ 
(ball have thef<b three equations. 

<*+> + «= <»i 
■* + Sly + 3« = ^ 



^* + J^* + a* = C4 



Let the firft of thefe equations t>e fubtra£bd from die 
fecond) whence y + 2z =: ^ — a^ ory zz b ^-^ a— a% ; 
alfo, if the double of the fifft be fubtraded from the 
fecond, there wilJ come put 2 — *■ jt =r ^ — a^ , or jr zz z 
-t 2a — b: wherefore, if/ be put =z ^ — a { =: 144)1 
£ z:;b '^2a(±z 10), and.for ^ and x, their equis/ — 2« 
and z — ^, be fubttituted, our third equation, a'* + >* 
+ %* = f, will become xz — * 2gz + gg -^ ff — 4/* 
-t- 4%z 4- zz r= f ; which, ordered, gives «* — 

f^ r xf % zz ^ 7"/ ~ '^ ; whence, by putting b as 
3 ^ 

J> ^ ( = -5-' ), and completing the fquarc, ^c. z ii 
3 3 



found 



-hJ'- 



-/' 



i«**i«*M«a 



^^ 



4 3 3 

50 i therefore j' ( =/'^ 3i*>) = 44, and jp ( r= «— ^) 

: PROB^LEM LIX. 

A traveller fits out from cm^ctty B, f^ ^© fd another C, ^ 
the fame time as another travellerfett out from C/ir B; />i?^ 
bothtravel unifortnly-, andinfuih proportion^ thaHbi firmer^ 
four hour Rafter their meetings arrives at C\ and the latter 
at B, in nine hours after : now the queftion is to find in 
how many hours each perfoh i^erformed tbe journey. 

Let D be the place of meeting, and put a zz^jb^z g^ 
and jf zr the number qY hours they travel bcfur» tney 
meet : then, tiie diftaHQes gone over, with the iame uni- 
form motion, being alw;ays to each other as the ;times in, 

wljick 



I » 



H4 



The Application of AidEBRA 



ivhich they are defcribed, we therefore have, BD f 
I>C : : X (the time in which the firft traveller goes 'the? 
dittance BD) : a (the time in which he goes the diftancc 
DC) : andj for the fame reafon, BD : DC : : i^ (the time 
in which the fecond goes the diftance BD) : x (the tintef 
in which he goes the diftance DC) : wherefore^ fmce it 
appears that x is to a in the ratio of BD to DC, and ^ td 
4f in the fame ration it follows that x: a : : b: x; wbencd 

if* = aby and x zzVab (=6) ; therefore a+ \^ab = rOj 
^^ £ 4- y^^if = iSj ^re the two numjbers requireci. 

PROBLEM LX: 

' There are four number i jti drithmett(;al progrcJ/tofTi 
tvhereqf the preduSf of the extremes is 3250 ftfj, and thai 
cfthe. meaHs 3300 (b) : what are the numbers ? ' 

Let the leffer extreme be reprefented by y^ and thd 
common difference by jr j then the four Required num- 
bers will be expreffed byy,;^ + J<f>^ 4- 2;if, and;^ + 3;« ^ 
therefore, by the quejiion^ we have thefe two equations^ 

y X y ^ 3^, or/ + ^xy =: ^, and . 

y •¥ k X / + 2xy or / + "^xy + 2** z: b ; whereof 
the "former being taken from the latter, we get 2** = 

tf^a : and from thence x == y ^ = 5* - But, to 

find ^ from hence, we have given/ + 2^y zz a (by the 
firft ftep) \ therefore, by completing the iduare, fcfr. 



i = / 



a + 



gof' 



3^^ 



_ rL =: 50 : and fo the four num* 

4 ^ , 
bers are 50, 55, 60, and 65. 

PROBLEM LXL 

Thefum [y>)y^nUthefumofthefquavf5 (308) tf three 
numbers in arithmetical ^rogrejfhn being given ; to find tht 
, numbers. 

Let the fum of the numbers be reprefeated by 3*^ 
the fum of their fquarcs by r, and the common diffe- 
rence by X : then, fmce the middle term, or number^ 

froca 



^ 
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from the nature of die progreffion^ is z= £, or $ of the 
whole {urn, the leaft term, it is evident, will b^ ex- 
preflcd by i — ^, ' and the greatcft hy t + x i and 
therefo re^ iy the que/Hon^ we have this equation,' 

^ — A*!* + i* + ^ + 4* =s c; which, contradled, 
gives 3^* + 2 ^* = r i whence 2x* r= ^ — 3**, and 

» = y "^ 3 — . 2. Therefore 8, 10, and 12, are die 

three numbers fought. 

PROBLEM LXII. 

Having given the Jum (b)j and the fum tfthefquares 
(c) of any given number of terms in arithnutical progrefm 
Jion \ to find the frogrejfion* . 

Let the common difference be #» the firft term x + e^ 
and the number of terms n: then^ by the queftiwi^ we 
ihall have _ * 

X -^ e + X -i- 2e + X -f y ...»•• X + w = by and 

;r-i-^r + sc + 2^Y + ^ + 3*1* . . i • . . * + »^l* = ^. 
Bui (^j^ Se£fion lO. Ti&^«. 40 th e fum of the firft of diefe 

progreffions is nx + ^'.^ 4- i.g . ^^ ^^^ {^^ ^f ^1^^ 
fecond (as will be ihewn further on) is z= ».v* + 

n . » + I • A-^ + ' , ■ . : tneretore our 

6. 

two equations will become 

' n • n -j- t • e t _j 
jijr + ■ ■■ "^ , • ■ =r by and 



6 

Let the former whereof be fquared, and die latter mul- 
tiplied by ny and we {hall thence have 



;2V* +«*.«+ I .xe + ^'« + ^J -^ n ^% and 



«V + «- • m . ^, +£jLt±i^±i:i! = sicz 



i 



I ■ kt 



,f 



f 



n4 The Application of Algebra 

liet the firft of thefc bfe fubtraded from 'the fecohdi fo 



«*. «+ I.2«+ I ^*-»+^*Js-.„» 




2« — 2 »*.II+I.«— I_»*. «* — t . 

«* . « + I . —77- = TT -T • 

24 12 12 

Therefore «^ ■ >^* — i > ^^ - nc ^ h\ and ^ = 

12 

Y r ===• ; whence x\^ -x- " ' ' ■ ) is known. 

n^ y. n^ — I V « 2 / . 

Example ; Let the given number of terpns be 6, their 
fum 33, and the fum erf their fquares 199; then, by 
writing thefe numbers, refpeflively, for «, *, and r ,• we 
flbtalf have ^ n I; whence jfsi 2, and the reqUixed 
numbers 3, 4, 5i ^j 7j '^nd 8. 

PROBLEM LXIIL 

^WQ poft'hoys A and B'fet oufj at the fame ttnte^ frWt 
two cities 5 00 miles af under ^ in order to meet each other; A 
rides 60 fniles thefirfi dayy 55 the fecondy 50 the thirdy and 
fo ony dec'reafmg 5 miles every day : but B goes 40 miles the 
firji day^ 45 the fec^nd^ 50 the thirds Sec. inzreajing 5 
miles every day ; now it is required to find in what number 
Iff days they will meet ^ 

In order to have a general folution to this problctav, 
let the firft day's diftance of the poft A be put =: ;«, 
«.and the diftance whicA he falls ftiort each day of the 
preceding = d\ alio the firft day's diftance of the pofl: 
B =: ^, and the diftance which he gains each day = ^.; 
and let x be the required number of days in which thejr 
meet : then the whole diftance travelled by A will be 
cxprefled by the following arithmetical progreffion, 

m + »j~//+ z«"~2^+ ffj<— 34&C. andthatof Bby 
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/ f + p + ^-^p + 2e + p+ 3^/&c. where each pro- 
greffion is to be continued to x terms. But the fum of 
the firftof tfaefe p rogreffions {iySf^. 10. Theor. 4.) is = 

<*'^.f — I xd 
- tnx-^ J and that of the fecobd zz px + 



2^ 
xxx—i X e 



: therefore thefe two laft expreffions, add* 

ed together muft, by the conditions of the queftion, 
be equal to 50Q miles, the whole given diftance j. which 
we will ca ll>, and th en we (hall have ^ 4. m x *• + 



X Xx 



^ — -, = *,or> + l2JLiL^ =A, by 



writing / = p + w, ahd.^ sr f — d\ which equation is 
reduced to gx^ -^gx + q/x == 2b, or ;r* — ^ + 

T" "* T* ^'^"^^» ''J^ completing the fquare, {ffr. ;r 



comes out 



- + 7-- ^^ + 4- But in 

^ i 2 g 2 

the particular cafe propofed, the anfwer is more fimpte, 
and may be more eafily deri ved fr om die firft equation 



p + mxx+ 



X X X — I X e — d^ 



XX Af— I X e^^d 



V 



^zzb\ for> / being =:4l^ 

^ ■ * / - 

will l§re entirely vaiiifli out of th^ 



equation ; and therefore x will be barely = 

500 ' 

' . . ^^ 



P ^ m 

The fame conclufion is alfo readily de^ 



40 4- 60 -^ 
rivedj without algebra, by the help of common arith- 
meuc only : for feeing the fum of the two diftance^ tra- 
velled in the firft day is 100 miles, and that the poft B 
mcreafes his diftance, every day, byjuftasmuch as the 
poft A decreafes his, it is evident, that between them 
both, they muft travel loo miles every day j therefore, 
IX $00 be divided by 100, the quotient 5 will be the 

I 2t number 
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number of days, in which they travel the whole jfOCI 
ihilcs. . . ^ ' ', 

PRO B L E M, LXIV. 

Ttu^ perfonsj A und Bj fet cut together from the fame 
pJacOj and travel both the fame way : A goes 8 mks thi 
firft dayj^i2 thefecond^ i6 the thirdyand fo on^ increafmg 
4 miles every day : but B goes I mile thefirfi day^ 4 the 
ffcondj 9 the thirdy andfoon^ according to the fquare of th^ 
number of days : the queflion isj to find how many days eflcb 
mufi travel befhre B comes up^ again^ with A* 

Let (4) the common difference of the progreffion 8^ 
I2i 16, fcfr, be put == ey and the firft term thereof «/»«x 
the faid common difference r: m, and let the nuihber of 
term?) cm* the days each perfbn travek, be expreffed by 
;r .' then the fum of that progreiEon, or the number of 

miles which A travels will be at X i» + ^^^-^^^ ^^ 

2 

^y SeSl* 10, Theor.e^.) And {by what fallows hereafter). 

the fum of thf prbgreiSon i + 4 + '9 • .^v«% orthodif- 

,; ,, *^ ... ' . -^xx+ixajf + i 
tance travelled by B, will appear to be •— — — r- ; 

therefore, by the queflioHy we have ' -^ ry^ 

fi* wjr + ^x^-f I ^ ^ \ ijm^h, divided by x and con-* 

2 

traaed, gives ?fl+Jf-±J== m + flJl/5 whence 
^6 2 

a*^ -{- ^L -i— ^ r= 3^. -f 21 — L^ 5 and, by com- 
22 2 2-. 

Dieting the fquare, *^ + — — * ^^ + -^ "" -"T "*" 
**' ^ 2 2 16 16 

26 ^ 2 2 16 16 ^ x6 

4«^-f m-6g.f 9^" ^ - 1?!1±Z±J1*/ whence 
"it- J ^ 16 



» 



to the S.]?solUTioN of Problems? ii^ 

f, -^ ^ _ _ ■ '^ , .j ana Ap , r: 

* * 4 

■ ' ■ ■ ' ^ ' - • ' — 7> the number of 

t 4 

flays i-equired. 

PROBLEM LXV. 

!n^^y«m o/ thefquares fa}, and the continual produa 
(h) of four nundftrs^n arithmetical progreffion hiing given ; 
iofindthenumhets. 4/ ^ d 

Let the pommon difference be denoted By 7.x and 
^he leffer extreme by y — 3^ ; then, it is plain' the 
other three terms, of the progreffion will be eypreffed by 
y--Jyy + ^> and;^+ ^x xeip^xy^\y y aJid fo, by the 
queftiony we have ^ 

that IS, by reduction, •^ ? 

4y* + 20Ar* =: tf, and 

from the former of which y* = 1^ _ 5^,3 . ^j ^^^^^ 

f^ft-!' ."l • ^.k"; ^ ^"^ "^u^^^'-' *^^^ >^^"^s being 
(ubltituted in the latter, we have -i^a"- r- {ax^ + 2,^^^ 

r* l^.^*.+ 50^* + 9^* = ^, and therefore x^^ 5^^* 

^ ^ .* , «+ 

"" §4 ~> i6x84 .' ^'^^"^^J by completing the fquarc 

84 T 4 X 84 X 84 

|£±^'; therefore;.^'- _Sf 
84 X 84 12 X 84 



and 



= 75 



( = - + ^ 

84 



"~~^ • 



l/fa — 5*') iu a«b known. 

I 3 



5^68- ' whence ;» { = 



^RQ. 



) 
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P R O B L E lyr LXVI. 

The dijgirence ofthi means (a), and the difference of the 
extremes (h) of four numbers in continued geometrical pr^ 
portion being gjiven I to find the numbers. 

Let the ftm of the means be denoted by x ; then thd' 

greater of them will be denoted by , ,apdtheleffeg 
by i^ ! whence^ by the nature of proportionals, it 
will be ULf : inf : : IZlf : lr^\ the leffe? ' 

:^ <2 2>^ 2>f + 2a 

. - X '^— a X 4^ a X •{" a x 4" a\ .-i^ 
extreme, and 1 - : iJUi : :UI_ : ---1 — , the , 

2 2 2' 2j|f— 2^ • 

greater extreme : therefore, ^> the problem^ i^ have 
iilfl! — iHBl = ^; and confequently * + dV — 

^A--— 2a 2;tf + 2^ 



;^--^>3 -:; 2i X * — <7 X ;f + ^, that is, f>x*a + 2a\2;s^ 
2lr X ?=?; whence x'' = -^-^r an4confe4uentIy 

/ ■ 

PROBLEM EXVIL 

Thefim^ and the fum of the fquares of three numbers ir^ 
geometrical proportion being given ; to find the numbirsm 

Ijtx. the fum of the three numbers be denoted by a^ v 
and the fum of their fqoares by by and let the numbers 
themfelves be denoted by .;f, y, and z : then we ihall havde 
^- :» + y -i- % zz a^ ' 

** + >* 4- :^* == bil 
' ^ and ;f 21 zz. f\ ^ 
Tranfpofe jr in the iirft equation, and fquare both 
fides, fo fliall x* + tx% + z* = «* — 2ay -f ;>*; from 
whence fubtfaSing the fecond equation, we have 2>2 
r- y^ = fl* — 2ay + y* — i : but, by the third, '2a;js 
'^ ^* J therefore y* = « * ^ 2^^ ^- y* — i j and confe- 
* ' ' quently 
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fluently y = tJUL, -.^ — ^. Now« to find x 

2a ^ 2 2a 

.and 2, y may be looked upon as known \ and fo, by the 

iecond equation, we have given jp* + a* =: ^ — y*5 

from which fubtraf^iif^ 2:^2 n ay% there ariles **-— 

2jfj5 + 2* =? ^ — r 3^*i where, the fqq are root being 

extracted, we have;(r — .2 = ^^^ — 3;^*: but, by th0 
firft equation, we have *• + 2 =r«-— /; whence, by 
adding and fubtra^ling thefe laft equations, the re refults 

%KZza — .y + V^— • 3yy, and 2t2 r: a^^y^^'^b^^'^yy. 

B R O B L E M LXVIII. 

'7hf fum (s)^ and the produSf (p) of ans tW9 numbers 
hej^ng given \ to find the fum of the fiuares^ cubes^ biqua" 
^ateSf &c. ofthoje numbers* 

If the two numbers be denoted by x andy ; then will 

The former of wfiich, fquared, gives xx + 2xy + jy ; 
from whence fubtraf^ing the double of the latter, we 
have AT* + y* == i* -»« 2p^ thejumofthefquares. 

Let this equ ation b e^multiplied by Jf -f- y ;= J 5 fo 

fhali x^ •\' xy X ;f + y + y^ ;p: ^' — 2sp^ that is, ^^ + 
p^s+y^^s^ '^2sp (becaufe xy :^pj and x -j- y zz s}^ 
and therefore x^ -j^ y' i= x^ — 31^, the fum of the cubes* 
Multiply, again, by x + y = J, then will a* + Xy 

^ )?T/ + y* =^*-7-3J*A9r^ + ^ X f» — 2/> + 
. / = 5 * — 3^^ (becaufe ** + y* = J* — 2/^;. Confe- 
quently *•♦+>♦ = x^ — 4^*^ + ^/% ^he fum <f the bl^ 
quadrates* 

Hence the law of continuation (s maniieft, beiqg 
fuch, that the fum of the next fuperior powcts will Be 
always obtained by multiplying the fum of the powers 
laft found by J, and fubtrading, from the produft, the 
fum of the preceding ones multiplied hy^. Ahd the 
funi of the »th powers, expreffed in a general" manner, 



will hex*— w*—^ + ». l=i . i^*^*— ». "jnf. 
^ . . .^ % 2 

I 4- « — S 
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«— 5 







P.R O B L E M LXIX. 



The fum 9f the fquares (a}, and the exce/s (b) of the 
ihtjm 
the numbers. 



frodu£f above ihefum offwo numbers being given ^ iafini 



Let the fum of the lumbers be denoted by jp, and 
tbeir frodtid by r ; then the fum ef the fi|uares wilt be 
J* — 2r (by the lajl problem)^ and we^ball have r — x 
=: b^ and j* — 2r = <7, whence, by adding* the double 
of the ibrmer equation to the latter, s*" •^, 2x = it + 23 ; 

and confequently J =r -/ « + 2* -f i + i. From which 
r (=: b + J j is Kkewife known j and from thence the 
jiumbers themrt:^lves. 

PROBLEM L'KX. 

The fum (a)., and the fum of tbefquares (b) rffiur 
numbers^ in geometrical progrejftotty being given-, t^jlnd 
the numbers. 

If X zxtAy be taken to denote the two middle liumbers, 
the two cjctreme oacs, b^ the nature of progreffiohals> 

will be truly reprefented by — and — . 

y X 

Put the (urn of the two means = j, ahd their rect- 
angle =: r; fo ftiall the funi of the two extremes 



== r 



(^ 4. ^) be^tf — J, and their re(9angle alfo ;=: 
\ y ^ xJ 

^by the nature of the queftion), T^wt {by Problem bi) 

the, fum of the fquves of any two numbers whofe 

fum is J, and rectangle r, will be =;: j^ ' — 2r j and (for 

the very fame reafon) the fum of the fquares of our other . 

two numbers (whofe fum is a — x, and rectangle r) will 

be = al— i]* — ar. Therefore, by adding thefe aggre- 
gates of the fquares of the mbans and exp-emes together, 

we get this equation, viz. j* + tf-*^^!* — 4r =: 3. 

Moreover^ 



to the Rb«oIvtion of 



ut 



Moreover) frotn the equation, fff + ^ z: a-^s^ 

y f 

we get je'+^f ^xy X a--^ s zsir X a*^ s:htit(bytbe 
fame Proh.jujincnv quoted) x^ + ^^ =z i* -^ 3xr ; therefore 



^' — i^r =z ar--^ jr, brrzz 



; which value be-i 



2s -ir a 

ing fubftituted ?or r, in the preceding equation, we 

have J* + a — s\ * — —If — ^ = *. This, iblved, gives 

2s + a 



2 4^%? "~ ^tf ' 



2 4<3» 

|S readily found. 



whence cverj thing clfq 



PROBLEM LXXI. 

The Jim (a) anditxefurn'ofthefquares (h) effhenmh^ 
her 5^ tn geometrical prpgrejjion^ being given^ tofindibc . 
numbers, ' • / 

Let die three middle numbers be denoted bjr x^ j^ 

and % : then the two extreme ones will be ~ aod ^ j 

and therefore we (hall have 

^ +x +y +z + ^"^ =ay^ 

hi ^^ que/liopL 




y f 

Put *■ + « !5 « > then, by the firft equation, ^ + ^ 

y y 

^ <? — ^« — y. ' .Wherefore, feeing the fum of the two 
extremes is exprefled by «-— « -— ;p, and their rc<Saf;o^le 
by y* (7^/ Theor, 7. &<5f. io\ the fum of their Iquares will 

[hy Problem 68) he zz u — u — > ** — 2>* ; and, ii: the 
very fame manner, the fiim of the fqu ares of the two 
terms (x and %) adjacent to the middle one (y) wiJl be 
r: 1^* — !. 2y*. Whence, by fubftituting thefe values, 

our equatidns become i. + « + y = ^j and 

y 



tn 



The Application of Algsbra 



^— «-r;r|^-^2/ + «*-^ 2/ + >» =: hi whi(;h^bji 
redu6libn are'changed to 

ifa — 2^zf —7 lay + a«tt + 2«y — - 2yy =« i> 
and tfjr -• «« -^ «y + ^•J' =^ 0» 
To the former of which add tiiie double of the latter^ 

fo (hall aa -^ 2i7« :=: 3 ; and therefore « =: — •*- — • 

• ' % ^^ 

From wheqce, apd ^jp + ^ *— « X ;r 3= ««, the value of jr 



i=^ 



uu + 1^3! ^ fnfi ) is likewifc given. 



4 ^ 

PROBLEM LXXII. 
Thefum (a) J thefum of the [quarts (b)j andthefitm of 
the cubes (c)j i^ any four numbers in geometrical prcfort ion 
heing given ; to find the numbers. 

. Let half the fum of the two means be x* and half their 
difference jf 5 al(b let half the ft^m of the two extremes be 
jB, and half their difference Vy and then the numbers 
themfelves will be expreffed thus, z — v, ;r — .Jf, x + y^ 
% + v: whence, by the conditions of the proUem, wei 
have 

z^v + ^— X + ^ -f- y + 2 + V = <?n 

»^^* + ^T^* + x—y\^ + z + vY =;*>* 
z — v]' + *^-!-\yl' + * + j^l' + zTv|3 rr r, 



2—^ X z + « = x—y K X + y ( Theor. I. Ps 
72):; which, contrafted, are., ' 

2z + 2^ = ay 
, 2x\ + 2V* -f %x^ + ly'^- ziby 
2z^ + 6zt»* + 2x^ + 6;ir;^*. z: r> 
z* -y- ^* =: .«•* — J?*. 
* Let ;f» — z* + v% the valine o{y\ in the laft of theft 
equations, be fubftituted inftead of j?% in the two preced- 
ing ones, and we ibaU have ^ 

2z* + 2V*' + 2x^ + 2;r* — 2z* + 21;* = by and 
2z' + 6zv* + 2x^ + b;*-' — bxT?- + 6A"y* = cj 
Vrhichi abbreviated, become 
4;ir* + 4x;* = by and 

2a^ + &^' -^ 6.X-Z* + bjK" +'6z' X z^* =; c, 

^ Let 



to dieRssoioTioH of Phqbikbas; 



IZJ 



Let i b — i *% the value of v% in the former of thcfe 
equations, be fubftituted, for its equal, ' in the latt er» 

and we jh all next have az* + 8x^— 6jra* + 6* + 6ax 

J ^— %** = r ^ moreover, if for », in the laft equation, 
its equal | tf ;— ;r be fubftituted, there wil l come ou t 2 X 

f a-^xl^ 4 ixK'^tx X |«s? — *^J*4-3tf X jJ^m^ = r ; 
that is, 6^jf* rr 3^*^ + — +* ^ =:f; therefore^*— 

!2^= 1. _ 4 — -5 4nd confcquently * = 1 _, 

6a 8 
{enown. 



24 



-f -^ , whence, ?;> v, and y^ are likei^fe ^ 

4? ••- ^ 



— • "^ 



71? e fame otberwi/i. 

Let the iiim of the two means =: j, and their reifl:-. 
, jmgle = r ; fo iliall the fufn of the two extremes = a 

— X, and their rcjftan^e alfo r: r, {^by the qiejlioh) : 
from whence, and Prob. 68, it is evident, that the fum 
of the fquares of the mqans will be =: j* — 2r, and 

the fum of the fquares of the extremes — « — /)• 
•»- 2r ; alfo, that the fum of the cubes of the means 

>vill be = i^ ^"^S^h ai^d that of the extremes := ^ — j|* 

— 3r X fl — J : by means whereof, and the condi*- 
tions of the problem, we have given the two following 
equation s, ' 

viz. j*-f.^.— /|*— .ir=r^, or, 2i*— 2<7 x— •4r=: J ^^aai 

iandi^ + dL— j P— 3rj=^, or, 3flj*-^3/i*j— g^m^^— a' : 
divide the former by 2, and the latter by 3<?, and then 



aa 



fubtra£l the one from the other, foihall rzz >— ^ 

' . 6 2 

+ ^ whence the value of ; ( r: ^ L^ 
3« 2 



*^ 



j-i^ + 2r + — , ^jr /;&< /iry? equation) is «lfo 

% ' 4 . 

* . given, 
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given, being (when fubftitution 19 made) = _ — • 

PROBLEM LXXIII. 

Having given thefiim (a)j and thefuin of the fquares^ 
'{^h of any number of quantities in geometrical progrejjion ^ 
fa determine the progrejfwn. 

Let the firft term be demoted by x^ the common ratiQ 
ty Zj and the given number of terms by n : then, bj 
the conditions of th^ problem, we (ball have 

** + *•»* + ;^*z* + ;f*z* + A?V . . . 4- A-^z**^* = *. 
Multiply the firffi equation by I -r- z> and the fecond 
. by I .^ jji» j fo (hall ^ ; 

X — - ;»:«* => iJ X 1 *— =. z, and 

DiA^ide/the latter oi thefe by the former j whence vvill 

b 



■III ^ 



be had ;p + ;rz'' = — X i -f- z ; let this equation and 

a 

the firft be ftow multiplied crofs-wife^ into ekch other, 
in order to exferrainafe x ; fo Ihall a x I + z* ~' 

i. X I 4. z X I + z + z* + z» . . . X"^'. 

a 1 ■ ■ ■ * 

If nhe em^^veH numhery put 2m rr »^ then onr laft 
equation, when multiplication by i -|- 2;: is a^iuaily 

made, wiH ftasnd thus, ^ x i -f z*^ == i + az.+ 2:^* 



. . + 2Z 



+ 2z*«^' + 2*" ; ' which, divid- 

2 



ed by z% becomes f? + J. -f z'"=z -f + 



z 



,w— I 



«— jfc 



2 2 

• • ' + ^^^ + — + ^ + 2Z-f-2Z* . • . . + 2Z 

z* z 



+ 22; 
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+ 22*^' + z*. Let s be now put (== Z + «) !a 

the fum of the halves of the two terms of the feries 
adjacent to (2) the middle one i then, the redbxiglc of 
thefe. fjuantides being J, the fum of their fquaies (or 
half the fum of the two terms of the feries next ta 
tbofe) will be == x*— *- 2 (hy Problem 68); and the &m 

{ — +. z') of half the two next terms to thefe laft zz 

. J? i^ 35, &C. &€• ^ 

Hence, by m^ing rf n — l— , — and putting the 

Zb 2 

value of -L + a* {as ^xprejjed In tht fmd prpblem 68) 

«-r- Q^^ and then fubftituting above, €^r. our equa- 
tion beco mes d QjSi i + j + j* ^i— 2 + j' ^"^^ -f 

I*m 45* + 2, &c. continued t9 m terms j whence the 
value of s may be determined. 

Thus, let »,, the number of terms given> be four; 

dien m being r± 2, Q^(= — + a*) will be j*--. 25 

2* 

iaind ou|- equation wiU, h^re^ he J x i**— ^2 is i + xi; 
If ;i be :2: 6, Q^ (:= ~ + 2') will be =: j» — jx ; 



\« 



Z' 



and we (hall have d x i* '— 3^ =: i + j + j* — 2 :r 
5* + J •-u I J and fo in other cafes, where « ii ao. e^'cn 
number. 

If n he an odd number^ put 2Im r: « — i ; and let both ^ 
fides of the equation 

^ X I + z'':^ — X X + Z X 1 + ;i + 2* . , , z'^" 
J>e divided by i -f z ; fo (hall * 

«XI— s+z*— z^...— z'**"*+z'^*=:i. X I +z4-z».r-hz«~i 



(becaufe i + z+ 1 — »Hh«* -r^ a^ + »*.-— 2'^'*4-"£ 






126 The ApptxCAtioN of AibEBkA 

J + z") : whence, by tranfpofition, and fu bftituting mi 

tf;-. 1 X I + z* + z* . . . + z*« = a + i. >i 
a a 

z 4:z» + %^ , .; z*^»; put fl+J ^ ^ and let' 

the whole equation be drvided by « — — X z^ s then will 

a 

z % . - z * ^ , 



C X -4:t + -r4r . •• + a*^' + a'^* 



,»»— 1 T^ 3»=^ 



k 



. NoW) if m be Sul eved number, the powers of z in 
the former part of the equation will be the even onesi 
and thofe in the latter the odd oties; but if m be an odd 
iiumber, then, vice verf&m 

, In' the firft cafe our equation may be i^rote thus^ 



a'" ..z*'*-* z,* z* 



Z ' V 2r^^ Z' Z* 

• Where,^ihce — + z == x, — h :;* =r -^2, L + a? 

' « z* z* 

-2 j5— 3x, ~ + %♦ i= ^ -i- 4i* + 2, £5f^. we (hall, 
z 

by fubftituting thefe values in each feries (proceeding 

from the mid dle both ways) have i + j* — ^ + 

J* _ 4x + 2 + iffr. =: f into s + j' — 31 +^ i«f^. 

But, in the fecon'd cife, where /ti is an odd num- 
ber, and the even powers of z cpme into the fecond 
ferie s, we (ha ll, by the very fame method, have. 
f + J'*^ 3 i + Is~:^^3 ^ ^j -t ^c, = f into I +• 

.In 



A 



/" 



to Ae Resolution of PitOBLEMs. \^ 

An both which cafes the terms are to be fo far conti- 
tiued, that the exp<»ienc of^i, in the higheft of theiA, 

may be = .— .. • Thus^ if /i, the given number of 

teSriiis, be 3, theh m l\ j being's: i, the equa- 
tion belongs to cafe 29 and will be j =: r , harely. If 
n =: 5, then »i = 2 ; and therefore i + y*— 2 =: «, 
or i*— I == ciy, h fxafe 1. 'If » be 7, m will be 3; 

and f o J =f j f — 3/ =: f X i -f- j* ;— ^^ or x' — 2x 2: 
^ X J* — I, hj cafe 2. Laftl y, if ^ = 9, then m zz\y 
and dierefore i+j* — i + 5* — 4J*-f2=f xj + j^-— 31, 
or i*— 3s* + I = c X 1* — 2J^ ^> r^ I. 

PROBLEM LXXIV. 

Having given^ ihefum (a)j and thefum of the cubes (h), 
of any number of ferms in geometrical progrej/ion ; to deter ^^ 
mine the progrefjion. 

fiy retaining the notation in the laft problem^ and pro- 
ceeding in the fame manner,' we here have 

azzx + x% + *»*.,. + xa""*':: f^ ~^ , and 

hzzx^ + *V + ;rV . . . +;rV"-^=l!£llIi! (by 

Theorem 8. Sea. 10). 

Dividft helafto fth efe equa tions by the former, fofliall 

A =.-x£ELiLilE£==.-x^" -^ -" -^ ' (be-- 

^ Z^ — I X 2i" — I Z* + « + I 

caufe == 2* +;. J2 + i> and —- = a + 

Z — I z" — I 

%" + X ). Let this equation, and the fquare of the firft, 

a^ •=: x^ X ^ ^^ "^ ^j be now multiplied, <;rofs* 

2*— 2a +1 
wife, in order to exterminate x ; whence will be had 

h V 2^ — 7*"+ I ._ , yt^l±JL'^ ^ • which, 

it :i*— 2Z+ I Jii* + z + 1 

the 
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the numerators being divided by «"> and the dei^onuns- 
Tor» by as, will llsnd thuS) 

» X --^= fl' X 1; p^t ,„ 

« — z+-i a + I + ^ 

z z 

before} the fum of X and -£ = x{ th^n* their re£tan- 
gle being i, the fam of their »th powers (z" + — ) 

wiil be bad in terms <rf t (frun Problem 68), which 
fitm let be denoted by S ; fo fliaH our cfjuation become 



whence the value pf ( 



.S + I. 

t 2 f J + I 

may, in any cafe, be determined. 
• Thus it (n) the given number of terms be 3 j then 

S (the fum of the cubes of z and I_) being = f' — ■ 31, 

wehave b x ^'— 3' — ^ _ «. ^ '' — y+ ' ; that 
J — 2 J + I 

is, bydivifion, i x J* + 2* + i = "' X ^r- . i. 

If the number of terms be 4 ; then will S = j* — 



ij* + 2 ; and therefore b 

i — 2 
which, by an ailual divifion of the 



li^^«ivi!-:lfl±J 



duced to 3 X j' + 2J* = 0^ X j' — )' — 3^+3- 
Again, talcing « = 5, we have S zr j' — 5*' + 5^ ; 

andthereforei X ±^!l±^J=2^a^ x '^TrUl+Jill 

i — 2 s + I . 

-vhich, bydivlfion, isreduced tof x J* + *i' — J* — 21+1 
= fl' X s* — j^ — 4** + 4J + 1 : and fo of others ; 
I'hcre it may be obferved, that the values of S — 24 ' 
nd S + I,. will be always divifible by their rcfpeftivo 
ennminalors; except the ktter, when » is either 3, or 
multiple of 3-- 

6 PRO- 
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PROBLEM LXXV. 

Ttbe fumof any rank (f quantities (a^h-YcA^d-^r 
a + &c.) being given ^ P, the fum of all their reftan^ 
gles (ab + ac + ad &c. + be + bd &c. + cd &c.) 
rz Q, the fum of all their folids (abc + abd + abe &c« 
-f- acd + acetiQ. + bcdkc.) r: R, Inc. Sec. it isprO'^ 
pc/ed to determine the fum of the fquareSy cubesj biqua* 
dratei^ &c. ofthofe quantities. 

'p zz b + c + d (id r: fum of all the quan- 
' titles after the firft ^tf^, 

qnbc + bd + be^Sic. -^ cd + ceSlc. == th« 
Put ^ , fum of their redangles^ 

I r = bed + bee &c. + ede &c. =: the fum of 
I their folids. 

Then will P =z a + A 

0^= pa + qi 

R r= qa + r, 

S =: rtf + /, 

T =: la + ^, &c. 
By fquaring the iirft of which equations, we have 
P* t= fl* + 2ap + £* ; from whence the double of the 
fecond being fubtracted (in order to exterminate 7/ip)^ 
fliere refults P* — 2(^=: «* + ^* — . 2f. Where 
P*— 2Q^expreflcs the true fum of all the propofed 
fquares a^ + b^ + e^ + d* &c.j becaufe, all the 
quantities ay by Cy dy &c. being concerned exa£Uy alike 
m the original, or given equations, they muft necef- 
farily be alike conc^ned in the conclufions thence dep- 
rived ; fo that if fubftitution for^ And q were to be ac- 
tually made in the equation P* — aQjr: «* + ^* — 2ft 
here brought out, it is evident diat no other dimenilons 
of by Cy dy Cy icCd befidcs the fquares, can remain there-.. 
in, as no dimenfions of a^ beiides its fqiiare, has place in 
this equation. 

In order to find the fum of all the cubes, 
put A {:±?) zz a + p :^: fum of the roots, 
and B' (= P*~ aQJ = a* + /• *- 2f = fum of the 
fquares ; then, by multiplying the two equations toge- 
ther, we have PBzza^ + pa^ + p^a^ 2qa 4- /' -^ ^M* 

K • ^ from 
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From wlience (to exterminsite ptC' the next inferiOf 
power of a after the highcft, c^) let QA = pc^ + 
p^a + qa '\' pq (the produft of the equations Q^and A J 
be fubdu(9:ed; and there will remain PB .— QA =: 
a^ — r- yia + p^ — 3/>^. To this laft equation (in or- 
der to take away* the next inferior power of a) add 
three times the equation R c=; qa + r, fo (hall PB — 
<^ -f 3R = tf' + />' — 3P? + S'*- From whence 
it is evident that PB — (^ . + 3R muft be the re- 
quired fum of all the cubes a^ + b^ + c^ + d^ &c. 
for reafons already fpecificd with refpedl: to the preceding 
cafe: 

To determine the fum of the biquadrates, put 
C == «* + /)^— 2P^ + 3r = the fum of all' the cubes j 
then multiplying by the equation V zz a + p (as be- 
fore)^ we * get PC = /at* + pa^ -^ p^a^^ T^pqa + ya + 
/* — ZP'^q + 3^^. From which (to exterminate pa^) 
fubtfa«a QB = pa^ + p^a — 7.pqa + qa"^ + p'^q — 2f* 
(the product, of the equations Q^ and B) ; fo (ball 
PC — QB =r a^^qa^^pqa + 3ra + />♦— 4/,*^ + 
2pr + 2f * : to this add R A = qa'^ + pqa + ra -^ rpy 
then will PC — QB + RA = tf* + .4rtf + />*— 4J&V 
-f \pr + 2q^: laftly, fubtraft 4S =: ^ra 4- 45, fo fhali 

PC — QB + RA — 4S = ^'^ + ^*— 4A + 4?^ + 

2^^-^4x = D, the fum of all the biquadrates. 

In like manner (the laft equation being, again, mul-* 
tiplied by P =: ^ + />, the preceding one by Q^c: 
+ ^, &c. &c.) the fum of the iuth powers will 
found = PD ^QC -t- RB — SA + 5 Tj from 
r/hence, and the preceding cafes, the Jaw of CQi\tiniia- 
ticn is manifeft ; the fum (F) of the fixth powers being 
PE — QP + RC — SB +TA — 6U; atid the fum 
(G) of the feventh powers = PF — QE + RD — ' 
SC + TB — UA -h 7 W, &c. &.C. 

But, if you would have the feveral Values of B, C, 
D, E, ^c. independent of one another, in terms of the 
given quantities P, Q, R, Sy T, ?5fc. then "will 

C = ^^ — 3PQ. + 3R, 

D = P* — 4P*Q + 4PK + 2Q: — 4S, 

E = 



\ 



V 
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fe it ps _ 5P^+ sP*R + 5PQ! — sPS — sQR 

+ 5T, fefc. ^^.^ which values may be continued on, 
at pleafure, by multiplying the laft by P, the laft but 
one by — Q^ the laft but two by R, the laft but three 
"by -;»S, &c. and then adding all the products toge-f 
ther ; as is evident from the equations aboVe derived.— 
Thefe concluftons are of ufe in finding the limits of 
equations, and contain a demonftradoo of a rule, given 
for that piirpofe, by Sir I/aac Newton^ in his Univerfal 
Arithmetic^* / 



'^i^ 



I • 



SECTION XII. 



Of the KefolutioH of Equations of fever al 

Dimenfions. 

BEFORE we proceed to explain the methods of re* 
fblving cubic, biquadratic, ^d other higher equa* 
ttqns, it will be requifite, in order to render mat {ubje6l 
more clear wA intelligible, to premife fonvething con« 
cerning the origin and compbfitioo of equatibns. 
. Mr. ^Harriot has fliewn how equations are derived by 
the continued multiplication of binomial factors into each 
other: according to which method, fuppofingAr-p-. tf, 
;f — *, A* — 7 r, ;ir — ^/, &c. to denote any number of fuch 
f^ftors, the value of ^ is to be fo taken that fome one of 
thofe faftof-s may be equal to nothing : then, if they be 
multiplied continually together, their produ<5l muft alfo 

be equ al tq nothing, that is, ;r — a X ^ — i x x — :r x 

3C — i&c. =: o : in which equation x may, it is plain, be 
equal to any one of the quantities a, hj c^ tf,'&c. fince any 
ooe of thefe being fubftituted inftead of jr, the whole ex- 
preffion vanifhes. Hence it appears, that an equation 
may have as many roots as it has dimenfions, or as are 
cxpreffedby the number cf the fadors, whereof it is fup- 
j)ofed to be producedjj Thus the quadratic equation 

+ ab zz 0' 



4f— <?x-v— •* :=:0 or x^ 



K 



a 
b 

2 



] 



has 
two 
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tw o roots, a and b t Ac cubic ^Uadon x ^a X « — ^ 
X * — f = &, or 

— «7 ail 

«* 4-- *f **+ af f* — , flie a Oi has thrcB rooti, 

— ej icl ' _^ 

a, i, and e; an d the biq uadratic equation, x — ax 
x — i X X — fX* — rf— (^or.' 

** +~* U + <i^+ 1^ f *' + "" ^^ U + «6^ = o, 

has four roots, a, £, f, Kid if. From thefe equations it is 
obfcrvablc, tlut the coefficient of thefccooo term is al- 
ways equsj to die fum of all the roots, with contrary . 
figns; that the coefficient of the third tenn is always 
equal to the Aim of their redaAgles, or ^ all the pro- 
du£t£ that can poillbly arife by combining theib, two 
and two; that the coefficient of the four£ is equal to 
"" the fum of all their folids, or of all the products which 
can poffibly arife, by combining them three and three ; 
and that the laft term of all, is produced by multiply- 
ing all the roots continually together. And all this, 
it is evident, muft hold equally, when fome of the 
roots are pofitive and the reft negative, due regard 
being had to the li|;ns. Thus, in the cubic equation 

x-—a X x — b XX + t = o, or»* + 






+ ebf 

— flc >* + afc = o (where two of the roots, a, i, are 

— bej. 

pofitive, and the other, — Cy is negative) the coefficient of 
the fecond term appears tobe — a — b+t, and that of the 
third, iri— Of— ^, orab+ax —e-i-bx —r, conform- 
able to the preceding obfervadons. Hence it follows, 
that, if one of the roots of an equation be given, the fum 
of all the reft will hkewife be given ; and that, in every 
equation where the fecond term is wanting, the fum <^ all 
the negative roots is exa£Uy equal to that of alt the pod- 
tire ooet ; becaule^ in this ewe, they miuually deuroy 
a each 



♦ » 
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each other. But when the coefficient of the fecond term 
h positive, then the negative roots, taken together, ex- 
ceed the pofitive ones. But the negative root8> in any 
equation, may be changed to pofitive ones, and the po- 
fitive to neeative, by changing the figns of the fecond^ 
fourth, and fixth terms^ and fo on sdternatdy* Thus, 
the foregoing equation ^ 

(x^a X x — b X :r + tf =:)j(r*+— i^^'—iif > x + 

^. , +^3 -7*c3 

4i^rz= Of by chaogii^ the fign!^ of the fecond and fourth 

terms, becomes ^+ -^ h\x* — ac v a? — a^c =: o, or 

^ 2lfJ ~^'J 

jr + ax;e + ^ X^r — ^ = 0; where the roots, from 
•^ a^ + bj and — r, are novr become — ^,— i, and + r. 
Moreqrer the negative roots may be changed to pofitive 
ones, 01^ the pofitive to negative, byincreafing or di* 
minifhing each, by fome known quantity. Thus in the 
quadratic equation ^f* + 8;? + 1 5 =; 0, where the two 
roots are -*- x and — ^ 5 (and therefore both negative) 
if z— 7 be Uibftituted for ar, or which is the fame, if 
each of the roo ts be in creafed by 7, the equation will 

become g— > 7I* - f 8 x g — 7 + 1 5 n o } that is, «*-— 

6% + 8 := o, org — 2 x g — 4 =: Oj where the roots 
are 2 and 4, and dierefore both pofitive. This method 
of augmenting, or diminifliing the roots of an equation 
% (bmetimes of ufe in preparing it for a ibiution, by 
taking away its fecond term ; which is always perform* 
ed by adding, or fubtriu^ing |, f-, or | part, ^c, of the 
coefficient of the iaid term, according as die prraofed 
equation rifes to two, three, ox four, ^c. dimenfions. 
Thus, in the quadratic equation ;r^ -— 8jr + 15 r^ p, let 
die roots be dimimflied by 4, that is, let x — ^ iit put 
rrg,orA::=:4 + g; then, this value b eing fubftituted 

foTX^ the equation will become g + 41**^8x2+4+ 
15 = o,or g^ ««si =1 0$ in which the fecond term U 
Wantii^. 

K 3 Likewife, 
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Likewifc, the cubic equation z' — a^ + te — r 5:; 0^ 
by writing *• =: — -J- i? + ii and proceeding as above,* 

will become x^ * JLi^*| Jf + -^-^ >=;:05andfo, 

of others. 

Henpe it appears, how any aSe£):ed quadratic may be 
reduced to a -fimple quadratic, and fo reiblved without 
completing the fquare ; but this, by the bye. 1 now 
proceed to the matter propofed, viz. the Refolution of* 
cubic, biquadratic, and other higher equations ; and 
ft^all begin with (hewing 



How. to determine whether Jomcy or all the roots ofanequa-^ 
thn be rational^ andy if fi-i whiat they are\ >, 

Find all the divifors of the laft term, and let them be 
fubftituted, one by one, for:*?, in the given equation;' 
and then, if ^ pofitive and negative terms deftroy each 
other, the divifor ft) fubftituted is manifcftly a root of 
the equation ; but if none of the divifors fvcceed, then 
the'rodts, for the general part, are either irrational or im- 
po^ble : for the laft term, as is iheyi^n above, being d- 
^ays a multiple of ail the rootS) thofe roots, when raticki* 
al, muft, necefiarily, be in the number of its divifors. 

Escamp. I. Let the equation x^ — 4** — 7*" 4- 10^ 
r: o, be propofed j then, the divifors of (10) the lafl;. 
term being -f^ i, — 1, + 2, — 2, + 5, -r- 5, + lOj^ 

— 10, let.thefe quantities be, fucceffively, fubftituted in-' 
ftead of pcy and we fhall have, 

I— 4— 7 + 10 == o, therefore i Is a root; 
■^ I — • 4 + 7 + 10 r= 12, therefor,e — I is uo root y 
8 — 16 — 14 -f 10 = -— I2,therefore ^ is no root y 

— 8 — 16+14+ 10 j== o,therefore — 2 is another root; 
J 25 — ioo — 35 + 10 == o,therefore 5 is the third root** 

It fometimes happens that the divifors of the laft 
term are very numerous 5 in which cafe, to avoid trou- 
ble, it will oe convenient to transform the equation to 
another, wherein the divifors" are fewer s and thiar*is beft 
6 efFeaed 
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effetfted by increafing or dimintOiing the roots hy an 
unit, or fome other knowo quantity. 

Examp, 2. Jjtt the equation propounded bejr*— 4^'— 
87 -f- 32 =r o ; and, in order to change it to another 
whofe 1^ term admits of fewer divifors, let a: + i be 
fubftituted therein for jr, and it will become x^ — bx* — • 
i6x +21 r: oj where the divifors of the laft term are, 
J, — I, 3, — 3, 7, — 7, ;ti, and -i- 21 ; which being, 
fucceffivdy, fubiiituted for ;ir,as before, we have, 

I ---6 »— 16 + 21 r: o, therefore i is one of the roots; 

I — 6 + 16 '+ 21 = 32, therefore -^ i is not a root; 
81—54 — 48 -I- 21 :n: o, therefore 3 is another root. 
But the other two roots, without proceeding farther, 
will appear to be impoflible ; for, their fum bein^r equal 
to — - 4, the fum of the two poiitive roots (already found), 
ivith a contrary fign (as the fecpnd term of the equation 
is here wanting), their produft, therefore, cannot be 
equal to (j) the laft term divided by the produdof the 
pther roots, as it would,' if all the roots were poiSble. 
However, to get an exprelEon for thefe imaginai'y roots. 
Jet either of them be denoted by v, and the other 
will be denoted by —•4 — v\ which, multiplied toge- 
ther, give --^ 4v i— V* :x: 7 ; whence v =— ^2 + \^ — 3, 

and confequently — -4 — v rz— 2— • — 3. Now 
let each of the four roots found above, be increafed by 
unity, and you will have all the roots of the equation 
propofed. 

When the equation given is a literal me^ you may 
ftill proceed in the fame manner, negledting the known 
Quantity and its powers, till you find what divifors fuc- 
cecd ; for each of thefe^ multiplied by the fame quantity, 
will be a root of the equation. Thjis, in the literal 
equation x^ + 3^?;^*— 4^*^' — I2fl' =: 0, the numeral 
xiivifors of. the laft term being i, — i, 2, — 2, 3, — 3, 
U^c, I write thefe quantities, one by one, inftead of ;r, 
■^ot regarding ^7 1 and fo have 

1+ 3-*4 — 12 = — 12, therefore a is not a root; 

•^I + 3+4 — 12 = '— 6, therefore— a is no root; 

^, + j:2 — 8 r- 12 =0, therefore 2a is oneof the roots; 

K 4 —8 
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*— 8 + 12+ 8— «i2=: 0) therefore-— 2tf is smbther rooty 
, 27+27—12 — II =30, therefore 3a is not a root ; 
—27 + 27 + 12—12= o, therefore*— 3^r is the third root; 
The reafon of thefe operations is too obvidus to need a 
further explanation. I (hall here fubioin a different vnj^ 
whereby the fame condufions may be derived, from Sir 
^tfr JV!?u^9»'s Method of Divifors ; which is thus i 

In/lead of the unknown quantity fubftitute^ fucciffivefy^ 
three J or more adjacent terms of the arithmetical progref" 
Jhn 2, I, o, -— I, «- 2; andy having collefledall the 
terms of the equation into onefum^ let the quantities thus 
refultingj together ivith all their divijorsy be placed in a 
liney right againft the correfponding terms of the progrejiom 
a, I, 0, — I, — 2 ; thenjeek among the divifors an arith- 
metical progrejpony whofe terms correjpond withy orftand 
according to the order of the terms 2, i> 0, — Ij — 2, 
ef the fif/l progrejftony and whofe common difference is 
either an unity or feme divifor of^ the coefficient of the 
highejl power of the unknown quantity (x) in the given 
equation. If any fuch progrejjion can be difcoveredy let 
that term of it which fiands againft the term o, in the fir/i 
progrejjiony be divided by the commJk differenccy and let the 
.quotienty with theftgn + cr — prefixedy according as the 
progrejjion is increaftng or decreajingy be tried (as above) 
byfuhftituting it for x in the propofed equation^ 

* Thus, let tnepropoied ecjuation be ;r^ — *•— 10 a? ' 
+ 6 r= o ; then, by fubftituting fucceffively the terms 
of the progreflion 2, i, 0, — i, inftead of jr, there will 
?irife— 10, — 4, 6, ^nd 14, refpefiivcly ; which, toge- 
ther with their diyifors, bein^ placed, right-agstinft the 
correfponding terms of the progreflion 2, i, o, — i, the 
work will ftaad thus : 



% 


— 10 


I . 2 . 5 . 10 


5 


I 


— 4 


1 • 2 . 4 , 


4 





+ 6 


I * a. . 3 . 6 


3* 


I 


+ M 


j[ . 2 . 7 . 14 


2 



Now, fmce the coefBcient of the higheft power (>') 
19, here, only divifible by an unit, I feek, amone the di- 
vifors, a collateral progrejQion whofe common £fference 

i^ 
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it an unit ; and find die only one of this kind to be 5> 4* 
3, 3 ; wh<^ third term {landing againll the term o in. 
the firft progrcffion, I therefore take and di\ride by unitjr* 
and then fubftitute the quotient, with a n^adve fign, in- 
ftead of jr, and there relialts — 17 — 9 + 30 + 6 ;= Oi 
theref(»-e— 3 is, manifeftly, a root of the equation. 

Again, if the propofed equation were to be ix*-^ 
5** + 4X — 10 = o, we fluii, hy proceeding in tin fame 
manner, have 

ai— 6 I . 2 . 3 . 6 

1—91.3.9 

o — 10 I . a , 5 . 10 

— 1—21 I . 3 . 7 . 21 7 

■^ a 1— 54 I • » • 3 - 6 . 9 *^=' 9, 

In which cafe, I difcover, among the divifors, die 

increathig arithmetical progrefBon, i, 3, 5, 7, 9 i whofc 

third term, 5, Handing againfi the term O in the lirlt 

progrcffion, being divided bv 2, the common dilFerenc^ 

and the quotient (^) fubflituted for x, the bufmcfs fuc- 

cceds, the poiitivc and negadve terms deftroying each 

other. ■ 

Moreover, if the equation x*+x*'-~2<jx*—gx+ 180 
^ o were propofed, the work will ftand as icdiows : 
2 70J1.2.5.7.10.14.35.7. 
1 144 Ii -2 "3 •4' 6. 8 . 9.1: 
018011.2.3^.4. 5. 6. 9. 10 Sic, 3 
— I 160 I .2.4.5. 8 . 10. 16. 20&C. 4. 
• — 2 90I1 .2.3.5. 6. 9. JO, 15&C. 

Here are difcovered no lefs than four progre^oct, 
whole terms differ by unity ; whereof the terms corre- 
iponding to the term o, in the firO: progrefEcm, arti 3, 4, 
3, and 5 : dierefore the two former pro^reffions being 
afcending ones, and the two latter defcending, I try the 
quantities -f 3, + 4> — 3) -*~ $1 one by one, and find 
Qiat they all fucceed. ' 

And after the fame manper we may proceed in other 

cafes J but, in order to try whether any quantity thus 

found is a true root, we may, inftead of fubflituting 

for Xy . divide the whole equation by that quantity con- 

ne^d 
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nc&ti to x^ with a contrary Hgn ; for, if the divifion 
terminates without a remainder, the faid quantity i$ 
inanifeftly a root of the equation* / 

Thus, in ,the laft example, where the equation i^ 
jc^ ^x*,^ 2gx* *— 9:1; -f 180 ac o, the numbers to be 
tried being +••3, + 4> t- 3 Mid — 5, I firft take — 3 
and join it to x^ and then divide the whote equation, x^ 
+*' — 29*?— 9Jif + i8Q(r:d) by;r — 3, the quan-r 
tity thence arifing, and find the quotient to come out 
x^ + 4Jf*— - 17* —60, exa^lj. ; Therefore -|- 3 is one 
pf the roots/ 

Again, in order to try + 4, the fecond number, \ 
divide the quotient, thus, found, -by ;r*— > 4, and there 
comes out x^ -{- 8x +:!$ > therefore + 4 is another 
root : laftly, I try r— 3, by dividing the laft quotient by 
^ 4- 3) and find it alfo to fucceed, the quotient being 
^ + 5* See the operation at large. 



ff— 3)jf*+ ;r^— 29;ir*— 9Jf+i8o(jt5+4jr'— .j;;^— -60 
+ 4x'— 29*?* 



— 17^?*— ijx 
— i7** + 5i^ 



— -6ojf+i8a 
— 6ojf-M8o 

• .0 ~ 



;r— 4) /v«+4a'*-.17j^-*-^o (jr*f Sa'+i^ 



;r^-fc-4** 



+ 8jr*— 32;r 



+ 155 — 60 
+ 15^—^0 

o o 



/ 



^ + 3) 
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As another inftance hereof, let there be propoled thq 
equation 2x^ — 3** + 16?^ — 24 ^o; then expound- 
ing X by 2,1, D^ 'and — i, fucceffivcly, and procecdin;^ 
as in the foregoing examples, we have 



2 
I 

I 



+ 12 

— 9. 

— 24 

— 45 



4. 6.. 14 



I . a . 3 

I-3-9 

I . i . 3 . 4 . 6.8 &c. 

I ,3.5.9. IS .45 



+ 2 

+ 3 
+ 4 

+ 5 



+ I 
+ 3* 
+ 5 



Therefore, the quantities to be tried being 4 and |, 
I firft attempt the divifion by jr — 4 j which does not 
anfwer: but tryinc; *• — |, or (its double) 2x — 3, 
t iind It to fucceeo, the quotient being x^. -j- 8, /4r- 

The reafon why the divifors, thus found, do not al- 
"Vrays Aicceed^ is., becaufe the firft progreifion 2, 1,0^ 
--^ I is not continued far enough, to know whether the 
correiponding progreffion may not break off, after a 
certain number of terms ; which it never can do when 
the' builnefs fucceeds. Thus, in the laft example, where 
we had two different progreilions refUlting, had ^tbe 
operation, or feries, 29 !> o, — i, been continued only 
two terqis farther, you would have found the firft of 
thde progreffions to fail ; whereas, on the contrary, 
the laft (by which the bufinefs fucceeds) will hold, 
carry on the progreffion, 2, i, o, • — i as far as you will. 
The grounds of which, as well as of the whole method, 
upon which the foregoing obfervations are founded, may. 
be explained in the following manner. 

Let there be afiiimed any equation, as ax^ -f* **^ + 
ex* -t dx -^ e zz Of wherein ay b^ r, rf,. and /, reprefenC 
any whole numbers, pofltive or qegative, and \etpx -{• q 
denote any binomial divifor by which the iaid exprei&on 



y 



ax^ 
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tfar* + hx^ +CX* + dx -^ e is divifible, and let the qcR)* 
tienfthence arifingbereprcfentedby rx^+ sx* + tx^ v, 
or, which is the Tame in efFeft, let ax^ *+ bx^ + ex* + 

Jx + e n px + q x rx^ -¥ sx* '•\' tx + v. This being 
premifedf fuppofe x to be now, fucceffively, expounded 
by the terms of the arithmetical progreffion 2, i, o, — i, 
— 2 (as ab(fve) j and then the correfponding values of 
our diyifor px -f q^ will, it is manifeft, be expounded 

fcy2/> + ^> ^ + f,?j — p + qy and— 2^ + q refpecT 
tiveiy \ which alio gcnftitute an arithmetical progreilion^ 
whofe comtnon difference is p ; which common differ- 
ence (p) muft be fomc divifor of the coefiicient (a) of 
the firft term, otherwife the divifion could not fucceed, 
that is, p could not be had in tf, without a remainder. 

Hence it appears'that the binomial divifor, by which 
an expreffion of feveral dimenfions is divifible, muft al- 
ways vary as x varies,' fo as to be, fucceffively, expreffed 
by the terms of an arithmetical progreffion, whofe com* 
mon difference is (bme divifor of the firft, or bighef): 
term of that expreffion. 

It alfo appears,' that the faid common difference is 
always the coefficient of the firft term of the general di- 
vifor J and that the term (q) •( the pFOgreffion, which 
arifes by taking x' = o, is the fecond term^ Therefore, 
whenever, by proceeding according to the method above 
prefcribed, a progreffion is found, anfwering to the con- 
ditions here fpecified, the terms of that progreffion kre to 
be qonTidered only as fo many fucceffive values of fome 
general divifor, as px + q. Whence the reafon of the 
whole procefs is manifeft. 

After the fame manner we may proceed to the in- 
vention of trinomial divifors, or divifors of two dimen- 
fions: for, let »wf**+ px + q^iht any quantity of this 
kind, wherein m, p, and q reprelent whole numbers, 
pofitive or negative, and let the terms of the progref- 
fion 3, 2, I, o, — I, — 2, — 3, be wrote therein, one 
by one, infteadof x^ whence it will become 901+3^ 

^ qj ^ + 2p + qy m+p + fj Jy »» — p + ?i4^ — 
2p -h qi and qm — ^ + q^ refpe^vely ; where m muft 
^$ fom^ divi^ of the coefficient of the firft term of the 

given 
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f Iven expreffion ; otherwife, the divifion could not fiic- 
ceecL Hence it appears, 

1*, That the coefficient (m) of the firft term of the 
divifor muft always be fome numeral divifbr of the co- 
efficient of the firft term of the propofed expreffion* 

2S That the produ<^ of that coefficient by the fquare 
of each of^the terms of the afTumed progreffion^, 3, 2, r, 
o% — I, — 2, -— 3, being fubtrafted from the corrc- 
fponding value of the general divifor, the remaindecs , 

-^q) will be a feries of quantities in arithmetical progrei- 
fion, whofe qommon difference is the coefficient of the 
fecond term of the divifor. 

3*^, And that the term (q) of this progreffion, which 
arifes by taking x zn o^ will always be the third, or laft 
term of the faid divifoV. From whence we have the 
following rule. . Injlead of x in the quantity propofedy 
fub/iitutey fucceffiuily^ four or more adjacent terms of the 
progrejpon 3, 2, I, o, — i, — 2, — 3 ; and from ail 
the feveral divtfors of ^ach of the nunSers thus refulting^ 
fiibtraSl thefquaresofthe correfponding terms of that pro^ 
grejjion multiplied' by fome numeral divifor rf the higheji 
term of the quantity propofed^ and fet dou>n the remainders 
right againji the correjponding terms of the progrejfton 3, 
2, I, O9 — I, -T-2, —3; and then feek out a colla^ 
ttral progrejfien which runs through thefe remainders ; 
M)hicb being founds lit a trin&miai be ajfumed^ whereof the 
coefficient y the firft term is theforefaid numeral divifor ; 
that of the fecond tirm% the common difference of this col- 
lateral progreffion J and whereof the third term is equal to 
that term of the faid progrefjion which arifes by taking 
^ rr o ^ and the exprejjionfi ajfumedwill be the divifir to 
be triedm But it is to be obferved that the fecond term 
muft have a negative or pofitive fign^ according as the pro^ 
greffi$n>i found among the divifor s^ is an increafing or ade^ 
ireafing one* 

Thus, let the quantity propofed be *♦ — ;r' — 5Jr*+ 
I2.9lr— - 6; and then^ by fubftituting 3, '2, 1,0, — r , 
^- 2, fucceffively, inftead of a-, the numbers refulting 
will be 39, 6, I, -^6,— 21, and --26 refpeftivdyi 
which, together wUh all their divifors, both pofitive and 

negative, 
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siegative," I place tight-againft the correfponding tenh^ 
of the progreffion 3, 2, i, o, — i, — 2j in the follow- 
ing manner : 



3 
2 

I 

o 

I 

2 



39 
6 

J 

6 

21 

26 



13 

3 
• I 

3 

7 

13 



3-I- — !• — 3- — 13 
a . I .— I . r- 2. — 3 



— 39 

— 6 



2 . I . — I . «— 2 . — 3.— 6 
3.1. — I.-*- 3.— 7. — 21 
2 • I . -— I . '— 2 * ^- 13 . — 26 

Then, from each of thefe divifors I fubtrafl: the Iquare 
of the correfponding term of the firft progreffion multi- 
plied by unity (as being the only numeral divifor of the 
firft term), and the work ftands thus : 
3I 30. 4.^P^6.— 8.«*-io.~i2. — 22.-48 
2 2.— I.— 2.— '3.— 5. — &.*- 7. — 10 

I 0.— 2. - ' ■ " ■ ■ 

o 6. 3. 2. I.'— I.— 2. — 3. — 6 
—I 20. 6. 2. o.*— 2.— 4. — 8, — 22 
—2 22. 9. — 2.-3. — 5. — 6. — 17. — 30 



+4 
+ 2 

+ 

-*2 

—4 



—6 

—3 

+0 

+ 3* 

4-6 



Here I difcover, among the remainders, two colla- 
teral progreffions, v\%. 4, 2, o, —2, —4, —6, and 
-^ 6> — 3i Oj + 3> + 6, + 9 ; therefore the quantity 
to be tried is either ;v* + 2;^ — 2, or ** — 3^? + 3 : by 
both of which the bufinefs fucceeds. 

This invention of trinomial divifors is fometlmes of 
ufe in fiqding out the roots of an equation when they 
are irrational, .or imaginary* Thus, let the equation 
given be ** — 4^*' ^ ^x^ ,^ i^x -{' i no j and let 4f be 
luccefSvely expounded by the terms of the progreffion 
3, 2, I, o, and the numbers refulting will be 7, — 3, 
-^— I and I J which, togetjier with their divifors, being 
ordered according to the preceding diredlions, the q[)c* 
ration will ftand as follows : 



3 

% 

1 

o 



7 

3 
I 

I 



I 
I 

•I 
I 



.~i .—7 
—I —3 






« 



10—16 


•^2 


—8 


5— 7 



+ 1 


+ 1* 



~2 .-^-S .. 
-I— 3.. 

.— 1-2- 

1 . 1 

Here vi^e have twro progreffions, -^2,-^ I, O, \\ and 
"^8,-5, — 2, 1 ; therefore the quantity to be tried ^ 
is either a* — x + i, pr ^* — 3^: + i i but I take the 

firft, 



of feveral DiMBKsrotts. 14 j 

firft, and havuig divided *♦ — 4** + 5** — 4Jf +1 
thereby, find it to fucceed, the quotient coming out 
**— » 3;f + ly exa^y. Therefore jr4 '-"4^ -t- 5;^* — > 

4;^ +. i beirig univerfally equal to ** — a? + i x 
^» _ 3;^ -I- I, let ** — ;f + I be taken =: o, and alfo 

^^ ^ + 1=0; from the former of which equations 

we have ;r = f ± /—J; and from the latter 4f =2 | d: 
V^l". Therefore the fou r root s of th e gi ven equation 
are f + v^-Tj, | ^ ^^-i, i +• | and| — iJT 
whereof the two laft are irrational and the two firft 
imaginary. And in the fame manner, the roots of a /i- 
teral equation^ as a* — 4^2^ + 5^*2* -^4«*a + <»*=: o, 
where the terms are homogeneous, mz:f be da'ived : for, 
let the roots he divided by a^ that is, let ar be put = 

^otax = z; and then, this value being fubftituted for 
^ . 

z, the equation will become ^* -^ 4^' + 5x* — 4^ -f I 
= o ; frooi which a* will be found, as above ; whence « 
( = ax) is alfo known. ^ 

Having treated largely of the manner of managing 
fuch equations as can be refolved into rational fa£tors» 
whether binomials, or trinomials, I come now to ex- 
plain the more general methoids, by i«*ich the roots of 
equations, of feveral dimenfions, are determined^ and 
fhall begin with - , 

The Rejalution of cubic Equatiomy according to Cardan. 

If the given equation has all its terms, the fecond 
term muft be taken away, as has been taught at the be-t 
ginning of this fedion ; . and then the equation will be 
reduced to this form ; viz. x^ + ax = b ; where a and h 
reprefent given quantities. Put ^ :;= j^ + z ; and then^ 
this value being fubflituted for y , our eq uation becomes 
/ + Zf^ + y^^ + 2i^ + tf X y + z c= i, or;'^ + %? 
X y% X y •\' z + a x^' + z = : b. A flTume^now, ^y^ 

::::. — ^ j fo jihall the terms '^z X ;? + z and« X y -{- z 
dcftroy each other, arid our equatioif will be reduced to 
y -f z^ z=.b. From the/quare, of which, let four times 
the cube of the equation /z r= — | <? bs fubtrafted, and 
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«pe fliallhave v* — ayV + z* zz h* + *£.; and there* 

fore, by extrafting the fqaare root, on both fides, y^ — 

x'=: V**+-^; which added to, and fubtraaed 

a? '/ 

Aoinj^+ «'=:*>pvcs2j>*=* + ^b*-^^ zni 

a7 2 4 27I 




— U and confcqucntly x { zz y 



+.)=4+V?7i 



271 



4 27 

Which is Cardan\ Theorem : but the fame thing may 
be exhibited in a manner rather more commodious for 
praftice, by fubftiiuting for the fecond term its equal 

— T^ ^ _x^ 

\ ( = — i- = 2, bccaufe j^g ~ — ^ 



i + t/^I + f! 

» 4 17 

\a). And thisbein^g done, our Theorem ftands thus, 

Exampu r. Let the equation j»' + 3y* + Qy s 13 be 
propounded ; and, in order to deftroy th e fecond term 
ther eof, let » — i be put = ^j fo (hall x — i|* + 

3 X * — . j1* + 9 X ;if — I = 13, or*» + 6;r= 20; 
theref ore, in this cafe, a being = 6, and b tz ao, we 

blve *7T+V^T3* - ■ > .^'^ , — ) s 



ay 



* 4 ^ a?! 



or feVetei ^tfAinstomi 



« I * I 



; « r>£ > i >i 



US 



io-f V100+ 8 



^1i 



10 + \/ioo 



^ ao,3923(l ^ ^*^^* "* *^3* = a » and confequcmly 
r(|:« — .1) = I. 

^ Bxam. 2. If the equatlpn gfven be v* — 3«* -^ 2«* 
*^ *- -~- ^^ *^"» ^1 writing 4? + i for j>% it will be- 
come* + il3— 3 X * + il»— 2x JTT — 8 = oj 
or *' — 3* 3= 12 : therefor^ a being = ^ s . aiid 
* St 12, * will here be equal to6+v^=^^f — 



^ ,+ &6gp^ J 



f *»^e>376 + >73624. =i 3; and confequently y» 
V^T= ■*" + V - 4- which IS the only {mffible v«li« rf 
)^ m the given equation^ And it will be proper to take 
notice here^ that this method is only of ufe in cafes 
Where two, of the three roots, are iiflpoflible (except when 



they are equal); for L + ^ being, in all other cafes, 

a negative quantity, its fquare root is manifeftly im. 
poflible.. . ' . • 

i fhall now give the inveftigation of the feme ee 
heral theorerfi, for the ibiution of cubics, by a diffeiint 
metbdd i which is alfo applicable to other, hmher eoua 
tions. * ^ 

Suppdfing, then, the fum of twb numbers, 2 and y 
to be denoted by ^, aiid .their produa (^) bv * if 
will appear frr.;w froh. 68, p, n^.) that the fam of 
thy r cubes Yz^ + >»} will be trulf exprefled by jJ-* 

if, therrfore, as' + j' be affoased f± b^ wc jhaH alfo 
4ave i'— 3/>i = iv but, «y being =:/y,ory =: i, our 

firft equation z» + f - i, wiil become 2* + ,£! - « . 
ftom which, by completing the fquare^ {^f. ,*is found 
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s= f ^ + yiib — p^li: whence^ ( = JL) is grveftSS 



P 



1 

T 



__ " , ; and confequently ^ ( 2= «f + /^ 

f ^ + \^JTb^^y , \. , ^ ' 

zzib^ i/I*n^l^ + ' ^ • ' ^ - which is, 

evidently, the true root of the equation s^r^ 3pj ^r b. 
iFrom whence the root of the ^equation x* -f ax :=, h^ 
wherein the fecond term Is pofitive, will be given, by 
wri'tihg X for x, and | a fo r — ^ j -whence x is found 

I bb «^i f^ 

tie/amf as hrfon^ 

In like manner, if things be fuppofed as above, and there 
be, now, given %^ -V y^ zz,h\ then, by the problem then 
referred tcj we likewife have s* — 5^/^ + SP*^ = b^ 

But the firft equation, by fubftituting L, for its equal 

fi becomes z» + i = * : whence %*« — bz^ zz — )>V 
. ' a' ■ . ■ 

»» = lb + ^\hb^\ and « = \b +V'TW— >>#5 
and confequently ^( s=z + y2=«+ " ) = 

xA+^i4A^)>»l3\+ ■ . /,.^^ , =; the true 

root of the equation j* -— 5/i' + 5^*x = *. Which 
by fubftituting x for f, and — *~ for^, gives x s 



„ for the 



true root of the eqHjition ^' + ^.*' + f «** = *• 

. Qeneralfy^ 
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U1 



is^erdllj^ fuppofing au + ^* = h o'"*' + ^ 
f becaufe y = ^ ), wc have a*« — ^z« = -* p' I 

WheAce 2* n | ^ + V^i W --/>S and z = 

i|* + V iW"irf1/» : therefore s (z + y) s: » +—=2 

.... 2» 

which 



i4+Vi^_^Sji;\^ ^ 



l.i 



Is the trtie i'oot of thfe ieqimtlon j* — ; np^"^ + « . 
.2 a 3 

a 3 4 



t^ 



I'his feqbafioii^ by wHtuig Ji^ for i, arid £. fiv •^ ft 



a« ; • 3a 4« 



-Zlii «'**-•+ 



.3» 



p: ^j and its root x =2 



J 



Wherein the two precediiig 



^ 4 ^' 

Theorems are included, with innumerable others of tht 
wmekindj but as every oncf of them, except the firrf, 
wquijts a particular relation of the coefficients^ feldorfi 

Tm% occurrinjg^ 



I ' 



\' 
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bccurriiig in the Rdblytion of^obtenis, 1 ihall take nCf 
fiirdier notice of them here, but proceed to 

^e RifolMtton :$/ hiauadratlc €quatiom^ acc^e^^^ 

Des Cartes. . 

Here the fecond term is to be deftroyed as in die fo-* 
lution of cubics ; which being done, the given equatioii 
will be reduced to this form, x* + ax* + **• + f :r o v 
wherein «, i, and c may reprefc nt any quantit i es wfaatevcry 
pofiti ve, br negative. Aflume ** + ^* + ^ X jt* + nr + ^ 
= *•*-!• ^^^ -{• hx -{t c\ or, which is i^e (amej^ let 
the biquadratic l)e confideredj^ as produced by the mul- 
dplication of the two quadratics ** + ^jr + f = b, and 
»* + r:r + X == O : then, thefe laft being afiually mul- 
- tiplicd into each other, we fliall have;r* + fl** + >Ar 



-¥€ 



J-?^i 



X -¥' q$i n^henc^ 



by equating the homdogous terms (in order to deter-^ 
mine the value of- the airumed coefficients, ^ f* r, and s) 
we have p + r = o, j + ^ + /^r - <7, ^x. + qr = h^ 
andj^rrf; from the firft of which r =: —^^, from 
foe fecbndi + ^ (== a —pr) = a + >* ; and from the 



third X — ^ sr — . Now; bj IKbtr^ii^ die fquare of 

P ' i 

the lafr of thefe from that of the precedent,- we hare 

hh ■ ... 

XM =3 a*^+ 2»^* + >*'- - ," Aat isj v = 0* + %a^ 

^* - n 

jL. *♦,— — (becaufe^x p= c)', and therSfore^*^ Hi 

ji^A*^ + ^ > ^* =: i* ; from which p wiU be'determined, 

as in example the fecond, of die fobtiort of cubi<;s. 

Whencex(=|tf + f/^* + ^),and^ (c=:|tf +f^* — 

^p 

h 

m^ ) are alfo known. And, by extradihg the roots of 
the two aflUaied duadratics a-*' + px + q :=: Of and 



of feveral Pxm«nsions« 



/ 



)k*'+ ^-v + ^ » o^ we have ;us in the one, s: — . ^ ± 

J it-^qi aqd) in the other, ss t-— ± i/~ — f 
4 2 '^ 4 

e:-^± V - "^ '> J^ccaufe r 5c — *. Therefore the 
four roots of the biquadrat ic, *♦ + ax^ + hx + ^ 
>= o, are £ + 'J^ _ ,, £ _ JWZ^s/ 

EXAMPLE. 
Let the equation propounded be f*-^4y*— 9y + 2% 



N 



i^jF -f- zi zzuj wiiicii uciji^ comparcQ wica pie ge-. 
neral equation, x^ ♦ + ax* + bx + c :=: Oy. we here 
have A = *<- 6, A 5^ — ^6, and c =z 21 ; and confe* . 

quenUy/^*— ?2^* — 48^* (=?/»*+ *^i^JL f! { P^) =5 

^56 (=5 **)• Now, t» dcftroy the fecond term of this 
laft equation alfo, make z + 42^^; and then, this 
value being lubftituted, you will have s' — « 96% 
^ 576 ; whence, by the paetho d above explained, z 

Will^ be found (=: 288 

3^ 



e m< 
/2I 

. .^^ ^^^^ ^.7 ) - >^- Therefore]^ (=5 

Y"^^)iss4»^(=s4- + T + ;^J==* *«^ 

2r . 2 2)^ 

f(^Ji +£.— ,^) sr7} corifequently J? + 
2 2 2^ • -2 

'-4 ^*' T 4 a 

L 3 V/>/k 
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^W--] = ^2+ t/^ and - £ — ■ 7^ - * 

4 _ * .4 

^ — ft>— ^'^•"SJ which are. the f6ur roots of tl^ 
equation ;r*— 6** — i6* + ai » to each oJF which let 

unity be added , and y ou will have 4) 2, --r* i + V^— »3, 
and ;-^ I --. v^ _ 3j for the four foots of the equation 
prppofed ; whereof the two laft are impoffible. 

And tha^ thpfe root3 are truly aifisned, t|iay be est* 
fil^ proved by multipl ying & e equations, y — ^4 = 0, 

y — 2S0, y + I— V'— 3 = 0, andy +i+V^ — J 
c=r o, thus arifmgi continu^dly together ; fbr^ from 
thence,^ the very equation given will be produced. 

The re/clutign q/ ytquadratlcs by another nuthod. 

In the method of pes Cartes^ abdve explained, all 
biquadratic eauations are iuppofed to be generated from 
the multiplication of two quadratic ones : but, accord- 
ing to the 'way which I am. now going to lay down, 
every fuch equation is conceived to arife by taking the 
tdifFercnce of two complete fquares. 

Here, the general equation x* + ax^ + hx* 
+ ^^ '^ f^ r^ ^ b eing pro pofcd, we art to ^(lume 
VhTj^JMTaI*— B;f + C|* = x^ + ax^ + bx^ + 
fx + » J in which A,, Bj and C, reprefent unknown 
quantities, to be determined. 

Then,.;f* + | ax -}- A, and ^x + C being a£lual{y 
involved, wp fcall have '' 
X* + a;t^ + 2AV .*« ..f "1 
* ^ + ia*x*+aAx + A^k:^^ + 

^ ♦ — B V — 2BCxr-C*J 

rf e^ -^ d: from whencp^ by equating the homologo^^s 
ferms, will be given, 
i.oA f l^-^B* ;=*,or, aA + la*r^i^ B*5 
i.jffA— 2fiC . rrf, or, <yA~f =2BOi 

3. A»— C» -^y or, A* -- ^ == C\ 

fjtt now the firft and laft of thefe equations be multi- 
PI^?4 f^g?*^''^ ^^ tiic prjduft will, evidently, be 



^7*^ + **' 
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equsd to J of the fqifare of the fecond, t hat, is lA* + 

^aa^b X A*^2dA^ d X ti»tf-.^(= B*C*) =; 

J X a^A*.— 2acA + £* ( rr B*C*). Whence, denoC«» 

ing the given quantities J ac — dj and J c^-^dxiaa^^ 
hy k aMid /, refpeaively, there arifes this cubic equation, 
A' — |iA* + if A — f / =: o : by means whereof the 
value of A may be determined (as hath been alitatihr 
<aught)s from which, and the preceding equations, both 
6 and C will be known, B being given from thcnpe z:i 

The feveral vahies of A^ B, and C, being thus found , 
that of X will be readily obtained : for ac* +!«* + Ai^ 
— Bjf +C1* being univerrally. In all circumftances of 
iV, equal to a:* + ax^ + bx^ •\- ex + d^ it is evident^ 
that when the value of x is taken fucfa, that the latter 
of thefe expreifions becomes equal to nothing, the for* 
mer mufFlikewii^ be = o; and cpnfequently < / 

whence, by extra^ng 



V + iax^ Ai* r: B;r+q* 

ihe fquare root on both fides, jc*+ |g;r -h A = ±BydbCs 
which, folved, gives x^± |B-^±v/p^|B|*±C~A 

r= ± f B — 1« ± VtV* ^ i-^B+iB»±C — A ; ex- 
hibiting all the four difl^erent roots of the given equation, 
according to the variation of the figns. 

This methoid will be found to have fome advantages 
over that explained above. In the firft place, there it 
no neceffity here of being at the trouble of^ exterminat- 
ing the fecond term of the equation, in order to prepare, 
it for a folution : fecondly, the equation A* — \b A*' 
+ ^A — f/=:0, here brought out, is of a more fimplc 
kind than that derived by the former method : and, 
tjiirdly {which advantage is the moA confiderable) the 
value of A> in this equation, will be commenfurate and 
rational (and therefore the eafier to be difcovered),' not 
only when all the roots of the given equation are com^ 
tr^enfuratey bjut when they are irrational and even imppfi%. 
^bU ', as will appear from the examples fubjoinedi 

L 4 . Ex0nu 
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Exam J ji. J^et th^re kagiytn the tquotm Jr* + l2^«-9 

?7 = ^-" 

Which be/ijg compafed vjth the gerfCfal equation 
jf* -J- tfjf' -j- ijf? + f jf -J- ^ r= o, we havp /? r: 6j 
^ n O, f 5; 12, and d zz -- jj : tiierefot-e i (iac —d) 

^ I7»^ (i^* + ^ ^ ?tf^ — ^J ±: 36 i and confciitietidy 
A^ — tMf+^A-ri/ = A?+i7A — i9 = q; whefc 
It is eyi dept, by bar.e Infpe^ion, th^tAjz i.^ Ijence 

B (=y2A +i«^r-*) 5= v^"^ e { = ^^"T/ ) =c 

^:4^ = ~V^i and Jif s ± ^ )/1±JL 4:3/2^1 
c: ± i /^ * /Jl/Sr| . Therrfoic the four 

roots of the equation are i /7 4 t/TZ^|7*^i3X* 

• ^ a^ 

gnd — iV 2 ^ y 3 V 2 _ i J whereof tbe fifft and 
ff cond^are impoflibje. 

Exam. 2. i^/ /i^ equation given he x^^r^hx^ — - 58;?? 
«!^ii4jir — II x; D. ' . » 

Here /7 := — *, ^ =: — 58, c x-— i I4v and // =r — 1 1 5 

whence k {\ac, — ^) = 182, / {\cc -f rf ^ \aa — ^*) r^ 
2512 ; and therefore A' +29 A* + 182A— 1256 = q. 
Where, trying the divifors i, 2, 4, 157, ^j.^ of the laft 
term (according to the method delivered oil p. 13^}.) the 
thiril is found to fucceed; the value of A bei.qg, therefore, 

5= 4. Whence there is given B =: I/75 :;: 5^3? 



'♦ 
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Exam. 3p Let there he naw propfifed the literal ffuatUf 
%^ + 2tfz' -^ 37«>»* — sSj'z + at = 0. 

This eqpa^pni by dividing the whole by ^it, and 
writing X s ^, i$ reduced to .the following numeral 

one, AT* + i*^ —1^ 37 Jr* — 38^? + 1 n= o. If, therefore^ 
^, ^, f, and rf> ^ be how expounded by 2, — 37, -r- 38, 
ind I, refpeftivefy, we Ihall here have k {lac^-^d) 3^ 

r-20,7 (if* + rf )!C i<7a — b) ^ 3^9 ; and therefore, 
by fuj^ftituting thcfe valuer, 

A3 + l^ A* — 20 A f-^-if* = 0, 
or, 5tA' + 37 A* — 40 A — 399 =z o. 

Which equation^ by the preceding methods, will be 
found to have iJt^xtei comitiepfurable roots, 79 *-t3 
and — 19 : and any one of the(e may be ufed, die re- 
iult, take which you will, comipg put exadly the iame. 
Thus, by taking — 3, for A, we (hall have ** + ;if — » 

3 z= iiv^^ X \x•{^^^ but, if A be tak en as J, then 

will X* + ';r + I 2;= ± V^ K "F+l : laftl^ if A 

be taken rr — 19, then x^ + x — 19 = + 6/10. All 
which are, in efFedt, but one and the (ame equation, 
as will readily appear by iquaring both (Ides of each, 
^nd properly tranfppfing \ whence the given equation 
jf* + 2x^ -^ 37jf* — 38;ir + i r:: o, will, in every 
pafe, emerge) And the fame obfervation extends t(f all 
other xafes, where there are more roots than one ; it 
Deing indifferent which v^ali^e we* ufe -^ urilefs, that fdme 
fire to be preferred| as being the moft^mple and com- 
modious* 

Having given the general folution of biquadratic 
equations, by the means of cubic ones, I fhall now 
point out two or three particular cafes, where every 
thing nfiyb^ performed by the refqlution of a quadratic 

pfljy. 

^ ' ^, Thefc 



( 



t 






, 1 54 The Resolution of E(urATiONS 

Theie are difcorered from the preceding equationij 
2A + { o' — * = B* 
^A—c = 2BC 
and A*— i/= C*: 
Tiherein, if h be fappafed i=: Oi it is plain that Ja* — 
* = B% — c = iBC, and — rf = C* : whence B =: 
y iaa — t, C = — ~^^ = ^/ — rf> and confe- 

qiiently d rz ~ j by making_/" = i — \aa. 
4/ 
"Therefore, in this cafe, ( wherein </= '—") the general 

«quacion k' + \ai' 4- A =: ± Bj: ± C, will become 
*" + f o:r = ± x"^'.^:^ >/ —d. • 

But, ifhbefuppofed = Q; then will lA + i<i» — i 
^ Q^andalTofiA — c = Oi whence A zz\h — \ — o'= 
i/=i. s and ttiercfore C (= ^A* — Vj =: /i^— <i- 

ib that in this cafe (where £ = _ ) the general equatioit 

-2 

becomes *» + iax-^\f= ±.Viff— d i which , foW- 
ed, gives ^i- — Jfl±v'pi»_ i/± "^'iff— ^' 
. Lallly, i/"C befupprfed = O, then will iiA — ( = o, 
snd A* — d —O; confequently A =: i- = / a^ and 

, B(-v/2A +X — ^J = V '——/■■ therefore, in 
this cafe (whiere./^—) we fliall have a' + Ja* +_ 

From the whole of which it appears, that, if c be 

I- ^ , or ^ cither, equal to ^ , or to il (f tiing = 
a ■ , 4/ M 
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t -^ laa) ; then the roots of the given' equation, 
fc* + ax^ 4- bx* + ex -^ dTz o, may be obtained, by 
the refolution of a qii^dra^f:, only. 



.Exam. I. Let there he giifen x^ — I5jif* + 6o;r mm 

36r;0. 

Here « =; o, i qc"-^ 25, c 2s*6o, and // s: — • 36^ 

therefore, / ( =: — 25 ) being = ££ ( = — 25 ), 

/ ^f 

we have, by cafe I, *•• + |tf^ 3: ± ;f/ — /q: V — </^ 

that is, *^ 3 ± 5* qp 6 : which, folved, gives * =: 
. '- I II , 

± i. ±: V ~ :+: 6, that is, jf =h | i: |, or^ x :=i — \ 
dt I : fo that 3, 2, i, and •«»• ^, ve the foiw: roots <rf 
i(be equation pr(^ound<(d, 



jE'a'^)w. 2. Z^/ /iJ^r/ he now given x* + ijx* + 3jV^ 
•f 2q*x ^- r* c: o. 

Then, a being s; 2^, i r: 3J% ^ = 2^% and rfr? 

— r*, thence will/( =; i -- J^tf^ == 2q\ and 2. ( rs 

I 2 

a^?) zs c i and fo, the e xample belonging to eaj e 2, 
we have x( tz — |^? + ^|7|*— i/± Viff^) 

5= — If * V — if? =t ^?* + '•^^ 

£;ctfm. 3. ta/ilyyfuppcfe there to he given the equation 
5^^ 9*' -|^ ?S** — 5^7^ + 9=0. 

' Here, a being 3? r- 9, ^ = xs> f = — a7> ^"^ ^=9> 
it is evident l;hat If ( a;:. 9) = // ( =s 9) '• therefore, l^ 



/^3,webi^e^* 



^ i^y + 1 = ± x^^ + ^aa ^.bi 

thax 
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thu is, *» — 4i;r + 3 ( = ± «/ 6 + ^ — is) ^ 
(it J^V^J: which, fol ved, gives 



Tie Refohitiffu ^Literal Eqijatioss,™-}^'?/*! 
/iif ^^s> <9n'^ Ji^ unkimoa quantity^ are alike 

Equations of ^(s kiii^ in which the given and the 
■nlcnowa quantities can be rubQUittcd, alternately, for 
each other, w>thcrut producing a new equation, are 
slwayt capable of being reduced to others of lower 
dtmcnftons. In arJer tafpth a redu^ian let the equation^ 
if it kt ^tm even dimrnjun^ h* fi'^fi divided by the equal 
fmviri tffii lw9 quantities in the middle term ; then affumf 
m new eqaatiaty by futtiifg fame quc^*tity (or Itittr) equal 
fi tit film 0^ the Huo qmtienis that arije by dividing thoje 
- famititiet am by the elher^ alternately ; by means tfvihicb 
miatiity let the [aid quantities be exterminatrdi whence a 
mamerol eattatim will emfrge^ of i"^^f til' dipunfiont with 
the gbuta literal ane. _ ' 

Bxi, if the equation frapBunded be of anodd dsmenfien^ 
kt il £*■, firftj divided by the fum of its two quantitieSy ft 
%<iS it ^icifie of an even dimn/pn, and iff reftlulim will 
therefore defeijd upon th^ preceaag rule, 

E:iarn. r. 1^1 there be gfvfn the equation **^4j»«* + 

HcKt dividing bjF dV, ^chavc — + ^ + 5—^ 

r ' XX ,aa XX ax 

= o, by joining die correfponding terms) ; and by mak- 
ag s z:; — + — J and iquari^g both fides, we hav« 
alfa 



ot tevtni Dimensiohs. 



'sr 



itfo»*=ff +»+ff, or «*-2=!I + 2S 

tTherefore^ by fiibftituting thefe values, , our equa- 
tion become^ z* -— 2 -^ 4? + 5 = o, or a* — 4% ^r 

— 3 ; whence 5b r::^ 3, But — + — being rr z, we 

have x^ — %ax tt — tf*^ and confequcnthr xt:i\M9^ 

i/iaV— tftf i= ftf X « ± v'zjB — 4 == |4r X 3^^i 
i« the prefiht cafe* 

E^am. 2. Let then he given x^ + 4ar* — ia« V i-s» 
I2fl»;r* + 4tfV + fl* = O. 

In this cafe we muft iirft divide t)y jr -f tf, and tdfe 
quotient will come out jr* + yi}^ — * 1S<»*** + 3^** + 
4?* rs o: whence, by proceeding asin Ac former cz- 



aa 



ample, we have — + -i-+3X — ^-;^ — 15 =0^ 



tftf 



A'AT 



or «* — i + 3« ^— IS =: o, and iraia thcooc 

Exam. 3* 'Suppofe thert to be given Jx^ — 2&?jkr' — 
Which, divided by a^x\ becxMnes 7 X "^L + f. -^ 



** tf*^ 



41* JT' 

— I. •*■ - ^ 



26 X -7 4. — =t 0. Now,making,asbefore,2=r: Jl 4. 
we have %* — 2 = — ,4 — ; and, multiplying againl 

mm ^V 

iy « r= — 4- — , we like^ife have z* '— 2z r= — + 
ax «' 

tf X 4i^ *x^ a^ 

-+ - + -J = T- + « + -; ; and thererore. 



zx.. 2z = — 4- — : which values being rubftt- 

tuted above, o ur equation becomes 7 x z' — 32 — 

26 X z* — 2 sr 0, or,7z' — 26z* — 2iz 4-" 52.=: o. 

Where, 
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Where, trying the divifors of the laft term, which at'ef 
') 2) 4) '3) ^^* the third is found to anfwdr; z^ am* 
fequently, being = 4« 

Exam. 4* Wherein let fhkre Be given 2x^ — f 3ffl*;r' -** 
X3<a V + 2fl' =r o. 

Here dividing, firft, hy jf + a^ the quotient wiH b« 
4- 2fl^ = O; v^ich, divided agahi by «V, givc4 



a; 



.11 s O^ that IS, 2 X a^ -^ 3z — 2 >C «*— :. ^ ^^ lit 

+ II = o,or3tz* — 2z* — 17a; -f || = {md.p.Jig')i 
whence zn 3. 

^ /i/ertf/ equation may be made to correfpond with 
a numeral one^ by fubftituting an unit in the. room 
of the given quantity (or letter) : and equations, that 
do not Teem, at firft, to bel6ng to the preceding cla/fy 
may.fometimes be reduced to fuch, by a proper fubfti- 
tution ; that isj by putting the quotient of the firft 
term divided by the laft, equal to fome new unknowo 
quantity (or letter) raifed to the power expreiEng the di- 
mention of the equation. Thus, if the equation given 
te 2x* + 24Ar»— 3l5Jif*+ 2l6jf + 162 = 0; by put- 

dng — =i >*, we have .v rz 3y ; whence, after fubfti- 

tution, the given equation becomes 162^* + 648j^* — * 
2835^^* + 648^ + 162 =: o : which now'anfwer$ to the 
rule, and may be reduced down to 2y* + Sy^ -^ 357* -f 
8y + 2 x: o. 

0/ the Refolution of Equation^ hy approximation 

md converging feries^L 

Tibe methods hitherto given, for finding the roots of 
equations, are, either, very troublefome and labc^ 
rious, or elfe confined' to particular cafes; but that by 
converging feries's, which we are here going to explain^ 
is univerfal, ejKtending to ail kinds of equatibos i an4 

thougb 
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though not accurately true, gives the value fo(kht» with 
Bttle trouble, to a very great degree of exaiSneft. When 
an equation is propofed £0 be folved by this mediod, the 
root thereof muft, firft of all, be nearly eft imated (which, 
fr<un the nature of the problem and a few trials, may^ 
in rtioft cafes, 'be very cafily done ); and fome letter, 
■or unknown quantity fas z) liiufl" be affumed, to express 
the diiFerence between that value, which ive will cail r, 
and the true value (x) ; then, inftead of jr, in the given 
equation, you are to fubftltute its, equal r ± z, and 
there will emerge a new equation, affedled only with 
is and known quantities; wherein all the terms Jiaving 
two, or more dlmendons of z, may be rejefted, as in- 
confiderable in refpeft of ' the reft; which being done, 
the value of z will de found,.by the refolution of a fnnple 
equation ; from whence that of at ( = r ±: z) will alfop 
be known* But, if this value fhould not be thought 
fufficiently near the truth, the operation niay be repeated, 
by fuftituting the faid value inftead of r,. in the equation 
exhibiting the value of 2; which will give aiecoi\(i eor* 
cedtion for the value of jir. 

As an example hereof, let the equation ** + io;r* 
':f 50flp'sr 2600, be propofed: thenCe, fince it appears 
that X muft, in this cafe,, be fomewhat greater than 
10, letVbe put = io> and r + z = x; which value 
being fubftituted for Xy in the given equation, we have 
H 4 3r*% + 3r«* + z' + lor* -f zorz + loz* + 50r 
4- 50Z — 2600 : this, by rejcSing all the terms where- 
in two or more dimenfions of z are concerned, is re- 
duced to r^ + 3r^z + lOr* + 20 rs + 50r + 50Z c= 

2600 5 whence z comes out = ^o-^/"^-ior-~5Q^ 

3r* 4- 20r + 50 
= <Xi8, nearly: which, added to ip (s: r), gives 
lO^iS for the value of *•. But, in order to repeat the 
operation, let this value be fubftituted for r, in the laft 
equation, and yo« wiU have z i: — ,0005347; which, 
added to 10^15, gives 10,1794653, for the value of ;r, 
SL fecond time correfted. And, if this laft. value be, 
again, fubftituted for r, you will have a third corrpd^ior* 
w ;t; from whence a fourth may, in like manner, be 

( 'found; 



^ I 
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founct ; ini fo oti» until you arrive to what degree ot 
exafbiefft you pleafe. 

Bu{) in order to get the general equation Tiom whence 
thefe fucccef&ve corfe(9ions are derived^ with as ^ttie 
trouble as poffible, you may negle3 all ttiefe tetils, 
which) in fubftituting for x and its powers, would rife 
to two or more dioienfions of the converging quantity f 
for, they being, by the rule, to be omitted, it is better 
entirely to exclude them, than to take them in, and 
afterwards reject them. ' - - . 

Thus, in the equation x^ -i- x* -h x t£ 90, Jet ^ + 2; 
be put = AT ; and then, by omitting all the powers of 
» above the firfl, we fliall have r* + 2rz dz x\ ancf 
^^ + 3'**^ = ^S nearly j which, fubftituted above, give 
r* + 3r*zH r* + 2r% + r-i-ztzgo; whence z is fq^nd 

zz ?- I^ZJUI. Thercforo* ifrhe now ^ken equaf . 

jr* + 2r + 1 ^ , 

to 4. (which, it is cafy to perceive, is nearly the true value 



of jrj we (hall have z (sr 



^ 90 — 64 — 16—4 






48 + 8 + 1 57 



O.IO &^r. v4iich,added to4, giv^s 4.1, for the value of x^ 
once corre£ted: and, if this value of :ir be now fobftitdtdi 

— 90 — r^ — r* — r V _ 



I for r, we fliall have z{ Hz 



3r» + 2r + t 



) = ,00283 J 



which, added to 4.1, gives 4.10283, for the value t)f Xi 
a fecond time correfted^ 

In the fame manner, a general theorem may be de- 
rived, for equations of any number of dimenfions. Let 
ax^ + bx'^y + cf-"- + dx""^ + ijtT''^ fcft. ±i 
Q, be fuch an equation, where n^ Hyh^ r, //&c; rqir^H 
fent any given quantities, pofitive, or itegafivc : jhen, 
puttbg r -{- zzzx^ we have, by thcThcofem in ^. 41. 



r=. r* + «' 



%tift. 



xf^y^ ^ f/^' + n~\ x' r«^*z &c. 

Ap''"^ =: ^r-*+ «— 2 k f^'^^x &c. 
&c. , 

Which values being fubftituted in the propofed equations^ 
8 it 



by Approximatiok. 



»6i 



U becomes ar„ + nar^^^z + ^r»""' + n=-^T X ^''*"^z 
&c. = Q^. From which « is found rz 



As an inftance of the ufc of this Theorem, let the 
equation — x^ + 300;^ =z 1000 be propounded. Here 
n being =3, a zn — . i, b zz Oj c zz 3O0, and Q.= 

1 000, welhalJ, by fubftituting thefe values above, have 

« = > ^ £L_ : m which fas it appears, by 

infpe^ion, that ope of the values of » muft be greater 
than 3, but lefs than 4) let r be taken = 3* and z 

will beconie = il7 = o. 5, and confequently x (zz r 

+zj'zs 3.5, nearfy. Therefore, to repeat the opera- 
tion, let 3.5 be now wrote inftead of r, and z will 

come out =r "^7'^^5 ^ .^ 0^027 i which, added to 

5163.25 
3*S> gives 3.47 3,. for .the ^alue of Xj twice correBed. 
And, by repeating the operation once more, x will be 
found i:^ 3)47296351; which is true to the laft fi* 
gure. , ^ . 

If the root of a pure power be to be extra<ded, or» 
which is the fame, if the propofed equation be x" =: Q> ^ 
theny a being zz i, and ^, ^, 4 ^^ ^^^b = o ; 2, in 

Ifais cafe, will be barely = -i^^:: — '^ \ which nuy ferve 

as a general Theorem fcHr ex^raifling the roots of pure 
powers. . Thus, if it. were required to extpaft the cube 
root of 10 5 then, n being -±1 3> and Q^rs I0,^«: will 

be =: , ; in wbich, let r be taken :± 2, and it 

willbecome^z: -. = 0,16: dierefore x zz 2, 16 ; from 
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whence. 
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whence, by repeating the operation,' the. next value of * 
will be found = 2,1544. 

The manner of approximating hitherto explained, ai 
all the powers of the converging quantity after the firft 
, are rejefled, only doubles the numbsr of figures at every 
cperauon. But I (hall now give the iiiveftigation of 
Other rules, orformula-, whertbythe number of places 
may be tripled, quadrupled, or even quintupled, at every 
uperatioi). 

Let there be afTumed the general equation az + h%* 
+ <z' + </a* i£c. —pi 2, as above, being tlie converg- 
ing quantity, and a, 6y c, d, &c. fuch known numbers 
a.% arile by fubltituting in the original equation, after the 
value of the required root is nearly eftimated. 

Then, by tranrpofitiun and diviiion, we fhall have 

« = £_ ^ _ i^ _ ^ Wf. from whence, by 
a a a a 

rejecting all the terms after the firft, and writing q =^ 

there will be given % =y ; which value, talcing inonly 
onc'teim of the given ^ies, J call an approximation of 
the firft degree, or order. 

To obtain an approximation of the fecond degree, 
-^oF fuch a one as ftiall include twp terms of the fcries^ 
let the value of x found above, be now fubftituted in 

Hxi fecond term , rejefling all the following ones j 

fo Cial'U = £. _ ii! = J _ *£l, which triples the 

number of figures at every operation. 

For «n approximation of the third degree^ let this 
laft value of z be now fubftituted in the fecond and 
third terms, neglecting every where all fuch quantities 
as have more than three dimenfions of q : whence z 
will be had (= J — i£ + ^' _ 'i!) = y — 
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The manner of continuing thefe approxtmations is ^ 
fufficicntly evident : but there are dthers, of the fame 
degrees, differing in form, which are rather more com- 
modiou's ; and whereof the inveftigation is alfo fome- 
what diiFcrent, 

It is evident from tHe given equation, that 

z =: X- . . If, therefore, the firft 

« + iz- -f cz* -f- dz^ &c. 

. value of fij, found above, be fubftituted in the den6mi- 

nator,^ and all the terms after the fecond be rqefted, 

we iliall have z zz — L 1= — 22 — ; which is aa 

a '\' bq aa + bp 

approximation of the fecond degree. 

But, if, for % you write its fecond value, f'-^JL^ 

a 

you will then have % (rz- ,., ^. j. ■ ) ^ 

tf + ^J — — ±- + cq* 

^1 , , I , 1 being an approximjition of 

<? 4- «>^ -*- — — c . q* 

a . . 

the third degree. 

Again, by vwitingy*—— q^ + 2 — ZUff, q'^ in thq 

d ' aa 

room of %-, and negledling every where all fuch terms 

as have .more than 3 dimendoas of f , you will h^ve * 

AiZ . —1 ,==1:^- ) 

a ' aa a 



I < , i<*^i^^ 



: which 



a -{- hq — «- — c . q* + -—2 — +«•?* 

a : aa - a 

is an approximation of the fourth degree. 

It is obfervable, that the powers of the converging 
quantity ^, in the former approximations, ftand, air of 
them, in the numerator s but htre^^ in the denominator : 

M 2 . but* . 



I 

\ 



■ - 
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but there is an artifice for bringing thpni, alikp, into 
both, and thereby leffening the number of diiAcnfionS| 
without taking away from the rate of 'convergency. 
To begin with the approximation ^ zz *•/ 

P , which is of the thirfl degree, 

a 

put J = -. -^ i = the coefficient of the laft term of the 

a b ' . / 

denominator divided by that of the laft %ut one ; fom^ 
% = —I l!j ; whereof the numerator and the 

denominator being, equally, multi plied by i + ^f > it 

becomes % r: -I ; , ^ rrrr 

a -{• bq — bsq* + asq + bsq* m>m bs^q* 

but, the approximation being onlv of the third degree^ 

bs^q^ may be rejeftcd, and fo we hav e 

« -r > P. + pqs _ a -hsp'p 

In the fame manner, in order to exterminate-tfae third 
dimenfion of q out of the equation 

. -: -«J 



Z = 



■kKWta 



A^ ^ ^b^ ' ' ^^r 
tf + ^^ — — — ^. <* + '— sL- + rf . j» 

put ft; == ^ + . -T" , ,.zz the coefficient of tfaelaft term « 
of the denominator divided by /that of the laft but one } 

then will %^=, j — - 

. f bb % ,^ ^^ t 

a + bq ^^ ^ — f.j*+ — — -tf, w^' 

^ . a 

== ; fm ■ , (becaufej == ^ ..^ S, )} 

a+ bq^bsq^ + bswq^ * a b ^^ 

whereof the terms being equally mul tiplied b y i -K«;f, 
&c. we thence have » =: p ^ ^ '¥wq 

a + bq'^bsq'^ + a%vq + btvq* 



by Apiproximatiok* 



165 



p K 1 -h tug. 



a + A + aiu . f + «; — s . bq^ 



fffi X.jg -t wp 



=l; which is an ap« 



a X aa^ + b + aid ,p + w — s • pp 

proxim^tion 6f the fourth degree, md quintuples the 

number of figui^ at every operation. 

By ^urfuing the fame method, otiier equations might 
be determined to include 5, or more terms of the given "" 
, feries ; but, then, they would be found more tedious, and 
perplexed 'fh proportion ; fo that no, Veal advantage, in 
pra<5^ice, could be reaped therefroni. I (hall, therefore, 
proceed now to illu^rate what is laid down above by 4 
tew examples. 

Exam. 1. Let the equation given be x* + 20x ^ loo. 

Here, X appearing. By in/pe6Hon, to be foniething 
greater than:4, make 4 + i =: ^j then the given equa* 
tion, by fubftitution, hecomes 282 + z* r: 4. There- 
fore, in this cafe, a tr, 7.%^ b d: ly r s: o, &c. and 

= 4 i and confequ^ntly — f£ — f j— ac — ) =s 

^ ^ ^ ^ aa^bp^^jSi 197', 

0.14213 s which is One approximation of the value of z. 

Jfiit, if greater exaflnefs be required, thcnx(-. :r^ if) 

a b * 

being here -h», andw ( -^-- + ?-d-f ) sr — , we 
20 a bb^^ac 14 

ihall, accor ding to our two laftygr/y wAg, h ave 

^ a-i-sp.p \ ^' 2,8 + ^x4 _ 






) = 



28 X 28 + 2 X 4 



aa -^ h + as .p 

Oil 

f 7 ^ 5: i^ rs 0,14213564, nearly i and 
918 X 7 + 2 1386 



«t = 



ap X a -^ tup 






28x4x28 + 7 
ax.aa+J-^awlp'j'W'^s.pp ^ 2^x7^4+ 12+*! 

- ^8 ^ 3t8 + I _ %S yj 198 _ 5544 _ ' 
*" 7 X 796 + 4. 49 X 796 +. I 39005 

M 3 0.142 
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0.1421356236, more iicarly ; which value is true to tho 
laft figure. 

Exam, 2* Suppo/e the ghen equation^ when prepared for 
afolution^ to he 7682; + 482;* -f '2^ = — 96. 

In this cafe a -=:. 'jb^^ Z^ = 48, ^ =: i, .^sf =: o, ^ =1 

=: — and w ( r: — ) + __ =: -1 — 2 

.24'^ « bb-T-ac ^8 48X48--768 

rzj 5^=:X Therefore ^r=-lJl£g— 

_ '.--^96— 96xj->|x^V _ . -7^96 -f f _ — 19^ ^ 

768+48 + 32 x—i 768~6— 4 1516^ 
— 0.1259894, riearly; or z = - — — ^ ^ 

^ _q6^96 X >— t Xy\ _ — 96 + i^ 

768 + 4^ + 72 x.-t|+^x$|: 7^8— 6— 9+T|f 
_ — 96X 128 »9xi6 _ _ 12144 ^_o,i 259894802, 

753 X 128 +5 9^389 

more nearly. 

In the ftme manner the, roots of other equations may 
be approached : but, to avoid trouble Jn preparing the 
equation for a folution, you may every where negleA 
all fuch powers of the converging quantity z ais would 
rife higher than the degree,' or order of the approxima- 
tion you intend to work by. And further to facilitate 
the labour of fuch a transformation, the following ge- 
Xieral equations for the values of ^, a^ by r, d^ &c. may b^ 
iifed 
' p -==. k — ar ~ gr* — yr' — Jr* fafr. 

tf zz a + 2/3r 4- 37^* + ^ir^^c. 

h — fi -{■ 3yr + bir^ + iCfHtfr. 
*f rz r + A^r ^ lOfr* + ^c. 

a = J 4- 5£r + ^c. 

The original equation being ax + gj^* + yx^ -F ix^ 
+ sjf' ^c. =: i ; from whence, by making r -|- a 2= »r, 
the above valuer are deduced, 

The 
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The better to illuftrate the ufe of what is here laid 
down, I (hall fubioin another example ; wherein let 
there be given x^ + 2x* + 3;^' + ^x* 5* (or 5* + 
^x* '^ 3jr* -I- 2x^ + x^) =: 54321 > to nnd «•> by an 
approximation of ihe fccond degree. , 

In this cafe, k being = 54321, « z=5, ^ =24, y =: 3> 
t zz 2j and e n i, we have 

f = 54321 — 5r — 4r* — y^ — 2r* — r', 

tf =z 5 + 8r +- 9r* 4- 8r' + 5r*, and 
' * = 4 -f gr + lar* + lor*. 
Which values, by afiuming r =: 8, will bcr ome ^ r: 
II52Q, <7 =: 25221, and ^ = 59^4 ^ whence q { zz 

£)=o,45, anda(rr -^^ =) L15?3__=: 

0^41 5 and therefore x (= r + z) =: 8,4'^=^ nearly. 

To repeat the operation, let 8,41 be now fubft'ituted 
for r; folhall p zz 135,92, a =30479, ^ = 6876, 

f(zzL)zz 0,00445, and z ( = _£_ x=.'3S.9a 

= 0,004455; which added to 8,41, gives 8^. 4455, 
for the next value of x. 

The formuiay or approximations determined in the 
preceding pages, are general, anfwering to equr.tions of 
all degrees*- howfoever affedted ; but in the extrad^ibn of 
the roots of purf powers the procefs will be more (impley 
and the theorems thcmfclves vtry muchabbreviated« 

For let *** =: i be the equaticin whereof the root * is 
to be cxtraSed ; then, by ailuniing r nearly equal to x^ 

and making r x i +% = *•, our equation will become 
r^ X I +zl' zz i, or i, + z,* = -«> that is, i + nz 

-f- >r • ■ z -t tt , ... • ■> . z* + « . i» 

^ 2 3 2 

. £Zf . 1113 » z* £5f^. = -- .* from whence, by tranf* 
'34 r" 

pofition aad diviiion, z + 



«— I % , «*^I 


»--'2 




i. . Z* + — s — 
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«— I « — 2 «— 3 _i£^. ' k^^r^ 



a 3 ^ 4 nr^. 

Here, by .a comparifon with the general equation^ 
az -f. ^ia* + C2* + ^fe♦ isfc. =: ^, we have a zz i, 

^ ;- — jC — ^ . ,^=: L— . «- ^ 

^ 2 3 3t 3 



— i efc. and/>=: tull: whence^ (1) = pi s 

( -- — -r; — r- = —7 — i and w (-. 

. ^ ^ 2 3 6 (9 



!l 



V <» 



i-ii 



I , «-« I .-.i . « — 2 



— ^ — ^ J. » — 2*. »— 3 — 2« — 2 . » — 2 «. 

"" --— — -1- . ' ' ' -.^ 

*■ 2.»+I 

»— 2 • . »— .1 

t3 — ^^ + 2 =2 — : + 



n 



+ ^ 



1 ' 2 . « + I 

«— r2 



X » 



= X 



n — I 



»•— *2 



^ »-f I =: -— i- — -— i- =: ^ , There*. 
2.«+ I 12 2 

fore, for an approximation of the third degreef we have 

' _— — ^ ■ ^ - 

a -{- sp *p — !+?».» + I > ^ 

■^ iw + /» + tfj.^ J ^ «— l ,^ «+l *" 

2 6 '^ 



p + y ^ + I « 6 ^ . ^j^j f^,. 2^J^ approximation of the. 



1.3^ 



I + 2« 

fourth degree » r= 



^ XI + tt;^ 






2 2 '^ 2 6 ?; 






I 
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l^A* 



P + inp 



2 '^ ' 2 6 '^ 
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- Hence it is evi- 



dent that the rootx (r x i ^- z) of the given equation 
pc^ = iy wiB be equal to r + ^p X i -f. fi-j-uip^ nearfy; • 



^.nd equal to r + 



/2_ili+ J»>> 



an — 1 



^ 12 

But both thefe theorems will be rendered a little more 
commodious, by putting v = -^!l-, and fubftitut- 

*"g~> f" *e place of its equal,' /, whence, after 



' "4 



proper rcduaion, x will be had = r+ ^x fct/-|-« + i 

fuarm and equal to r + ■ = 'i- n 

/wffr^ nearly*, 

I iball now put down an example, or two, to fliew the 
ufe and great exa£l:n,efs of thefe laft expreiEon3. 

I. Let the equation given be jt* zzl^ or, which fs the 
fame, let thefquare root of 2 be required. 

Then, afluming r r= 1.4, we have » == 2, >f rr 2, 

«. t nrn 2 X 1,96 o 1. . r 

V I -7- = -^ r= 00 i and therefore r 

k-^rn 2-^1.96 ^ ^ 



rxfyu 



i^^^ = ,,4+^^=W + 



V X 61; + 4» — 2 



98 X 594 



■ '^^ t, = i»4 + r-^ = i)4i4^i3S6 i ^yhichis 
70x198 13860 

the value of x according to the former approximation ; 

but. 



' I 
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but, according to the latter,. the anfwer will come oiit 

1.4+ j5511 r: 1.41421^56236 i which is true to the 
39005 

laft figure : and, if with this number the operation be 

repeated; you wi)l have the anfwer true to nearly 60 

places of decimals. 

' 2. Let it be required to extra£t the^ cube root of 

1728. Here, taking r = 1 1, wefhall have v ( ; u^ \ 

— ^^^^ =: 10.05793 5 an4 therefore r , -J- 



397 



r X 2v + II 



■"T" 



2V +2» — I X V + i X » — I X 2«'i— I 

I 



which diiFers from truth by only 



5QQ0Q 



= 11,99998; 
part of an 



unit. 



3. Let it be propofed to extraA Ae cube root of 
500. Here, the required root appearing to be leis than 
8, but nearer to 8 than 7,1 let r .be taken = 8, and 

wcfhallhavevf =: llii?) z= — 128; and there- 

— 12 



r X 2«/ -f » 



«f 1 
'I 



fore r -f ' 

2t;+2« — I xv + ix« — iX2n^-^l 

= 8 — ^^^ = 7-937005^59936 i which number is 
96^89 

true to the laft place. 

4. Laftly, let it be propofed to extr^iS the firft fur- 
folid root of 125P00. In which cafe i being rr 125000, 
« = 5, r =: 10, and v rz 20, the required root will be 
found 7=, 10,456389. 

Bcfides the different approximations hitherto deli- 
vered, there are various other ways whei^y the roots 
of equations may be approached; but, o£ thefe, none 
more general, and eafy in pradice, than the foUpw 

Let . 



._^ >— r.J*i 



j.aLj 
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Let the general equation, ok 4- hz^ + cz* + Jz^ + 
fz'^ 55^. =1 py be ~hei:e refumed ; wKich, by divilion, 

jbecomesz rr — , • jf 

•- + - 2 + — z* + — zV+ — x;*£ffr. 
P ^ A A ;>* 

therefore, we make A = — i and negleS all the terms 

P 

after the firft, we fliall have z = -^ 5 being an approxi-^ 

A " 

mation of the firft degree. 

And if this value of z be now fubftituted in the &• 
pond term, and all the following ones be rejefkcd, we 

ihall then have z = 1 = ^ ^ -- A 

l+lxi. tA+± B 
. . P ,P ^ p p 

a A A- b ' * 

(by making B = , ) 5 which is an approximation 

of the fecond degree. 

in order now fo get an approximation of the third de- 
gree, let this laft Value be fubftituted in the fecond term 
. jiegleding all the terms after the third ; fo (hall 

^ = ":; 1 ^A 7~ * *^"^ ^^^^» '^^ *^ foom of 

Jl + 1 x:2 +lz* 

P P ^ P' 
z\ either of the -fquares of the two precedin* values 
pf z,or their redlangle may be fubllkuted, that i^, either 
I.I AAiA , ,,^ 
A A ' B B ' A B * ^^ ^^"^ '^^ ^^ ^*^^^« 

— (--.) is the moft commodious ;. whence we have z — 
_ _5_ _ = 5; 5 fuppofing C = f2+/A+ <• ' 

f P P ~ 

Agab, for an approximation of the fourth degree, w^ 

hzvetz=ilx^iS z^ ±1x1 X ^ - 'v'a 
^P P ^ P PC B~7 C; 

and^.> = |>c|x^xA = |x J;whrch va. 

luen 



z' 
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lue»-being fubftituted in the general equation and sdl thq. 

terms after the four firft rejeiSed, there now comes out; 

. I , _ C 

P pC pC fQ p p p p 

In like manner, for an approximation of the fifth ae« 
gree, we fliall hive iz = ^ X^,- «* ==- X £ x 5 

!= 1 y. = =r } fuppofing 

■^^^p/iC+cUdA+e whencethelawofcon- 

p . ' 

tinuation is manifeft } whereby it appears, that if diere be 

— 0^ + ^ r _ flB + M + r 



taken A == —,3 =: 



C =: 



P P P ' 

T^ tfC+iB+fA+rf p _ uD + iC + fB+ //A +* . 

kJ.^ ; . , .C- — ' ■ — 

P P ' 

fafc. then will ^,--,^_, fr> -r* L^> ^ ^^- ^^ '^ 



A\B*e 0** E' F' G^ 
CQ^ny, fuccefUve, approximations to the value of z, afcend^ 
ihg gradually, from the loweft to the fuperior orders, 

^n example will help to explain the ufe of what is- 
above delivered; wherein we will fuppofe the ecjuation 
given to be I2z + 6z* + z' =: 2. 

Here ^=I2, ^=6, c-ni^ d:=iOy erzo^ &c. and^=2 i 

whence A (= 1) = 6, B (= l^L±i)=: '^^^^^^ 

p P * a 

^ ^^ p/-.^B + M+tf>_ 12X39+6x6+1 ^' 
— 39» V V — ■' ■ ^ ' ^ ) ^ -^ — '■'' — T—^ -^ -^ 



'■V *'J 
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>^ 505 fiA-, <^C+^B+fA+^ . _ 6xso54>6x39tt>6 

2 ' / 2 

"=: 163s, i^i. 

Therefore, — re — =: «, nearif 

B 13 . 

B 78 ; 

/ — =: -JL- =: z, /«^r/ nearly* 

C 505 

^ = %%fltll nearer. 

D 654 
From the fame equations the general values of B^ C^ 
D, &r. nfiay beeafiijr founds ,in. known terms> indepen- 
dent of each other. . * 

ThusB(pf:^ + i)=r^+i (bccaufeAs:!)^ 

P P P P p 

\r n f ^B , M . r % _ «*> . tab ^ e 
alfo C (rr -^ + --- + --)= -J + —y + — ; 

P P P P\ P t 

^ p p p p p^ r 

^^'^'^^ ^£bFc. Therefore 

P" Pr 

A _ ap: . 

B a^-^bp' 



B _ pxa"^ +h . 
C ^^ + 2abp + f/^*' 



C ^ p X a^ + 2abp.'''\' cp*' ^ 

P "" «♦ + z^'^^ •^^ ^^^ + />^ » ^* + dp^ ' 

E" "* fi^ + j^a^bp-^-^ac^^bb . ap* + bc+ad • 2j>*-f#/% 
(si'r. wHicJi are fo many diiFerent approximations to the 
Value of 2. 

Thus far re^rd has been, had to equations which 
confift of the fimple powers of one unknown quantity, 
and are .no ways afFeSed, either by furds or fraSions., 
If either of thefe kinds of quantities he concerned in 
an equation, the ufual way is to cxterminate>ahem by 
Aiultiplication, or invdution (as has been taught v in* 
■ " ' ' Se£t. 



/ •■ 
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SeA. IX.) But as this method is^in many ca&s, vay 
laborious, and in others altogether impra<^>icable, efpc- . 
daily, where feveral furds are concerned in the fame 
equation, it may not be araifs to (hew how the method . 
of converging feries's may te alfo extended to ihefe 
cafes, without any fuch previous reduiflion. In order 
to whith it will be necefljry to premife, that if A + B 
rcprefents a compound quantity, confifting of two terms, ' 
and the latter (B) be but fm^l in comparifon of the 
former ; then will, . 





, 


I 


B 


I 


B 








— — or 


— X 






A+B 


A 


A- 


A 


"a 


2* 


A + Bl' 


= A*+i.orAi + 


AfB 








A.J 




2A 


3" 


jn^^ 


— _i_ 


_ ° 


' 


B 




A* 


.A* 


A* 


aAxA^ 


4' 


A+B]^ 


= Ai 


'i'- 


A' + 


AfB 
3A 


a 


I 


_ I 


^ or 


I 


B 


5 




r 


— -~-7 °' 








aTB* 


A^ 


3A» 


A* 


jAxA'' 


6' 


.A+Bl' 


= Ai 


'^r 


A* + 


BA* 

13- 




I 


_ I 


B 


I 


B 


7* 














A + Bl^ 


A' 


• 4A* 


A* 


4AxAi 



nearly. 



All'which will appear evident from the general theo- 
rem at p. 41 : from whence thefe particular equations, 
or theorems, may be continued it pleafure; the values 
' here exhibited being nothing more than the two firft 
terms of the feries there given. But now, to apply 
t hem to t he pu rpofp ab ove m entione d, let there be given 
' + '^^ + /2 + ** + ^/3 + x* = 10, as an exam- 
, where, x being about 3, let 3 + * be therefore fub- 
uted for jf, rejeiiing all the powers of e above the 
firft. 
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firft, as inconfide rable, an d the n the g iven equation 
waHland thus^ V 10 -f 6< + V^ii -{-t e -f V i^ + 6r 
=: 10 : but, by Theorem 2, v^ib + be will be = V^io 

+ 3 V ^Q^^^ nearly ; for, in this caTe, A n: jo, 

1 

and B rr 6^, and therefore A^ + =: $/ lO + 

2A 

—I : in like manner is ^11 + b^ r: v'H + 

12- 

3j/iilf> esfr. and confequently V^T^+llilSJL' + 
II 10 

y'l I + i- + Y 12 + dl r= 10 ; which, 

. II 12 

contra<aed, gives 9,944 + 2.718^=; lO; whence 2.718* 

= .056 and / =: .0205 ; codfequently x == 3.0205^ 

nearly. Wherefore, to repeat the operation, let 3.0205 

-f # be now fubftituted for' x ;' then will 

^ 10>12j4^ -f 6.O4U + V|I*I2342 +- 6O4U + 

v' 1 2. 12342 + 6.041^= 10; whence, ^/ 7i^tfr^« a. 



y/ 10.123^2 ^ 



6.041/ 



+ y 11.12342 + 



or 



2v^i 0.1 2342 

2/11.12342 2/12.12342 

9,^987814 + 2.7224/ == 10 : from which e comes out 
= .000447, and therefore x qfc 3.020947 5 which is true 
to the laft place. 

Again, let it be prppofed to find the root of the equa- 

^3 



tion 



34. Put 20 + 



V^it^ + SJif + a?* 
e ^ x'i then, b y procee ding as before, we (hall have 

400 4-20/ 20 -^ e X i/405 -f 40^ ^ ^^ . but 

V5i6 + 45/ ^5 

T . '1 I 



[by Theorem 3) 



V5^6 -f 4S« 



is nearly r: 



\/5ib 



45' 



-\ 
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.^^^ ■>— ^ and* f *y Theortm 2). ^405 + 40^ ri 
' 1032 X /516 

V40S + — — : which values being fubftituted above^ 

V'405 
our equati on becomes ' ^ 

V51 6 I032XV/ 51 6 ^5 L^^S 

= 34, t hat is, 400 4- 20g X .044022 — .00192^ + 
20 + ^ x'*&04984 + .0398^ = 349 whence rejeft- 
ing e\ ^c^ we have 1.713^ = •191S; and confe- 
^ quently ^ =: .1118. 

Thirdly , let there be given v^i-^;^ + v^i — 2;r* + " 
V'l — 3;?* = 2. Then, if 0> 5 + ^ ,b e' fubft ituted the re- 
in for xy it will become v 0.5 -: — e -^ 1/0,5— ^^ + 
v^o.625— i-2.25^ == ^ » ^^ V^oTJ— V^oTs X tf + V^a5 
— •as >< 2^ + V;ii5 M£- =s a; whence 

2V'.b25 

3.545^ = .204, e n .057, and AT t= 0.557, with which 
the operation being repeated, the next value of x will 
come out s= .5516. - ' -- . . 

Laftly, let there be given i + jp|f i + x^\t i + x^\i 
= 655, Here, by writing 3 + e for ;r, and prb- 

ceeding as above, we (hall have 2 + — + lojT' + 

Ik^ + i8li+ 1!j14!'= 6.5. that is, 6455 • 
10 4 X 20 

X' 1-313^ =; 6.5 ; whence e =: • 036, and x == 3.036. ^ 

It may be obferved that this method, as all the powers 
, of ^ abpve the firft are reje£^ed, only doubles the num- 
ber of places, at each operation : but, from what is 
therein mewn,' it is ea(y to fee how it may be extended, 
fo as to triple, or evenquadru(de, that number; but 
then the trouble^ in every operation, would be increafed 
in proportion, fo that little, or no ^vantage could be 
reaped therefrom. 
.3 Hitherto 
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^ HWierto we have treated of equations which include 
©ne imknown quantity, only. If there be two equa«- 
tions given, and as many quantities (x and y) to be de- 
termined,, one" of thofe quantities muft firft be extermi- 
nated,' and the two .equations reduced to oney according 
to what is ihewn in Se£t. ^. But, if this cannot be 
readily done (which, is fofnetimes the cafe) and the un- 
known quantities be fo entangled as to render that 
way impracticable, the following method may be of 
ufe. 

Let die values of x and y be aiTumed pretty near the 
truth (which, from the nature of the problem, may 
always be done) ; and let the valuej fo afTumed be de- 
noted byyi and gy and what they want of truth by j, 
and t refpe6Hvcly ; that is, let/ -^ s zz xy and ^ + / = y: 
fubftitute thefe values in both equations, rejeding (by 
reafon of their fmallnefs) all the terms wherein more 
than one fingle dimenfion q[ the quantities/ and /.arp 
concerned: let all the terms in the nrft equation, which 
are affected by j, be cdle6ted under their proper figns, 
and denoted by As; in like manner, let thofe afie^ed 
by /, be denoted by B/ ; and thofe a^e£):ed neither by 
s nor ty by Q^: moreover, let the terms of the fecond 
equation, wherein / and > are concerned, be denoted by. 
aSy and hty refpedively ; and let the known terms, on 
the right-hand fide of this equation, or thofe in which 
neither j, nor t enters^ T)e reprefented by f. Then the 
equation* (be they ofwhat kind they will) will ftand 
thus. As -f B/ = Q, and as + bt •=: q. By multi- 
plying the former of whkh.by by and the latter by B,' 
and then fubtrac^ing the one from the other, we 0iall 
hav^ bAs. — Bas = /'Q^— B^ 5 and therefore s :^ 

^J^T.^3 \ whence x ( -/ +, s) is giyen, 

. Again, by multiplying the former equation by tf, and 
tbe latterly A^ &f r. we fliall have i?Bt -* Abt == ^ Q — 

Aq, andtherefore/ = J2^=;A^^^ 

j{zzgf /) i? likewife given. 

' N It 



y 



. \ 
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It i^ eafy to fee that this method is alfb appllieabfc, 
in cafe of three, or four equations, and as many unlcnown 
quantities, but as thefe are cafes that feldom occar in the 
refolution of problems ; and, when they do, afe reducible 
to thofe already coniidered, it will be need1e(| to take 
further notice of them here : I fliall, therefore, content 
myfelf with giving an example, or twt>^ of the ufe of 
what is above laid down. 

I. Let there be given je* + jr* = locoo, and x^ — jr» 
=: 25000 } to find* and^. Then, by writing/ + s 
^ ^j g + t :s:yj ancl proceeding according to the rforc- 
going direflions, we fhall harej^ -f ±f^s -f g^ + j^g^f 
:=i loooo, and/' + S f^s^-^g^ -^ sg^ 3:25000, or 

25000 + ^' — /*.• therefore, in this cafe, A s \f\ 
B =:4^%Cb= lOOOO— /♦-^^, a = sA* = — 
5^*, and q = 25000 + g^ *— /'. But it appear^, from 
thfc firft of the two given equations, that «• muft be 
fomething lefs than I9, and from the fecond that y 
muft be lefs than x :1 therefore take/s: 9, and g zz 8 ; . 
and then A becomes == 2016, B 2= 2048^ QL— — 657, 
a = 32805,* =-* 20480, q-z: — 128 1 ; and there* 

»— 6<i4 ; hence ;r = 8.87, ind jp ;= 7.86, nearly. 

Therefore, in order to repeat the operation, let / be 
now taken = 8.87, and g ;= 7.86; then will A rp 2791, 
!B =: 1942, Q =: — 6.76, a 2= 309*fo, * = -^ 1^9083, 

and q = 949 coofequendy i^^ s a "^ p ^ ^ •oob47> 

A* — da 

and / ( = ^IZLf^) zz i— .00415 ; whence x zs, 

'Ah — 4ID 

8.&7047, and^ =: 7.855855 both which values arc true 
tathe laft figure. 

Exaffiple 2.' Let there be given 2o;r + xy-\} + "53?) J 
55 12, and •;r* + v* + > ^ _ == 13. Here the 

given equations, by writing / + J for Xy and ^ -f t 

r for 



V 
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for y will becom e 2of + 7.05 TJg^ + 2fgt -k- g^s^f 
+ V«/ 4- 8/ = 12, and V/"* + ^* + 2/5 + 2gt 

"^■z/'VlY^ =13: but 

^^f^ff-^ 20X + 2^/ + ^*j1f, by ^fvhat is ftewniii 
p. 1 74, will be transformed to ' 20/ -j-fg^^ + ^^/''f/glr 

. . - , ■ 3x2^t^ 

X £0x + 2/^/ + ^*i (fjippofing all the t^rms that have 
more than m^ jimcnj lon of s and /, to be. reje g^d, a$ 
incoirfiderable) ; alfp y^/* -f ^^ + 2/jr + 2^/, is jnmt 
formed to •/* + £* + JLtJL an^ ^ 






s=s ; therefore our 



to. ' ^ . 

equations wiU fland thi/s, 

y'g/-+ jiL: = 12, and V/' + r +- /^±.£L - + 

.III I I I m ^tmffm^mm m\ , _ 



/^— ^^ 



2= 13 : which equations, if /be aflumed = 5> and ^ 
= 4, wili be reduced to 56462 + .01045 x ^bs + 40^ 
+ 6-3^45 -f '632 41 fs J2,and6,402i +.78ii + .6a5f 

+ 20 + 5f + 45 X -3333 — -1852/ +.1482/ = 13^ 
whence i.ooSx + .418^ z;. .o$&93, and 1,59/ — 5.255^ 
SI .0698 : therefore, in this cafe, A =: 1.008, B ;;3 
^•418^ QL?= -0293, ^ ^ *S9i ^ = -^ 5-^55, and jf 

?: . 069.8 : confequently s ( ;^ i>:IIl«i) 35 0.305, an4 

A^ — flB . 

«(= Af"~B ) 5^ ~" •PQ*9».tl»«9for(f * = ,5,03051 
?')^;' w 3-90Pt 
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SECTION. XIII. 

Of indeterminate^ or unlimited Problems. 

^ 1% Problem 1$ feid to b^ indet^rmiriate, or unlimitedi 
J^^x^ when the equations, exprefling the conditions 
thereof) are .fewer in number than the unknown quan- 
tities, to be determined \ fuch kinds of Problems, ftriftly 
ipeaking, being capable of innumerable anfwers : but 
the anfwers in whole numbers, to which ^ queftio^ is 
commonly reftrained, are, for the general part, limited 
to a determinate number ; for the more ready difcover-^ 
ing of which^ I (hall premife the following 

LEMMA. 

Suppofing T to be an algebraic fraction, in it's 

c 

loweft terms, a- being indeterminate and^, b^ and f 
given whole numbers ; then, I fay, that the leafl: inte- 
ger, for the value of**, that will alfo give the value of 

M, , "^ kn integer, will be found by the following me- 
\ c 

thod of calculation. 

Divide, the denominator (c) by the coefficient (a) of the 
indeterminate quantity^ aifo divide the divifor by tie re- 
mainder^ find the laft divifor j again^ by the laji remainder 5 
4mdJo oHj till an unit onfy remains, 

write dosvn all the quotients in a linei as they follow i 
under the firfi of which write an unit^ and under tntfecond 
write thefirjl \ then multiply thefe two together^ andhav* 
ing added the firft term of the. lower line (or aH unit) 
to the produ^j place thefum under the third term of the 
upper line ': mii,ltipjy^ in like manner^ the next two corre*- 
fpondlng terms ofthe'two lines together^ andj having added 
ihefetond term of the lovftt to the produif^ put down the. 
refult under the fourth term of the upper one : proceed ony 
in this way J till you bavfi Multiplied by every nuntkir in the 
ppP^rlin^. ' , . * ; 



» I • 



inaeterrhijttate pRoBL&iils. , iSi 

Then multiply the loft number thus found bj the ahfolute 

Quantity (b) in the numerator ef the gi^en fraRidn^ and 

divide the produSf by the denominator '^ fo Jhall the r^- 

^ mainder be the true value ofx^ required \ provided the 

nurabef' ^ terms in the upper line be even and the fign of h 

negative^ or^ if that number be odd and the fign of b of" 

Jirmative\ buty if the number of terms be even and the 

fign of b afflrmatlwe^ or vice verfa ; then the difference 

between the faid remainder and the denominator of the 

fraction will be the true anfwer. 

In the general method here laid down a is fuppofed 
lefs than c^ and that thefe two numbers are prime to each 
other : for, were they to admit of a common meafure, 
whereby Ms not divifible, the thing wotild be lmpoffi« 
fole, that is, no integer could be afligned for x^ fo as 

to give the value of ffLm. an integer: the reafon of 

, which, as well as of the lemma itfelf, will be explained 
a little farther on : here it will be proper to put down an 
^example or two, to illuftrate the ufe ^of what has been 
already delivered. 

Examp^ I. Ltttbe gi^en quafOity h .^ "[^r • . 

Then the operation will ftand as follaws* 
167)256(2 

82)87(1 2, I, 16,^2 

S|82|i6 t^ 2, 3i SOi 103 

a)5t« ' |o 

1 ^56)5150(20 

- ^ . JO sr r. 

>£xan^* 2. Given ^ > ■ a \ r , ' 

71)89(1 

i8)yi(3 1, 3> I ' 

17)18(1 .1, t, 4> 5 

^"^ ■ •.• to- 

. " 50-2= iir. 

N 3 Mxamp. 



V 



-'^i. 
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377)450(1 

T3)377l5 
3^2)73(6^ 



450 



If 5» 6 

If Jy 6, 3f 



74 



£xanip.4r Given 

<»S7 ?ii35( i 

*4»)987{5 ' 



487^*? H^ 651 



45o)f25o(«b 
250 

'200 :f!^- dP> 



1235 

ly 3» Ii 48* !"> I 

I J i> 4r S> «44y 249>4935: 

i;43)248(x !5JL 

5)243(48 . 493^ 

^'^ / 2958 

^ 3^235)320943(259' 

X078 

i^. 

157 =^^-' 

TE^fe famf e:todipres compreliend aK the difFerent cafes' 
that can. happen lyith regard to the reflridions fpecified' 
in the tatter part of the rule : I ihall now fliew Ihe ufe 
thereof in the refobi tioo of problems. "*" 

P'ROBLEM t 

To^d the Uaft whoU nunAery wbichi divided hy tf. 
Jhall have a remainder £f 7 j hut being divided hy %b^ the 
remainder fijedl be 1^ 

Let A7 be tiie quotient, by 1 7, wlien 7 remjiins, or,^ 
"which is tbt fotac, kt ijx + j exprefc Ae number 

ibught^ 
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X83 



ipught ; ihen, fince t)iis number, when 13 is fubtraded 
from it, is divifible by 26, it is manifeft that 

26 ' a6 



muft be a whole, nuni' 



ber : M^ence, by proceeding according to the lemmay x 
will be found rs 8 ^ and confequently. 17x4-7 = I43» 
the nuQiber required. See the operation. 
17)26(1 



9)17(1 

9 

X 



I, i» If 

ij i> 2, 3 
6 



18 

2J5^ 

8 =jr. 



PROBLEM IL 

Sttppofing g ^ +'.i2y sz 2000, // /J refuireJ to find all 
the po(/iblevaiuiS of x and y in whole fofitive numbers ;, 
By tranipofing 137^ aild dividing the* whole equation 

1^1 2000 -«^ I "^V .2 -« Lff ' 

by 9, we have x = ■ iin 222 -^y + ;; Us 

9 . 9 

which, as ;c is a whole pofitive number, by the queuion, 

xnaft alfo be a whole pofitive number, and fo likewife 

ILZL?; from which the leaA value of y, in whole num- 

9 , ^ 

bers, will come out == 5 ; and. confequently the corre- 

fponding value of jt =215. From whence the reft of 
the anfwers, which are 16 in number, will be found, 
by adding 9, continually to the laft value of y, and 
fubtraSing 13 from tha^of ar, as in the gnnexed table, 
which exhibits all the poffible anfwers in whole num- 
bers, 

faa2t5(20«fl89|i76|i63|i5cli37lii4liii|9Sl85l 7a| 59l Af^\ 33| ao| 7 
=» 5I »4| asl 32) 4" 50' 591 62| 77186195)104)1 isJt^aM 3 Mi4o| 149 

In the fame manner, the leaft value of y, at^d the 
greateft of ^i)eing found, ki any other cafe, the reft of 
the anfwers will be obtained, by only adding the co- 
efficient of xy in the given equatiofi, to ^e laft value of y^. 
£Minually.fmi fubtra^liog the coefficient of y from the 

N 4 corrc- 
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eorrelponding value of x. Hence it follow^, *that, i( 
the greateft value oi x be divided by the coefficient 6i y^ 
the remainder will be the haji value of jr, and that the 
quotient + i will give the namber of all the anfwers. 
But it is to be obferved, that the equations here (pokta 
ofj are fuch, wherein the faid coefficients are prime to 
each other ; if this fhould not be the cafe, let the equa-'' 
tion given be, firft of all, reduced to one of this fonn^ 
by dividing hy the greateft common meafure. 

PROBLEM tlh 

To find how many different ways it is poJJibU U pay lOol^ 
in guineas and piJioleS'i only, reckoning guineas at 21 JbiU 
tings eachy andpiftolesat If, 

Let X reprefent* the number "of guineas, and y that 
of the pifioles \ then, the number of ihillings in Jthe 
guineas being. 21 jr, and in the piftoles, 17^, we {ball 
therefore have 2iX'i-ify =z 2000, and confequemly x 3 

"^ ^'^ St 05 + LmlJJ! i which being a whole 
21 -21 

number, by the queftion, it is manifeft that ^ — r 

nrnft alio be an integer >. now the leaft value of y, in 
whole numbers, to anfwer this condition, will be found 
■=: 4^ and the expreffion itfelf ii 3 ; the correfpond- 
JDg, 6r greateft value of x being z: 92 ; which being 
divided by ^7, the coefficient ot y (according to the 
preceding note) the quotient comes ©ut 5, and the re- 
mainder 7 : therefore the leaft value of ;ir is 7,. and the 
number of anfwers (=5-f-i);:;:6: and thefe are as 
follow, - . 

* =,92 75 58 I 4M 24 I 7- 
y = 4 25 I 46 I 67 I 88 I 109. 

PROBLEM IV. ^ 

Tv determine whether ithepoffihU tq pay lool. in guineas 
and moidores only ; the former being reckoned at %lfi>illings 
each, and the latter at 27. 
\ Hete> by proceeding as in the kft queftioAy we haiK 
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fitx 4- ^7y = 2000 ; ^nd coniequendy x zz '<, 

— 95 — y '^ ■■ ^: whefe, the fr^£tion being in" 

' its leaft termS) and the numbers 6 and 2I) at the fame 
time^ admitting of a comoion meafure, a folution in 
whole numbers (by the noU to the priaMng Ismma) is im- 
NpoiHble. The r^fon of> which depen£ on thefe two 
eonfiderations ; that, whatfbever number is divifible by 
a given nXimber^ muft be divifible alfo by all ^e divi-*- 
fors of // ; and that any quanti^ which exa£ily mea- 
fbres the Whole and one part of another, muft do the 
like by the remaining part. Thxis, in th*e prefent cafe, 
the quantity 6y — ^ 5, to have the refult a whole num- 
ber, ought to be divifible by 21, and therefore divifible 
by 3, likeWife (which is, here, a common^ meafiire of 
a andf^.* but 6y, the former part of 6jf — 5, is divi- 
fible by 3, therefore the latter part -— 5 ought alfo to 
be divifible by 3 ; 'which is not the cafe, and (hews the 
thing propofeato be impbi£)>le« 

P&OBLEM V. 

A butcher bought a certain number ofjheep and oxen^ for 
which hepaid iOoLifortheJbeephepaidi'jJhiUingsapiecej 
and for the oxen^ one with another^ hepaid j pounds apiece i 
; // is required Jo find how many he had of each fort, 

' Let X be the number pf (heepj and y that of the 
oxen ; then, the conditions of the queftion being ex-* 
prefied in algebraic terms, we fhallhave this equation, 
vi%. I'jx + i40y zz 200OJ and confequently x r= 

I I ""^ ^^ s: 117— 8y — 12L!II_; which beinff 

17 1 *^ 

a whole, number, Hm — mufl: therefore be a whole 

number likewife : whence^ by proceeding as above, we 
find jf = 7, and jir == 60 ; and this is the only anfwer 
the quefiion will admit of; for the greateft value of ;r, 
cannot- in this cafe be divided by the coefScient of y, 
that is ^40 cstfinot be had in 60^ and therefore, ac*^ 

cbrding 
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I 

cotHiig to the preeeding note^ tfae^ queftioii can have 
only one anTwer, in Whole numbers. 

PROBLEM VI. 

Acetidin number of men and wqmen hing merrj-maiin^ 
together J the reckoning came U 33 /hillings^ towards the 
dycharging of which^ each man paid ^i. od. and each 
iooman is. 46. 3 the quefiion is^ to find how manyperfons 
•f both fetes the company confijled tff 

\Mt Jt rcprefent the number of mcn^ and y that of 
ihe women; fo fttall 42;ir 4- i6y zz 396, or 2i;c + 8jr 

rt 19S ^and c(^nfe(^ntly y ts ^^^~V^ it 24 — ax 

o 

i^ ^^~ : whence, y bfiHg a whole niftftbef, ^^ 

ttuft likewifif be a wjiote number; and the value of 
jty anfwering this condition^ will be found i? 6 1 and 
tonfeqaently that <3£y(iz 24 -^ ia ^— 3) == .9 ; which 
two wiU appear to be the only aumbers that can an- 
fwer the conditions of the queftion ; bec9ufe 21, the co->' 
efficient of xi is here greater than 9, the greateft value 
of /• 

PROBtEM Vlh 

One bought 12 kernes for 12 pence ^ where^fome iveri 
two'-'penny onesy others penny ones^ and the refi farthing 
ones : what number were there df each fort P 

P^t X ±z the numbei' of the firft fort, y = that of 
the fecond, and z = that of the third ; and then, by 
the conditions of the queftion, we have tbefe two equa-* 
tions, v,iz* 

«' *+ y + 2 ±: 12, and 
8;if + 4y + 2 in 48. ^ 
Whereof the former being fiibtrafled from die latter, 
in order to exterminate z, we thence get 7jr*+ 3y =: 36, 

andthereforey =: ?, T^Jf. zz i2 — ^2jr — i^; whence 

3 3 ^ 

it is evident that the value of x tz 2j ^nd confequently 

thaty zz 5, and 2=4; which ^are the numbers th^t 

were to be found* 

PRO- 
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PROBLEM Vni. 

fojhid the Uaft integer^ poffibley which being divided hy 
iSi| j^all leave a remainder ^ I9 V hutj being divided hj 
ic)y the remainder flfall be 15$ andy being divided by l^^ 
the remainder Jhall he \\. 

Firft, to find the ieaft whole namber that can an«^ ' 

Iwer the two Arft conditions, lef the quotient by 28^ 
the firft of the giverv divifors, be denoted by^r, or^ which 
is the fame, kt the faid number' be exprefled by 7&x -f- 
.19; fhen this namber^ when 15 is fubt rafted from i^ 

i>eing diviilble by i a, it \% mantfeft di&t .^^ I^ ^yoritt 

dquaix 4- y "^ ^ muft be an integer^ froni vrfience 

the Ieaft value of x will be found n% i and confe-* ' 
^uently 281^ + 19 :is, 243 ; which is the Ieaft whole 
number that can^ poffibly^ fatisfy the two firft condi- 
tions. This being fbunc^ let the Ieaft number diat is 
exa£lly divi/ible by |^otb the faid divifors 28 and 19, be* 
nowwumed; which, becaufe28 and 19, are prime to 
each others will be equal to 28 x 19, or 532 ; then^ 
fince the number required^ by the nature of die pro- 
bleniy muft be fbme multiple of 532, increafed by 243^ 
ft is plain that the fiid number may be reprefented b/ 
%V^ -F 243 } from which, if 1 1 be fubtnuf^edy and the 

remainder be divided by 15, the quotient ( il^fLlLfi? 

15 

*=35* + '5 + ^ ) will be a whole number by 

tiie qjAcftion^^ andr cq^ifequently 7^ ■■? ' a whole number 

ayifb ; froni whence the leaft^ value of x will be found tt- \ 

14, and confequently that of 532^^ + 243 rr 7601 ; 
wUch is the number that was to be found. In the fame 
manneF the Ieaft number, poflible, may be found^^ which 
beii^ fucceffively divided by four, or more given divi- 
ftr^^ ihtoll. leave given remainders. 

PRO- 
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PROBLEM IX, 

Suppo/ing 87 f + 256^ =: 15410^ iodeterrtdmJhikaji 
value of x^ and the great eft ofy^ in wjfole pofitivi number $4 

* By tranipofition arid divifion w^ have 

i54io--87>^ ^ ^,„ 87x^50 . ^w .1,. A..:. 
256 ' * 256 1 

tion being the fame wfth that [t^Examp* i> to the pre-^ 
mifed lemma^ the required v^ue of x will be given^from 
dsence = 30; from thence that of y will likewife be 
knowh. But I (hall in this place, Aew the manner of 
deducing thefe values^ independent bf all previous con- 
fiderations, by a method on which the demonfiration of 
the lemma itfelf depends. 

In order to this, it is evident, as the quantity Syx-^S 
(fuppodng^ = 50) is divifible by 256, that its double 
174* — 23. muft be likewj'fe divifible by 256. But 
256^: is, plainly, divifible by 256^ and, if from thh^ thcf 
quantity in the preceding line be fubtra<fted, the re- 
mainder, 82;if + 2b will be likewife divifible by the 
fame number ; fince whatjhever number meafures the 
wholey and one part of another^ mufl do the like by the r^- 
fnaining part: for which reafon, if the quantity laff 
found be fubtraSed from th^ firft, the remainder Sa--— 3^ 
will alfb be divifible by 256 ; and, if this neW reihain- 
der rtiultiplied by i6, be fubtrafted from the preceding 
one (in ordqr to farther diminifli the coefficient o^ x)i 
the difference 2x + 50^ muft be, ftill, divifible by the 
fame number. In like manner, the double of the l^ft 
line, or remainder, being fubtra<9:ed from the preceding 
One, we have ^— 103?, a quantity, y?/7/,' divifible by" 

456: but — ^ = 20 + -3--- j;ijjcpreforc;r-»-*-3omuft 

be divifible by 256 j^andconfequently ;^ be either equal 
to 30, or to 30 indreafeid by fome multiple of 256 j but 
30, being the Icafl: value, js that required. 

It may not be amifs to add here another £xamp4e^ to 
illuftrate the way of proceeding by this laft method : 

wherein Ictus fuppofc the quantity given to be22Zllt-iL 

1235 

Then, 
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Then, making b = 65 1, the whole procefe will ftand 

as fojlows. 

From - - - • 
fub. - — - - 



1235X 

gSjx + h 



I. rem. 

1. rem. 

2. rem. 

3. rem. 
3. rem, 

4^ rem. 

5. rem. 

6, rem. 



3 -. - 



X 48 



248*- — h 

7 44^ — Ih 

_H3^ -f 4^ 
Sx ^ 5* 

240^r_ 240* 

3^ -I- 244? 



• - - 2^ — 249^ 

- • - ~ * + 493^5 
where, x bein^ without a coefficient, let 493^ or ite 
equal 320943 be now divided by 1235, 'he common 
meafurc to all thofe quantities, . and the reipaindcr will 
be found 1078; therefore x + 1078 is likeivife divi^ 
fible by 1235; and confequently the Icaft value of *• 
(= "35 — 1075) = 157. The manner of working, 
according to this method, may be a little varidd; it 
being to the fame effe<a, whether the laft remainder,' or 
^Z multiple of //, be fubtra<aed from the preceding one 
jor the preceding one, from fome greater multiple of the 
laft. Thus, in the example before us, the quantity 
Z^Sx-^ij in the third line, might have been multi- 
plied by 4, and the preceding one fubtrafted from the 
produ(ft ; which would have given 5;^ r- 5^ ~ (as in the 
fixch^ line) by one ftep lefs.— Jf the manner of proceeds 
ing in thefe two examples be compared with the procefs 
for finding the laijie values, according to the lemma^ th9 
grounds ofthis will appear obvious. 

PROBLEM X, 

Suppofinz ^iA ^^4g ta denote given integers \ u deter-, 
wine the value of x^Juch that the quantities ^ ~ f tzzf 



w 



0tfd —r-^i ma^ all of thm hi integers. 



^9 



^1 



\ 
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By making — .--. C2 y^ we have ^ n 28j> + < j whi^h 



28 



value being fubflituted in our fecond eXpreffion> i( 
becomes -^7* ^"^ ^ whicb> as well as ^, is to be 



^9 

awhole nuniber: but , 7 ^J'^f. 

19 

9;^ + ^. 



r-f/,willbe?=/ + 



19 



, by makifig b :3: 4 
and therefore, iqy and 



i8y + 2^ beii^ both divifible by 19, their difference 
jr -— 2* muft be alfo divifible by the fame number ; 
wbence it is evident,^ that ope value of y is 2^ ; and 
that'2^'+ 19Z (fuppoAng 2^ whole number) will be 4 
general value of jf ; ancT confequendy that x (z= 28y 
+ ./) p 532% + 56* -f ^ is a general value of at, anr 
fwering the two firft conditions. Let tliis> thereforCf 

be fubftituted in the remaining expre^on ^ s ^ which, 

|)y ftat means, becomes 53^^ + S^i + ^-^g ^ ^^^ 

+ 3* + 2l±J(fappormg0 == 11^ f ^ -T^ 3= t2f 

, IS ' 
r— iif-^r-g*) Here 15Z and 14Z + 7.^ being both dir 
yifible by IS, their difjference a -^ 2jSmuft likewife be 
divifible by the fame numbei:^ and therefore one v^lue 
pf 2 will be 2|S, and the general value of z v= 2/S + 
I5sc;; frooi whence the general value of ;r ( si: 5322 + 
56* + e) is given =r 798011; + 10641? + 56^ + /} 
lybich, by reftoring the values of 3, and 0, becomes 
7980^/ + I282s<p — I lj(>qfr^ 1064^. 

Now, to have all the terms affirmative, and their co- 
efficients the leaft poiEble, let «; be'taken p — f + 2/^ 
4- g; whence there refults 4845^ + 4200/*+ 69x6^, 
^r a fl!ew value of j? ; from which, by expounding ey/^i 
and ^, by their given values, and dividing the whole by , 
yg^o, the leaft yalue of x^ which is the, remainder of 
the divifion, will be known. 

f PRO' 
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»9^ 



1/ S^ -¥ ly 4- 112 c:224i it is required U fini ^ 

thepoffible values ofxyy^ and%^ in whole numbgrs. 

In this, 9nd other queftions of the fame kiad» Wbeiv 
you have thr^e, or more indeterminate quantities «n4 
only one equation, it will be proper, nift of aB, to 
£nd. the limits of thofe quantities. Thus,' in the ]>re* 

fent caje, becaufe x is s ^^^"^^^ ^1A and becaufe 

.5 
the leaft values of ^ and % cannot (by thex^neftion) bo 

le& than unity, it i$ plain that x cannot bt greater than 

2 4 7~, f^ Qf ^i . 2nd, in the f^me manner it will 

5 

appear, th^t y cannqt be greater than Ig^ nor % greater 

tbai^ 19 } Which therefore are the required limits in thit 
c^fe. Moreover, fince ^r is =: ^^ ~ T/'-^flz ^^ ^ ^ 



a whol& number^ it it 



manifeft that 5Z_ltl^JI-i muftalfo be aVriude nunv- 

5 • . ■ 

ber : let 2 + i. be therefore conudered as a luiown 
quantity, ^Ad jet the (aope be reprefented by^, andtheii 

the laft expreffion will become ^. . ; from, which* 

5 

by proceeding as above, we ihall get jr = *2^ r= 2Ib 

4- 2 ; whence ti)e correfponding value of x cdmes out 
= 42 —r 5z. 

Let % be how taken r: i, then will x :=: yj and j 
^sz ^ ; from the fprmer of which values, let the coeffi* 
f ient of j^ be, continually) fubtradled, and to the^ latter, 
let that of X be continuallv added, and we fliall thencef 
have 37, 30, 23, 16, 9, and 29 for the fucceffive values 
of;r;and4,9, 14) 199 24, and 29, for the correfpond- 
thg values of y : fvhich are all the pqffible ianfwers when 



I 
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Let % be, now, taken == 2, then jr = 32, and ^ =: 6 ; 
let the former of thefe values be increafed or decreafed 
by the multiples of 7, and the latter by thofe of 5, as 
far as poffible, till they become negative ; fo (hall we 
hav6 39, 32, 25^ 18, If, and 4, for the fucceifive valu/ss 
of ;r, in this cafe, and 1, 6, 1 1, 16, 21, and 26, for the 
refpe£i;ive values of ^ : which are all the 4nfwers when 
X = 2. ' ' ' 

Again, let % be taken = 3 j then, by proceeding as 
above, the corr#(ponding values of Xy and y will be found 
equal to 34, 27, 20, 13,6; and 3, 8, 13, 18, 23, re* 
ipeflively. ^viA fo of the reft : whence we l\ave the 
following anfwers, being 60 in number. 



z 


1 - J' 




X 


/ 

• • 5 


~I 

2 


4 • 9 . 14 • IrQ 

I • b. 11 .lb 


. 24 . 29 . 
. 21 . 26. 


37 . 30. 23 • 16 . 9.2, 
39.32.25. 18. II-4. 


i 
\ 


3 


3. 8. 13. 18. 


23- 


34.27 .20 . 13. 6; 


. 


4 


5 . 10. 15 . 20 . 


.25- 


29 . 22 . 15 . 8 . I . 


' 


5 

6 

7 
8 


2. 7 . 12. 17 . 
4. 9.i4,i9. 
I • 6« II • 16 . 

3. 8\i3. 18, 


22. 


31.24.17.10. 3. 
26 . 19. 12 . 5. 
28 . 21 • 14. 7. 
23. 16 . 9. 2. 


• 


9 


5.10-15. 




18 .11. 4. 


10 


2. 7, 12* 


' 


20 . 13 * 6 . 


II 


4. Q.14- 




15 . 8 , I . 


12 


I. 6. II, 




17- 10- 3« 




13 


3. 8. 


^ 


12. 5. 




14 


S • 10 . 


- 


14. 7. 




IS 
16 


2. 7. 

4 - • , ■ ■ ' 
I . 


* 


9* 2, 

t: : 


< 


3' 




I . 


• 






- 


1 


( 
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PROBLEM XIL 

If lyx + igy + 2IZ =: 400 ; it is propofed to find 
nil the pojjibk values of x^ y^ and z, in whole poftttve 
numbers* 

When the coefEcients of the indeterminate quanti- 
ties A-, J, and z, are nearly equal, as in this equation, it ^ 
will he convenient to fu^itute for the fum of thofe 
<|uantities. Thus, let ;r + 7 + :i be put r: m-j then 
by fubtracSling 17 times this^aft equation from the pre- 
ceding one, we (hall have 2y + 42 = 400 — 17^; and 
by fubtraiting the given equation from 21 times the 
aJTumed one ;v + ^ + z =: w, there 'will remain 
^ + 7,y z=. 2im — 400. Therefore, fince y and z can 
have no values lefs than unity^. it is plain, from the firft 
of thefe two equations, that 400 •— ijm cannot be lefs 

than 6, and therefore m not greater than 1 — ^^^^j or 

23 : alfo, bcckufe by the fecond of the two laft equa- 
tions, 2i;w— 400 cannot be lefs than 6, it is obvious 

that m cannot be lefs than 12 Z — , or 19 : therefore 

21 

19 and 23 are the limits of m, in this cafe. Thefe be- 
ing determined, let ^x be tranfpofed in the laft equation, 
and the whole be divided by 2, and we (hall have 

yzz lOm — 200 -—2* + — : which being a whole 

number, by the queftidn, — muft Ukewife be a whole 

2 

number, and confequently m an even number ; which, 
as the limits of ;7i are 1 9 and 23, can only be 20, or 22 : 
let, therefore, m be firft taken = 20, then y will be- 
conie = 10— 2;p and z («—*••— j^) = 10 -i- x^ 
wherein x being taken equal to i, 2, 3, and 4, fuc— 
fceffively, we (hall have y equal to §, 6, 4, 2, and z 
equal to li, 12, 1 3, 14, refpeftively, which are four 
of the anfwers required. Again, let m be taken = 22 ; • 
then will j^ = 31 — 2Jt?, and « rz at — g ; wherein let 
X be interpreted by 10, 11, 12,13, 14, and 15, fuc- 
ccffivelyi whence y will come out 1 1, 9, 7, 5, 3, and i ; 

O and . 
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and X equal to i, 2, 3, 4, 5, and 6, refpeSi^ely. There-' 
fore we have the ten following anfwers ; which are all 
the queflion admits of. 



y = 



I 
8 

XI 
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10 


II 


12 


,*3 


14- 
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II 
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12 


13 


14 
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PROBLEM XIII. 

Suppojing jx + Qy + 232 ~ 9999 > ^^ is required td 
determine the number of all the anjwersy in pofttive in- 
tegers. 

In cafes like this^ where the anfwers are vtry many, 
and the number of them only is required, the following 
method may be ufed. 

In the general equation ax 4 by -{■ c% :r. k (where a 
and h are Tuppofed prime to each other) let z be aiTumed 
= o ; and find the greateft valu6 of at, and the leaft of - 
yy in the equatiori ax -J- by = /f, thence arifing ; de- 
noting them by g and / ; find, moreover, the leaft poG- 
tive value of « (in whole nuntbers) 'from the equation 
am -Y bn zz c, together with the correfponding value of 
w, whether pofitive or negative ; then, fuppofing q to 
repreferit an integer, the gerteral v^liie of x may be ex- 
prefled by g — • bq — mz, and that ot y by if 4- aq "^ nz ; 
as will appear by fubftituting ia the geiueral expr^IHoti 
ax -{- ly -{■ czy which thereby becomes ag — abq — 
amz -\- bl •\- abq — Inz -{- cz zz k (as it ought to be), 
bec^ufe ag •\- bl ,= i, and all the. reft of the terms 
deftroy one another. And it may be obfcrvcd farther, 
by the bye, and is evident from hence, that any two 
correfponding valiles of m and «, determined from the 
equation am + bn zz Cy will equally fulfil the conditions 
of the general equation ; but the leaft are to be ufed, 
as being the moft commodious.— As to the limits of % 
and y, thefe are eafily determined 5 the former from the 
original equation, and the latter from the general va- 
lue of jf J by which it appears that q cannot exceed 

wherein ^he greateft, or the leaft/value of z is 



g 



mz 



to be ufed, according as the fecond term,, after iubftitu- 

- - tion 



indeterminate Problems. 



195 



tidn for JW, is pojitive or negative. But, befides this^ there 
is another limit, or particular value of ^ to be determined, 
which is of g^eat ufe in finding the number of anfwers. 

It is evident from the given equations, that the. 
values of x will begin to be negative, when z is fo 

inrt'eafed as to exceed € ? ; and that thofe of 



m 



y will, m like manner, become negative, when z is 



taken greater than 



I -\r ^q . 



n 



: therefore, as ' long as 



? 1 continues greater than — 1-fl (fuppofing the 

m ' .' n ' ■ 

Value of q to be varied) fo longs will x admit of a 
greater affumption for z than y will admit of, without 
producing negative values ; and vice verfd. By mak- 
ing, therefore,, thefe two expreffions ecpal to each other, 

the value of ^ will be given ( = ^CZJl^ ) = 2tZl^^ 

am -\- nh c 

expreffing the circumftance wherein both^ the vaJues of 
ic and y^ by increafing z, become negative together. . 
But this holcls, only, when w is a pofitive quantity; 
for, "in the other cafe, the laft term (— ^twz) in the ge- 
neral value of ;if being pofitive^ the particular values do 
not become negative by increafing, but by diminifliing 
the value of z; it being evident, that no 'fuch can re- 
fult from any ^fliimption for Zj but when q is greater 

flian £\ 

h , 

^ To apply thefe obfcrvations to the equation, 'jx -f 

gy + 23Z =:: 9999, prppofed, we {hall, in the firft 

place, by taking s = a, have x = 1428 — y — JLZl? : 

7 
whence the Icaft value of y is given :=: 5 ; and the 

greateft of jt -: 1422. Again, from the equation am + 

hn zz Cj or 7/w + g« =: 23, we have m = 3 — » — 

2n — 2 ^ 

— i in which the leaft, pofitive, valu^ of n is given 

= 1; and the correfponding value of m ::;: 2; andfo 
the general values of x and y do here become 1422 *— 

O 2 9f — 
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gq — 2Z, and 5 + jq — z, refpcdiivcly- From the 
former of which the greater limit of q is given =s 

— — -HI-) or 157 J ; and from 2£r^ 
,9 



,expreflingthelef- 



9 




y = 


N.Anf. 


S — z 
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I 


12 — z 


II 


2 


19 — z 


18 


3 


«6 — z 


25 


4 


33 — * 


32 


&e. 


feff. 





fer hmit, we have 61, for the value of y, when the 
•leaft value of x l)ecomes equal to^ that of jr. Thcfc 
limits being afligned, let q be now interpreted bv 0, 
ij 2, 3,4, 5, fcfc. fucceffively, up to 61, incluuve : 
whence the number of anfwers, or variations of y cor-» 
refpdnding to every interpretation, will be found as in 
the margin. From whence it appears that the arith« 
metical progreffion 4+114- 18 + 25 + 32, JfTr. con- 
tinued to 62 terms, will truly ex- 
prefs the number of all the an- 
swers v^en q is lefs than 62: 
which number is therefore given 

-4 + 61 X 7+4X 31 -J 3485- 
In all which aniwers it is evi- 
dent, that ^y as well as ^, . vifill 
be ppfitive {as it ought to be) : 
becaufe it has been proved that 
the leaft value of ;ir, till q be- 
comes ('zr ^^'^ }=£ 6 1 1, will be greater than that 

c 

' ofy ; which is pofitive, fo far. But now, to find the 
anfwers when >q is upwards of 61, we mUft have re- 
courfc to the general value of jiP j which, in thcfe cafes, 
by the different interpretations of z, becomes negative 
before that of y. Here,^ by beginning with the grcateft 

limit, and writing 1 57, 1 56^ 
155,154, &f^. fuccejflively, 
in the roomof ^, it will ap-^ 
pear, that the number of 
anfwers will be truly ex 
prefled by the feries 4 + 8 
+ 13 + 17+ 22y^c. con- 
tinued to 157 — 61 terms : 
which terms being united in 
pairs (becaufe, in every two 
terms, the (ame fraction in die limit of z occurs) the 

' feries 
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X = 


Z -13 


N.Anf. 


157 


9 — 2Z 


4i 


4 


156 


i8-?2z 


9 


8 


^ss 


27 — 2z 


131 


13 


154 


36—22; 


18 


»7 


J 53 


45 — ^2 


2af 


S2 


(^c. 


^c. 


&c. 
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ieries 12 + 30 -f 48 + &r. thence arifing, will be a 
true arithmetical progreiSon i whereof, the common dif* 

lerence being 18, and die number of terms = ^' ■ ,i 

n 48, the film will therefore be given r: 20880 : to 
which adding 13485, the number of anfwers when q 
was lefs then 62, the aggregate 34365 will be the whole 
number of all the anfwers required. 

PROBLEM XIV, 

Ti determine how many different ways it is poffihle to pay 
loooh without ufingany other coin than crowns^ guineas^ 
andmoidores. 

- r 

By the conditions of the problem we have 5« + 2iy 
+ 272 = 20000 ; where taking x c: o, x is found 

:= 4000— 4jF — i, and from thence the Icaft value 

5 
efy = 0(0 being* to be included, bere^ hy the queftion) : 

whence the greateft value of ;ir is given =: 4000: More- 
over, from the equation $m + %in zz 27, we have 

m 'Tz 5 — - 411 -p- ......i. ; from which » ir 2, and m =: 

5 

— 3 : fo that the general values of x and y^ given in 

the preceding problem, will here become 4060 -—21^ 
■f 32p, and 5^ — az. Moreover, from the given equa- 

tion^ .the greateft limit of x appears to be =: , s= 

27 

740 ; whence we alfo haveCZU!!f = 4ooo + 3 x 74Q 
'^ b 21 

sr 296^ =2 the greateft limit of q 5 and X = 4 Z2 

190, exprefiing the IdTer limit of f, when the value of 
Xy anfwering to fome interpretations of z, will become 
negative, while thofe of y fiill continue ' affirmative. 
To fidnd the number of all thefe affirmative values, up 
to the greateft limit of ^, let o, i, 2, 3, 4, 5, &c. be 
now wrote in the room of ^ (as in the margin). Whence 
it ia evident tb^tthe faid number is compofed of the 

O 3 fcries 
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feries i + 3 + 6 + 8 + 11 + I3> ^V. continued to 

297 terms; which terrtis 
(fetting afide the firft)being 
united in pairs, we fliall 
have the arithmetical pro* 
gfeffion 9 + 19 4- 29 ^c, 
where the number of terms 
to be taken being 148, and 
common difference 10, the 
laft term will ' therefore be 

1479, ^"^ ^^^ *f""^ ofsthe 
• whole progreflxon 110112 : 
to which acjding ( i ) the term omitted, we have I loi 13, 
for the number of all the^anfwers^ including thofe 
wherein the value of x js negative ; which laft mull 
therefore, be found and dedu6iea. 

In order to this we have already found, tbat thefe ne- 
gative values do not begin to have place till q is greater 
than I9p: let, therefore, 191, 192, ig^; &c. b#fub- 

ftrtuted, fucceflively, f<M- ^ ; 
from whence it will appear 
that the number of all the 
faid negative values is triily 
exhibited by the arithmetic 
cal progreilion 4 + 11 + 
18 + 25, ^f- continued 
to 296 — 1 90 terms jwhere- 
of the fum is 39379;* which 
fubtcafled from tic 113, found above, leaves 70734, for 
the number of anfwers required. 

After thd nianner of thefe two examples (which il- 
luft rate the two different cafes of the genowl folution, 
given in the preceding problem j the number of anfwers 
may be found in other equations, wherein there are 
three indeterminate quantities. But, in fumming up 
the numbers arifing irom the different interpretations 
of qj due regard muft be had to the fraftions exhibited 
in the third column expreiEng the limits of z ; becaufej 
to have a regular progreiSon, the terms of the feries in 
tfie fourth column, exhibiting the nuinber of anfwers, 

^ .^ • ^ muft 
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3=2 — 32 

32^—53 
32^—74 
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muft be united by twos, threes, or fours, tff. according 
as one and the fame traction occurs evefy fecond, third, 
0/ fourth, ^c. term (the odd terjns, when there happen 
any over, bfting always to be f^t afide, at the begin- 
ning of the feries)* And it maybe obferved farther, 
that, to determine -the fum of the progrcliion thus arif- 
ing, ft will be fufficient to find the firft term only, by 
anacftual addftion J fince, not only the number of terms, 
but the common difference alfo, wiJl be known ; being 
always equal to the common difference of the limits of 
% (or of the quotients in the faid third column), multi- 
plied by the fquare of the number of terms united into 
one } whereof the reafon is evident. But all this relates 
to the cafes wherein the coefficients of the indeterminate 
quantities, in the given equations, are ftwo of them 
at leaft) prime to each other : I fliall add one example 
. more, to fliew the way of proceeding when thofc co- 
(CiEcients admit of a common meafure. ^ 

P R O B L £ M XV. 

Suppofmg la^+ijy + 20Z — 1 0000 1 J it js required 
to find the number of all the anfwers in po/itive integers* 

It is evident, by tranfpofmg 20z and dividing by ^3) 
the greateft common meafure of x and jy that 4** -f 5y, 

and confequently it's equal 33333 — 62 — ifZl? ,- 

muft be an integer, and therefore 2« — ^ 2 divifible by 
3 : but 32; is divifible by -^j and fo the difference of 
Chefe two, which is a;, -f- 2, muft be likewife divifible 
by the^fame number, and confequently x 3= i -f- fome 
multiple of 3. Make, therefore, i :f 3// = 2; (« be- 
ing an integer) jthen the given equation, by fubftitut- 
Ing this value, will become i2x -^ IS)' + ^Ou + 20 
zz 1 00001 ; which, by divifion, is'c, is reduced to 
4Jf + 5y H- ^ou r: 33327 : wherein the coefficients of a: ' 
ahd y are now prime to each other, and we are to hnd 
the. number qf all the variations, anfwering to the dif- 
ferent ijiterpretattons of «, from o to the greatcll limit, 
inuclufivp, 

O 4 By 
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By proceeding, therefore, as in the slfbrcgotng eafes, 
we haxeA^ = 8331 — j' — -^IZ-l; whence the leaft va- 
lue of j^ is given = 3,/ and the greateft of *• =^8328. 
Moreover, from the equation 4»i + 5« = 20, we have 



n 



»i±:5*^«— Il-j whence « 3: o, and i» := 5, 

Therefore the general values of jr and y (given in PrOf 
hlem 13) do here become 8328 — 5^ — S^> ^^^ 3 + 
4f j from the former of which the greateft limit of q is 

given =: ^ = 1665. |^ow, fince the value of y 

will here continue pofitive, in all fubAitutions for f and 
u (as no negative quantity enters therein).; the whol^ 
number of aofwers wiU be determined by the values of 
x alone* 

. In order to this, let q be fucceifively cxpotinded by 

■j 1665, 1064, 1663, feTr. 
and it will thence appear . 
that the faid number will 
be truly defined by 1666 
terms of the arithmetical 
progreffion I +2 +3 
+ 4 + 5) ^c. whereof 
the fum is found to be 

1388611. 

When there are four indeterminate quantities iri tbc 
.giveii equation, the number of all the anfwers may be 
determined by the fame methods : for, any one of thofe 
quantities may be interpreted by all the integers, fuc- 
ce$vcly, up to its greateft limit (which is eafily de- 
termined) ; and the number of anfwers, correfponding 
to each of thefe interpretations may be found, as aboye ; 
the aggregate of all which will confequently be the 
whole number of anfwers required : which fum, or 
?gf?''^g^te, may, in many cafes, be derived by the me- 
thods given in Sediion 14, for fumming, of feries's bv 
means of a known relation of their terms. But this 
being a matter of more fpeculation than real ufe, I (hall 
now pafs on to other fubjedls. 

i S E C* 
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SECTION xrv. 

The Ifi^efiigatm of the fums of powers of Humbers 
in arithmetical progrejjioru 

BE $ I D E $ the two (brts of progreffions treated of 
in Se^ion lo^ there are infinite varieties of other 
kiodt ; but the laoft ufefut^ and the beft known, tev 
thofe: conllfting of the powers of numbers in arithme* , 
tical progreffion ; futh as I* + .5t* + J* + 4* . . .. «*, 
and i^ + a' + 3* + 4' • . . . ^'> ^Ck where « denotes 
the number of terms to which each progreffion is to be 
continued. In order to inveftigate the futn of any fuch 
progreffion^ which is the deiign of this fefiiony it will be 
requifite, firft of aU, to premife the following 

LEMMA. 
If any expreffion, or ieries, as 

.1. an 1 kn<^ cn^ 1 d^^c. P '"^^^^^^S *^ P^^' 
ers of an indetecmrnate c^uantity n, be univerlally eqtnd 
to nothing^ wfaatfoever be the value of «; then> I lay^ 
the fum o^ the coefficients A — ^^ B -^ i, C — ^, &c. 
of each r^nk of homologous terras^ or of the fame powers 
of *», will alfo be cfqual to nothing. 

For, in the £rll place, let the whole equation 
An + B«* + C«^ &C.I ^ u J- • J J u J 

_ ^« _ in-^ cn^ i^c. J = ^' ^« ^^v>J^d by «> ^i 



we fliall have|_^l^^ 1 ^^. y^ J =05 



and 



this being untverially fo^ be the value of n what 
it will, fet, therefore, n be uken =z o, and it wiU 

become | f =: o 5 which being rejefled^ as 

fuch, out of the laft equation, we (hall next have 

1. i&^tff. J ^^' whence^ dividing 



^♦— tfii' 



agam 
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again by «, and proceeding in. the very fame manner» 
B T- ^ is alfo proved to be n o ; and from thence 
C—Cy D—dj ^c. efc. Q, E. D. 



Now, to apply what is here demonftrated to the pur* 
pofe above fpecined, it will be proper to obferve, firft, 
that, as the value of any progreffion (i*l+ 2* '+.3* 
•f 4* . . . . . »*) varies according as (nj the number of 
its terms varies, it muft ("if it can be exprefled in a ge- 
neral manner) be explicable by n and its powers with 
determinate coeffidents ; fecondly, it is obvious that 
thofe p6wers, in the cafes above propofed, muft be ra- 
tional, or ' fuch whofe indices are, whole pofitive num- 
. bers ; becaufe the progreffion, being an aggregate of 
whole numbers, cannot admit of furd quantities \ laftly, 
it wiU^ appear that the grpateft of the faid indices cscfi- 
not exceed the common index of the progreffion by 
more than unity,; for, otherwife, when n is taken inde- 
finitely great, the higheft power pf n would be indefi- 
nitely greater than all the reft of the terms put together. 

Thus, the higheft power of «, in an expreffion univef- 
fally exhibiting the value of i* + t^ + 3* • • • • •'< 

cannot be greater than «^ ; for i* + 2* + 3* «* 

is nianifeftly lefs than «' (or «* + «*+«*+ fcfc. con- 
tinued to n terms) ; but «♦, when n is indefinitely great, 
is indefinitely greater than tt\ or any ^ other inferior 
power of»,and therefore cannot enter into the equation. 
This being premifed, the method of inveftigation may 
be as follows. ' 



Cafe 1*. To find the fum of the progreffion 1 + 2 + 3 

Let A»* + B« be afiiimed according to the foregoing 
obfervations, as an univerfal expreffion for t(ie vaUie 

ofi-l-2 + 3 + 4 «i wher^ A and B reprefent 

unknown, but determinate quantities. Therefore,- fince 
the equation is fuppofed' to hold uoiverfally, whatfoever 
is the number of tenuis, it is evident, that, if the num- 
ber of terms be increafed by unity, or, which is the (ame 

•things 
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tdiing, if « + I be wrote therein, infteadef ;i,the equa-* 
lity will ftill fubfift, and we (hall have A x n + il» + 

B X w + I ::= I + 2 + 3+4 « + r+T 

From which thefirft equation being fubtraded, there re- 
mains A X n 4 il*— A«* + Bx« + I — B« = »+ii 
this cojat ra<5ted w ill be 2A« + A +B = »+ i j whence 

we have 2A— x x« + A + B — i=:o: wherefore, 
by taking 2A — 1. = o, and A + B' — i =l o (acctrd^ 
ing ta the lemma) we have A = f , and B = | ; and 
confequently i + 1 + 3 + 4 « (=:A»* + ^n)zz 

■— + — , or --, . 

Cafe 2*. To find the fum ofthefrogrejfson 1* + 2* + 
3* . .....«% or I + 4 + 9 + 16 • .,. •«*. 

Let A«': +B«* + C», according to theaforeiaid ob- 

fervations, be aflumed == 1* + 2* + 3* + 4*., .* »*.• 

-;then, by reafcxning as in the preceding cafe, w e (hall have 

A X « + il' + Bx «+ i|* + Cx«+ 1 = i* + 2«# 

3* + 4* . ... . «* + n+ ir i that is, by involving «+ 1 

4k> its feveral power^, A«^ + 3A»* + 3A« + A + B«* 

+ 2B» + B + C« + C = i* + 2* + 3* + 4*.. ..«* 

+ « + i|* : from which, fubtradling the former equa- 



* In this inveftigation-tt is taken for granted, that the 
fum of the progreffion is capable of being exhibited by 
means of the powers .of «, with proper coefficients : 
which aiTumption is verified by the procefs itfelf ; for it 
is evident frora_ thence, that the Quantities A«* + B«, 
and i +2 + 3 + 4 • • • »> under the values of A and 
B there dctern^ined, are always increafed equally, by 
taking the valtie of « greater by an unit: if, therefore, 
they ar^ equal to each other, when » is == o (as they 
a<5iually are) they muft alfo be equal when n fs "i j ai|d 
fo likewife, when n is 2, ^c* ^c. And the fame reafbn* 
|ng holds in all the following cafes« 

tion, 
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tion, we ge t jAw* + , jAw + A + 2B« + B + C 

(2= n - ^ lY) =: «* + 2« -f I > and csonfequendy 

3A— ix«* +3A+ 2B — a X « + A + B+C-^r 
z= O J whence (hy the lemma) 3A — * i =; o^ 3 A 
-J- 2B — 2 =0, and A+ B + C — isQj therefore 

3 3 ^ ^ 6 

and corfequfendy i +4 + 9 + 16.*., 



»* 



«* = ::. + ::, 



+_, or — \ u- 

6 6 



^ Cafe 39. TodeterminetbefumeftbeprogreJIJotti^+%^ 
+ 3' + 4'«-----«'> OJ'I +8+27 +64.....«^ 

By putdng An* + B«* + C** +D«=:i + 8 + 27 

4-64 'i') and proceeding as above, we (hall have 

4A«^ + 6An»+ 4A» + A+ 3B«*+ 3B» + B + itCn 

+ C + P(r:rT "aO = «' + 3^1+31+ I 5 and 
dierefore 4 A — i x n^ + 6A + 3^* — 3 X «* + 

4A + 3B + 2t:— 3 x«+A ^B+C + D — I =0: 
faeoceA =1> B( ^g:::!^^^^^^ (^3-4A->3B) 
4 3 2 . a 

— i.,D (= I — A — B — C) =05 andthcrefiwrc 
4 . 

j^ + 2' +.3' + 4' - . • . . n^ = 2^ + 1'+ l\. or 

4 2 4 

. In the very fame manner it will be 






* X n + il» 



Ibund, that 



«^ . jr* . «2 



» 



»» + 25 + 3^. .,•!!' 



S 2 3 3^ 

6 2 12 12* 

i«+a« + 3«. ..>«« = - + - +--S + -^^ 

7 .2 a 6 4a 



Id 
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In order to exemplify what has be^n thus fa:r deliver^ 
icd) let it, in the flrft plaCe, be required to find the fum 
of the feries of fquares 1+4+ 9 + 1 6, ^c. continued 
to 10 terms : then, by iubftitiiting 10 for «, in the ge- 

neral expreflion , , ! L^ (or —+—+—;, 

6 326 

found by cafe 2% there will come out 385, for the re- 
quired, fum of the progreffion : which, the number of 
terms being here fmall, may be eadly confirmed, by ac- 
tually adding the 10 terms together- Secondly, let it 
be required to find the number of cannon-ihot in a 
fquare pile whofe fide is 5 ; then, by wr iting 50 for n 

in the fame expreflion, ^ ' ^ * " "^ — , we ihall have 

6 

^50 X 51 X lOT^ 42925, expreffing the number of 

6 
(hot in fuch a pile. Laftly, fuppofe a* pyramid com- 
ppfed of 100 ftones of a cubical figure ; whereof the 
length of the fide of the higheft is one inch ; 0/ the 
fecond two inches ; of. the third three inches, ^r. 
Here,' by writing 100 inftead of », in the third general 
exprefEon, we have 25502500, for the number of folid 
inches in fuch a pyramid. 

4 

^ I 

Hitherto r^ard has been had to fuch progreffions as 
have unity for their firft term, and hkewife for the 
common difference ; but the fatpe equations, or theo- 
rems, with. very little trouble, may be alfo extended, 
to tbofe cafes where the firft term, and the common 
difference, are any given numbtrs, provided tfie for- 
mer of them be any multiple of the latter. Thus, fup- 
pofe it were required to find the fum of the progteffion 
6» + 8* + 10* ^c^ (or 36 + 64 + 100 ^c.) conti- 
nued to eight /terms: then, by making (4), the fquare of 
the common difference, a general multiplicatpr, the given 

expreifion will be reduced to 4 x 3* + 4*+5*. ... 10* : 
but the fum of the progreffion i* + 2* + 3*+ 4*. ... 10* 
is found, by the fecond Theorem, to be 385 ; from 
which, if (5) the fum of the two firft terms (which the 

feries • 



# 



ao6 
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feries 3* + 4* + 5* • . . . • lO* w^nts) be taken awiy^ 
the remainder will be 380 5 and this, multiplied by 4^ 
gives 1520, for the trud^ fura of the propofed progref- 
fion : and fo of others. 

But if the firfl: term is not divifible by the common 
difference,, ^s in the progreflidn, 5* + 7* + 9* ^^ 
the fpeculation is a little more difficult j neverthelefs, 
the fum of the feries, in any fuch cafe, may be, ftill, 
found, from the fame Theorems. 

Let t he feries m +11* + m + 2^1* + m + 3^*, . . i^ 

m + «H* be propofed, where m and e denote any quan- 
tities whatever, and wheire n reprefents the number of 
terms. Then, by aftually raifmg each root to its fe- 
cond power, and placing the terms in-order, the given 
expreffion will ftand thus 

/«*+/«*+ w* ... * m* ^ / 

Tme + i^me -f bme .... Q.nme f • Now, it is evident 

^* + 4^* + 9^* . . . . « V J 
that the fum of the firft rank, or feries, is « x nP'\ alfo 

^the fum of the fecond, or 7.me x i + 24-3 + 4 . . . . « 
appears {hy cafe 1 ) to be ime x ^ — ; and tiUit of 



the third, or ^ ^ x i -f 4. 4- 9 -4 - 16 .....«* (Ay f^ 1) 
< "^^ " "^ ^'^^ + ^ : therefore the fum'of the 






Whole progreffion, w + ^ + m + 2g|* + zw + 34* 



• . • 



."^rn;^* is = « . «» + » .r+r. »« + 



» . ,« + I . 2« + I . ^^ 



In like mannej, if the feries propofed be 

m + ^l' + »i + 2^P + fB + 3^}*..«>. m + »^p; then 
may it be refolved 

Tl + I-I- I..... I X rn^ 
into J '^^.-^ 3 n X 1^ 

li + 8 + 27 •.. ..«3 X <?3 



:whofefum,by 



the 
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the aforementioned Theorems, will appear to be 



— I , — ! — . And, by following the fame method,. 

■ 4 , 
the fums' of other feries's may be determined, not oply 
of powers, but Hkcwfe of redangies, and folids, ^c. 
provided that, their fides, or ia(Slors, are in arithmetical 
progrefEon. Thus, f or exa m ple^ lie t t here bd propofed 
th e feries o f re^angles m -^ e . p '\- e + m -\- 2e . ^"+^ 

'+ ^ + 3* • /^ + 3^ . • • • ,+ rn -\- ne. p + ne. Then, 
the factors being adually multiplied together, and the 
terms placed in orders the given feries will be refolved . 
into the three following; ones : 



LH^ +___?^ + ^P . + ^^P 



• • • • 



+ ^P 



fn-]rp.e'\-m-\-p.7.e'tm-{'p,2^'\-m^p,^e... . + m -{- p.ne 

e" + 4^* + 9^» -}. 16^*....+- « V. 

Whereof the, refpe^aive, fums (by cafe \ and 2) are 

2 '^ 6 

and the a^^regate of all thefe, or 

n Y.mp^ . . w + /> . e + : — , e*- \% con- 

2 6 

fequently the true fam of the feries of reilangles pro- 
pofed. 

From this laft general expreffion, the number of can- 
non-fhot in an oblong pile, whether whole o;: broken, 
will be known. For, fuppoling ^ rz i, our feries of 
rectan gl es beco mes f« + i . p -^ \ -^m -h 2 ./> + 2 -f 
w + 3 'p + 3 +;«+« . /> + « i and the fum 



thereof zz nXmp + 



n-\- 1 



2 6 



« + I * 2« -h t ^ 



the number fought : where m + i and ^ + i repre- 
fent the length and breadth of the uppermoft rank^ or 
tire 5 n being the number of ranks one above anoth'eis, 

But 



A 
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I 

But the expreffion here brought o ut may be red uced to 

Ix am+« + i . 2^^-g-fi +" ^ ^ '^~S which 

4 3 

is better adapted to praxStice, and which, exprefTedin 

words, gives the following nile. 

To twice the length, and to twke the breadth of 
the uppermoft rankj add the number of ranks lefs one, 
and multiply the two fums together ; alfo multiply the 
number of ranks lefs one, by that number more one, 
and add 4- of this produ<% to the former; then'^ofthe 
fum multiplied by the number of ranks will be the an* 
fwer. . 

As a rule of this fort is of frequent ufe to petfbns 
concerned in artillery, it majr not be improper to add an 
example or two, by way of illuftration. 

I.. Suppofe a complete pile, confifting of 15 tires, or 
ranks, and fuppofe the number of fhot in the upper- 
moft (which in this cafe is a fingle row) to be 32# 
Then the firft produ6^, mentioned in the rule will be 

64 4" 14 X 2 :^ 14 = 78 X 16 = 1248 ; and thefe- 
cond = 14 X 16 = 224 ; -^ whereof is 74^, and this, 
added to 1248, gives 1322! ; whpreof | part is 33Pj j 
which, multiplied by 15, gives 4960, for the who|e num- 
ber of (hot-in fftch a pile. 

2. Let the pile be a broken one, fuch that the length 
and breadth of the uppermoft tire maybe 25 and 16, 
and the number of tires 11. 

Here, we.have 50+iox 32+ 10 = 60 X 42 == 2520, 
for'the firft produfl: ; and 12 x i o == 120, for the fe- 

cond : therefore -i — x li = 640 X 1 1 r: 7040, is the 

4 
true anfwcr.. 

Having exemplified the ufe of the Theorem, for find- 
ing the fum of a feries of rectangles, I (hall here fubjoin 
one inftance of that preceding /V, for determining the ^ 
fum of a feries of cubes ; wherein the value of the 

fir ft 10 terms of t he progrefS on 2 + ^2!' + 3 + 2/al' 

+ 4 +3/^^' + 5 + 4/2 1' is^c, is required. Here, 

e being 
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if beingxi + v/2i> m wll be = i ; th'erefore, by writing 
lo, I, and I + v^2 for», /n, and <?, refpeftively, inthe 

gei^al expreffioi>, it will becortie 10 + — -^^^ — - ■■ 



, 10 . II \ 21 . I+v/21* , 100 .121. 1+ \72]^ 

+ i + -^— — ^i. n 

2 4 

24815+ 17600/2, the valiie fought. 

If any one is defirous to fee this /peculation carried 
ftxriher, fo as to extend to feri^s's of powers, whofe in- 
dices are fra6lions. ; fuch as fquare roots^ cube roots, 
^f. I muft beg leave to refer to rhy Ejfrys^ where it is 
treated in a general manner* Here I mull defire the 
reader to oblerve, once for all, that the Theorems 
above found will hold equally ^ in caf^ of a defcending 

ferles, fuch as m — 4* + /w— 2^1* fcs^r, or m — A^ + 

, m — - 7.e\^ &c, provid-'d the figns of the fecond, fourth, 
^c. terms be changed j as is erldent from the invefti- 
gation. 

Although the fubjetSt of this Seflion has, already, 
been pretty largely infifted 011^ yet it may not be im- 

^ proper to add a different method, .whereby the fame 
Gondufions will, in many cafes, be moi*e eafily derived : 
in order to AVhich it is heceflary to premife the fubfe* 
quenC 

LEMMA; 

If tf + ^ + f + ^ -f- ^ + ^c, be a feries, whefeof 
Ac terms, j, by o^ d^ Sec. are fo related to each other, 
that the fura, or yalue thereof, can be univerfally ex- 
pounded by" an expreffion of this form, viz. An + B 

y;/ X n — 1 -^Cxnxn^^i ><« — 2 + Dx»X« — I 

X « — • 2 X fk — 3 ^^- « being the number of terms to 
which the feries is to be continued, and A, B, C, D, fffr, 
determinate coefficients ; then, I fay, the values of thofe 
ebefficiejits will be as hereunder fpecified, viz, 

h.±z a 

B 3= — ? "^ ^ 

V P C = 



V • V 



TXZ. 
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ing the difFerences of. the ieverai orders, according .t0 
the preceding corollary, we have • 

i>/4»9> i6»25,36, &c. 
3^ 5> 7> 9^ II, &c. 

2, 2, 2, 2, &C. 
O, O, Oj &c, 

^ Therefore, a in this cafe being z= I, P rr J? Q^= 2| 
and R, S; (^r. each z= o, the fum of th^ whole feries, 
I -f- 4 + 9 X i6 + 25 .....«*, is found = « + 

3« X'n — I , » X 71— I X w — 2 ;! 2;i^ + 3«?+«_ 

■ ' ■ ■ + ■ ■' ■ — ■■■■ ■ ^ '■■ •— 

' 2 ^ ^ 3 - 6 

«X»-fIX2»f+I 



Example 2. .Let it be required to find the fum of n 
terms of the following feries of cubes, viz. 27 + 64 + 
125 4- 216 + 343 + 512, &fr. Proceeding here, as 
in the laft example, |ve have . 

27, 64, 125, 216, 343, 512, &c. 
37, 61, 91, I27yi69,&c. V 
24, 30, 36, 42, &c. 
6, * 6, 6, &c. 

O, 0,&C« 

Therefore, by fubftituting 27 for a, 37 for P, 24 for 
C, and 6 for D, we th ence get 

? 2 • 3 - 



6« X «— I X n — 2X« 



\i i which, abbreviated, bc- 



comes — + :i-r 

4. 2 



2.3.4 

+ ii— + 15W, the fum, or vala^ 
4 - 



required* < 

Example 3.* Let the feries propounded be 2 + 6 + 12 
+ 2Q -h 30, £5^r. In this cafe, we have 

2,^6, 12, 20, 30, &c. 
4, 6, 8, 10, &c. 



2, 2, 



2, &c. 



Hence, 



( 
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Hence, a being cr 2, P = 4, Q^r: 2, and R, S, 
-fciV. each rs o, thcfum oftheferies will therefore he 

^^ '; 4.n x« — ^i , ^;r X w— I X w — ''^ »*-»■ 3«*4 1« 



I " I i< t I •^— — »■■ — '■ ■ ' I »* 



=r ^ X ^^ + 'X ^.4-2 

- And in ihe very fame manner the fum of the ferics 
tnay be trujy found, in alt cafes whtfre the d>ffcrerices 
.of^any order become equal among tberofelves : and even 
in other cafes, where the differences do not terminate, a 
near approximation^ may be obtaijieH, by carrying on the 
procefs to a fufficient length. 



SECTION xv: 

(jff Figurate numbers, - their fums, and thefums of 
their reciptocals^ 'With other mattery of the like 
nature. \ 

THAT feries which arifes by adding together a 
rank ' 
^ Units (calledFig.N'of the iftord.) 
I Figurate numbers of the 2d order 
f 1 Figurate numbers of the 3d order ''^*''-*»-'^* 
^ Figurate numbers of the 4th order 
Figurate numbers of the 5th order 
Figurate numbers of the 6th order 

Therefore the figurate numbers 

ift order 1 ri.i. i. i. i. &e, 

2d order f ii^i. 3. 4.-5. &c. 

of the ^3d order > are < i . 3 . 6 . 10 . 15 . &c. 

4th order 1 I i . 4 . 10 . 5^0 . .35 . .&o. 

5th order J ^ ' • S • ^5 ' 35-70 • &c. 

Hence it is manifeft, that, to find a general expreflion 

for a figurate number of any order, is the fame thin^ 

as to find the fum of all the figurate numbers of the 

preceding order, fo fan Let n he put to denote the 

^ P 3 diftance 




» m 

I 
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diftanccpf any. fu^h number from the beginning of its; 
jefpcQiv-e order^ or the number of terms in the pre- 
. eedi;ig order whereof it is comppfeJ : then it is evident^ 
•by in^Teftronj that the "fiinr-ofthe-firft-order, or the «th 
term of the fecond, will be tr«iy exprefied-by 7k^ the 
number of terms from the begirttiing. It is alfo evident, 
from Seft. 14. p. 203^ that the fujm of the fecond order, 

1 + 2 + 3 + 4*. .. ;?> will be— 4- -- ( =r — X —1—.) 

, ■ • -; T^-; •• ■•• 5t ; '2 i % 

which, acccfrdihg tb the pretttling obfervation, is alfo 

'the value of the"^^>/th term of the third prder. Hence,. 

if the numbers, r, 2,* 3, 4, 5, ISc. be fucceiEvefy wrote 

inftead of n, in the general expreffion -^ + — , we {hall 

■ - -- ->-• 2 ' 2' ■ 
thence have 1 + |,. 4 +,?, f + |, ¥+ t 



IS 



J^> 



l^c, for the values of the firft, fecond, third, fpurth^ 
fifth, &ff. terms of this order, refpedively ; whence i^* 
appearsy that the feries 1 + 3 + 6 + 10 + 15 .+ 2li| 
isTr. may be refolved into thcfe two other?, v/z. 

i + I + i + V + V + ^''^c. and ' 

f + 1 + I + $ + 1 +.1 &c. 
Theformer of which being a feries of fquares, its fum wUl 

4m3 Iff 4f 

therefore be == ^ + ^ ^ ^ (by ca/e 2. j^. 203) and 

64 12 
:/^i^/ of the latter feries (by cafe j. /►. 203) appear? to be 

^— -^- - : and the aggregate of both, which is 

4 4 "* ; 



n 



n' 



n' 



n 



« 4- 1 ,^ // + 2 



) will be the true 



+ L. 4. ^ (or Jl X 
623 123 

ya'ue of the propofed feries 1-^3 + 64. 10+ 15 

fcfr. continued to n terms, and therefore equal, liice- 

wife, to the wth term of the next, fuperior order, 

I +^ 4 + i<3t + 20 4- .35 isTf. Let, therefore, i, 2, 

3> 4j S> ^^' (as above) be fucceffively wrote for n in- 

this general expreffion, -. 4- -« + Z. , and it will be- 

623 

come J 4- I + ^ I + I + 1, +'V + 1 + ^ V + . V^ + f , 

fcff. for the values ;of the firft, fecond, third, fourth, t^c. 
3 . . - . . . ^ . ^^^^^ 



J 
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terms of the jfourth order Tc(p^£tiyelyi whence it ap- 
pears that the ferics i + 4 + 10+20 + 35 &fr. may 
be refolved into tbefe tliree others, viz* 

1 + 8 + 27 + 64. + 125 + 216 f^ 



I + 4 + 


9+- 


6 
16 + 25 + 36 . . . 




1 

.1 + 2+. 


3 + 


2 
4 + 5 + 6... 


• If 


whereof the fums are 


3 

— + — + — » 7- + 
24 12 24 


» 

4 



•I 



9 
12 



and ^ -{^ ^ Ch P- ^^3i> ^"* ^03) ^^^ aggregate of 
00 

which, or JL*+?!+ Li2!+ 'LCnixlli X 
24 4 24 4 I '2 

^ ^ * "^ 2) will canfequently be the true value of 



.3 4 

the whole feries. After the fame manner the fum of the 

fifth orderwiUappearto be " x ^Jtlx!L±2 x 1±3 

X 2, z 4 

X 2-jLf ; from whence the law of continuation is ma«» 

5 

nifeft. And it may not be amifs to obferve here, that 

th6ugh th^ conclufions ihus brought out> ane derived by 
means of the fums of powers determined in the preced- 
ing feftion, yet th.e fame values may be otherwife ob- 
tained, by a direft inveftigation, from either of the two 
genera) methods tht;re laid down. 

In order now to find the fum of the recriprocals of any 

' feries of figurate numbers, fuppofc I + ^ + ^c + bed 
rf bcde + bcdef-k- '&c. to be a lerics whofe terms con- 
tinually decreafe, from the firft to the laft, fo that the 
laft may vanifh, or become indefinitely fmall : then, by 
taking the excefsr of every terrn a bove th e next foHow- 
ing one^weChall have f — by ^ X i — ^ c, ^c x i — rf, 

' bed X 1 -r-^, b(de x 1 ^^/i&c. The fym of all which 



. 



/ . 
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is, evidently, equal to the cxcefe of thefirft term abova 
the laft, or equal to the firft term, />^r^/j ; 'becaufe the 
lait is fuppofed to vsmifli, or to be indefinitdv fmall in 

rcf peft of the fir ft. H ence it appears ^ that i j -. ^ + 

h X I *^ c +bcxi -^d + hed K I — e + 6cJe X I — / 
&c. = r. * ^ ' * ' 

Let* benowtakcn = *,f = 1±1, d = ^Ltj: 

a a -i- p . « + f 

( = — Z— > / = ; . , &c. Then, i — ^ being i= ' 



fl -f- r 



tf. + s 



a 






— > I — ^ n s- 



^ +r. 



&c. weihall,- by ftibftitutmg thefe Tcveral values in the. 
above equation, have ^^ »- ^ x + — X 









- — 11 X y-.+ — X ^ X ^ X ' + &c. 

a -^p a ^q a a -^ p a ^ g a-t r 



m 



zz I ; and confequently i -f 

d-^p 

j!Lx mM X ^ +&c.=, 

a.fp a. -\-q 
'the whole by 



m 



m-^-p 
a+p a-{- q 



X 



a 



a +r 
m 



a 



m 



; by dividing 



a 



Hence, if $f be taken = 2/>, r n 3^, ^ zz 4^, &(r. 



/« 



and /? be put zz ^ + ^j . we Ihall have i + -« 4. 

J'.lTp- , FT+J^Tt.} |TJT7T0+2t/>.^-f 3/) 



-f &c- ^rf infinitum^ zr 



1 — ; which, when 



jS — p — ;n 
/> zz I5 becomes | 4- — + j« 1- 1 

+ &c. ZZ"- ^~i — .: this, by taking m -zi 1 an4 

I . I . a / I • 2 r 3 



fi, =: «, gives I + _ + 

^ ^ » «.«+ I 



n . «+i . « + ^ 



+ 



and their Reciprogals. 
^ . 3 • ♦ 



diy 



» . « ^ I ♦ » + 2 .» + 3 17—2 

biting the general value of a feries of the reciprocals of 
figurate numbers, infinitely continued ; whereof theofr* 
der is rfepfefented by n : from Avhence as many parti- 
cular values as you pleafe may be determined. Thus, , 
by expounding n by 3, 4^ 5, ^c, fucceflively, it ap- 
pears that 

- I ,1 , I , I c 

I + - + ^ + ^ 4 ^ Sec, =2y. 

36 10 15 

4 . 10 ^ 20 s 35 2 . 

I +.i + i- H- J- + J. &c. zz±. 
5 15 35 70 3 

And fo ^n, for ^ny higher order ; but the fums of the 
two firft, or loweft prders cannot be determined, thefe 
being infinite. ; 

By interpreting and m by difFerent values, the fums 
pf various other ierics's may be cleduced from the vfame 
general equation. Thus, in the firft place, let 13 

wH" 2 ; fo Ihall the faid equation become i + 



m 



/» -f 2 



m. /»+ I . m ,m+ i 



-f 



m . jw-f I 



- — -' — - &c. 



W-I-2./W + 3 ^ + 3.^^ + 4 w-f 4.W + 5 

^••mm^imm igi II im 

n ;w H- I J which, divided by m.m 4- 1, gives 

T I .1 I 

- + 



ni./Tfy^i m-i-i ,m+2 ;w-f2.wa-i-3 .w + 3.« + 4 



&c. = 



m 



Again, by taking rz m - f 3^ a nd dividing the 
whole equation by m, m -^ x . /w + 2, we have 

1 - . I ... 



m.m '\' I ,m -\' 2 



/w+i./;i+2.w4"3 

I 



■—'■■ ) 



&€. == - 



«si-i-2jOT+3.»i+4 



M .m 4- 1,2 



Ir^ 



^ 



«f8 
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Inlikemannorwefliallhave— 

m,m +1 .;«4-2.;fe+3 



From whence the law for continuing the fums of thefc 
laft kinds of feries's is manifefl: -, by which it appears, - 
that, if iflftead of the laft faSor in the denominator of 
the firft terni) the excefs thereof above the firft fador be 
fubftituted, the fraction thence arifing will truly exprefs 
the value of the whole infinite feries. 

A few other particular cafes will further fixew the ufe 
cf the general equations above exhibited. ; 

Let the fum of the feries i,+ -- + ix^ + 

5 5 7 

£- X il X — X ^kc, ad infi^ 
5 7 ? 5 7 9 II • 

<«/», be required. 

Here, by comparing the propofed feries wid^ i -f .^ 

^m^m^ +&C. (=_±I± 



ix±xi+ 



) we faayen =: 2) 



fi n $y and /» =: 2 ; and confequendy 



B-P ^3 



$ — p^m 



r: the txtit value of the feries. 
Let the fum of an infinite feries^f this form, vi%, 

_J[ + 1 + - — I + &c. he de- 

1.2.3&C. 2.3.4&C. 3.4.5 &c. 

manded. 

Here (according to the preceding Vufe) we have 

&c. =: — L— . = I ; 



1 . 2 

I 



e«ii>ii 



4 
I 



I • 2t . 3 2 . 3 • 4 



3-4-S 
^ I 



&c. = 



j.2.3.4 2.3.4.5 3-4-5«6 



&c.r: 



I 

I I 

1 -2 . a"* 4' 
I ; I 



1.2.3.3 



15' 
If, 
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If, inftead of the wbole iofiaite feries, you want the 
^m of a givea number of the leading terms only; then 
Jet the value of the remaining part be found, as abvue^ 
pxtA fubtraded jlrom the whole, and you will have ypur 
defire. 

Thus, for inftapce, let it be required to find the fum 

of the ten fit& terms of the ferks — L. -f ..J^ -f -JL. 

1.2 2 .3 3.f 

4- t^.c. Then the remaining part, .., -f 

4»S ' II . 12 

> I I + . . ... . + , ■ ■ £sftf. being = — (by tht 

J2. 13 13-14 14- 15. II 

rule ab^ve) and the whole feries ml,' the value here 

fought will therefore be i •«-* — zz -^ • The like of 

II II 

pthers. 

The fums of (eries's ariiing from the multiplication 
of the terms of araak of figurate numbers into thofc of 
a decreafing geometrical progreiSon, are deduced in the 
following manner. 

* By the theorem for involving a binomial (given at 
p. 40. and demonftrat^d hereafcer) it is known that 

' (or I '—xV^) iszr I +mx+m . ^ijLi 



** 



^ 3 2 3 4 

&c« In which equation let m be expounded by i, x, 3, 
4, 5, &c. fucceffively, fo (hall 

w — L. =2 1 + * + ** + x' + #♦ + «•' + &c. 
I — 4 

a^ ^ = I +2* +3** + 4*' + 5** + 6;r'&c. 
= l + 3*'4- 6j»?*;4lC4r» + i5Jir* + 2u' &c. 



L'. -— i — = I + it* + 10** + 20*' + 35«* + s6*» &c. 



' ^^ 



" • 



aao 
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6^ 



I — x\ 



=:i + 6;ir+ 2lAf* + 56jf^+i26;r* + 252Jr5 &c. 



All which fcries's (whereof the fums are thus given) 
are ranks of the difFerent orders of figurate numbers, 
multiplied by the terms of the geometrical progreflion 
1, Xj x\ x\ x\ &c. 

I 

From thefe equations the fums of feries's compofed 
of the terms of a rank of powers, drawn into thofe of ' 
a geometrical progreffion, fuch as i + 4V +* qx*-i= i6x^ 
&c.and I + Sa*-!- %jx^ + 6^x^ &c. may alfo be de^, 
rived ; there b^g, as appears from the former part of 
this fe<ftion, a- certain relation between the terms of a 
feries oiF powers and thoic of figurate numbers ; the lat- 
ter being there determined by means of the former. To 
Und hire the'*ronverfe relation, or to determine the 
former from the latter, it will be expedient to multiply 
the feveral equations above broug-htoat, by a certain 
number of terms of an affumed feries i -f Ax + Bx* 
-f C*-^ &c. in order that the ix>efficients of the powers 
of x may, by regulating the values A, B, C, D, ^€» 
become the fame as in the feries given« 

Thus, if the feries given be 1 + 4^ -f gfx"^ -f i6;t3 -f 
25X* &c. ; then, by multiplying oor third equation 

by 1 + Ar, we fliall have Lst — 1= i + 3 4- A ^ a* 

+ 6Hr 3 A X x^ + 10+ 6A XAT^ + &c. which fcrles, 
it is evident by infpeilion, will be ^xaftly the famc^ 
in every term, with the propofed one, if the quantity A 
betaken cz i, ThQ fum.of the fai4 feriesy infinitely 

(Ccjntinued, is therefore truly reprefented by 



.1 + X 



'X\ 



h 



In like manner, if the fourth equatio 



^* 



I + 4* + 10*' -f 20 v' + 35** &c. |je multiplied by 

I + 
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I + A;r + B;r% therewill arife L±J^l±J!f!= 1 + 

4 -KAx.r-j-jo + 4A-f Bxa-*4: 20+ loA -f 4I5XA:' 
&c. where, the feveral terms of the feries being com- 
pared with thofe of the feries 1 + 8^; + 2yx^-\- b^-x^ kc. 
>ve have 4 -f- A rz 8, and 10 + 4A + B := 27 ; 
whence ,A zz 4, and B =: i 5 and confequently, by fub- 

ftituting thefe values, — "^■. zz i ^ 2x -f^ 2*jx* 

Again, by multiplying the fifth equation, ^ r= 

1 — A^ 

1 + S* + 15^* + 35x'&C.by I + Ajp -I- B;f* -f C;r% 

. It becomes — L — .. =:i+5+Ax*'4- 

I — x^ 



J5 + 5A + B Xa:* + 35 -f>i5A + 5,^ +C XA'''&c. 
And, by comparing the feveral terms of the feries with 
thofe of I + i6;i? + 8ije* + 256^^^ &c. we get 5 + A 
z= 16, 15 + 5A + B = 81, and 35+. 15 A + 5B + 
0=256 : whence Aczii, B (r:8i -7- 15 — 55) = f i, 
and C ( == 256 — 35— 220) = \ ; and confequently 

By proceeding the fame way it \viH be found, that 

I— ~S 

4V + &c. &c. 

Andj- imiverfaUy^. patting a zz m^ b zz m . > -"^ - , 

2 

tf n »i ; ^7^ . 2 ) &c. and multiplying the gene* 

23 

ral equation^ , ^ !=: i -i- ax f kx'' +a'^+ dx^ he. 
by I + A;f + B;t* + C*-^ + P;r* &c. there arifes 

I — A' ; - 



' / 



\ 
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+ b ^aA + B X ** + ^,-h M + iiB 4- C X j^'&g. 
The terms oir which ferieis being compared with thofei 
of the feries i + a^jr + fx^ + 4 V + 5V, &c. 
wehave A = 2" — a, B z= 3" — <7A — A, C = 4" —» 
tfB— AA — f» D = 5' ^ flC — AB — fA — rf, &c; 
where the law of continuittion is manifeft ; and where, 
from the law obferved in all the preceding cafes, it ap- 
pears, that the value of m muft exceed the index /r, of 
the given feries of powers, by ari unit; and that 
the feries i + Aat + Bjr* + Cx^ Sec, will alwavs con- 
fift of « terms ; wherepf the coefficients of the nrft and 
h&y the fecond and laft but one, is^c. will be refpedively 
equal to each other : fo that, haying found fr6m the 
preceding equations as many of the quantities A, B, *C 
&€. as are cxprcffedby f«— • i, the others wHl be given 

from thence, and confcquently, ^ + A^ "^^^^^Cx^f^a 

. the true value of the propofed feries i + i^x + 3V 
+ 4"x^ &c. Thus for example, let ;2 =z 6 : then 
« = 7 =: tf, A = 28, A =: 64 — 7 r: 57, B =r 729 
— 399 — 28 =: 302 ; and therefore 

» + 57^+ 3Q^^' ■^ 3Q^^'-f 57^^ + ^' - , j. o«^ j. 

3 V + 4**' &c and fo of others. 

Thefe equations, or theorems, give the fum of the 
whole feries, in6nitely continued; but from thence 
the fum of any affigned number of terms may be deter^^- 
mined, not only when the coefficients are a ieries of 
powers, but like wife when they are produced by fa<£tors 
that are uni^qual: the method of which I flSall in- 
ftance in finding the fum of / terras of the feries 



g — ' yi . as^"*"**^ +&C. ' Which feries, by aftually mul- 
tiplying the faflors together, is refolved into the three 
following ones. 



fg^ 
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v^The fum of the firft of th«fe, infinitely continued^ 
fuppofing jt? == 2% will be = -i£^ — ; that of the fe- 



cond =: — ^Li-|Ll^i and that of the third zz 

I — *l* 



.^ ^ ' v ^ , iy wiat has Been above determined \ and 



confequently the fum of al l the three equal to 

,^_ y,fS^f±±JZ + ^Jll^zz the Whole infi. 
l—x l—x J ^ x\* 

nite feries/— J. g — f . z''+/~2p . g — 2q . z''+'='^ 
{^e. But the fum of the t firft terms on!^ |s wanted ; 
therefore the fum of ail the remaining terras, after the 
/ firft, muft be found in like manner, and be deduced 
from the fum of the whole, here given. Now, to do 
this, we are firft to- get the leading term of the (aid re-J 
mainingones ; whichv according to the law of the feri^s, 

will be expreflTed by y ^- p — tp . g — ^ — /^ , i''+'^ '• 
whence, ^f we tnake f ^r tp ^=^ h^ g --^ /^ ^ i , and 
r -\' tv :=. 5, it is evident, that the feries to bededu<5tcd 

will be h — p A — f . z* + h — 2p . k — %q . 2i'+'» &c, 
which having the very faipe form with that firft pro- 
pofed, it's fum will therefore be had by» barely, writing 
h foT/y k for g^ and s for r\ in the value above dctzx'^ 
ipiried : which, thereby, becomes 



I' — » 



la 



124 '^^^ S ^ Ml 8 of,' &c. 

In the fame manner^ fuppofin^ the t firft terms of the ' 

feries g — p.b — p , t — /> • d^^p. &c. X 2;'' + ^» — 2/)* 

h-^Zp . c — 2j) . d — xp . &c. X a''+'^^c. were to 
be required j by putting the continual produci of aH\the 
quantities a^ by i^ d^ &c. n= P ; the fum of all the 

P P P 

produfts (— 4. «. + _ &c.) that ^Ife by omitting 

a b c ^ ^ ' , 

one letter in feadh, ' = Q^; the fum of all thofe 

P P 

(*^ -f — &c. by omitting t^wo letters, = R> ^c. 
ab ac 

we fhall here have 



_ CL p , R/>^ > 1 + ^ _ 



2. 



I. • v i — *" ■ —" ^ ar > 

&c. for the fum of the whole infinite feries: and* if 

we make a 'zz a — tp^b •:=! h — //>, r •=. r •\- tvy &c* 
it is evident that the Uim of the remaining terms, after 
the t firft, will be truly expreffed by 









&c. where x =; z*', and P, Q^, R, S, &c. are th^ 



I t t I 



fame in relation, to a^ by Cy dy i^c. as P, Q^, R, S, Wr. in 
refpeft to Oy by Cy dy &c. 

A multitude of other cafes and examples might be 
given, there- not being, in the whole fcope of the 
mathematical fciences, a fubje<9: of greater variety and 
intricacy than this bufmefs of feries*s : but to purfu^ it 
farther here would be inconfiftent with the. general plan 
of this work. Such, therefore, who are defirous of 
a greater infight into the matter, may, if they pleafe, 
»turn to my MifccUanies, where it is carried to a greater 
length. 

' From 
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From die feri^'s for figurate numbers,' derived in 
the former part of this feiftion, the invcftigation of 
a general theorem for determining how many dif- 
ferent combinations any number of things will admit 
of) when taken two by two, ^three by three, i^c. n^ay be 
very eafily deduced- Let ^e numbir tf things in each 
tombinhtton bei firjiy fuppojed two^ pnly i and kt n iHf 
:Wiiverfally^ put to repreftnt tie whole numbir if things^ cr 
letters^ a^ by c, d^ Sec. to be combined. When the num* 
oer of things is only two, as a and bj it is evident thal^ 
there can be only 9ne combination (ab) ; but, if « be 
increased by i, or the letters to be combined be ^ree^ 
as, ay bj r, then it is plain that the number of combina- 
tions will be increafed by 2% the number of tbe preced- 
ing letters a and b \ fince,. vrith each, of tbofey the new 
lettcf c may be joined ; and therefore the whole num- 
ber of combinations, in this cafe^ will be truly mc* 
prelled by I -f* 2. Again^ if n be /increafed by one 
more, or the whole number of letters be four, as a^ /^ 
c^d; then it will appear that the number of combina- 
tions muft be increafed: by 3, fmce 3 is the number of 
the preceding letters, witn which the new letter d can 
be combined, and therefore will, here, be truly ex«* 
pounded, by i + 2 -f 3. And, by reafoning in the 
fame manner, it will appear, that the whole number of 
combinations of two, in five things, will be I -f 2 -f 
3 -f 4 ; in fix things, I + 2 + 3 + 4 + 5 ; and in 
feyen, i + 2+3 + 4+S-f 6 ;. fcTr, Whence, uni- 
verially, the number of combinations of n things, taken 

two by two, is =: 1 + 2 + 3 + 4 + . • . . . w — i : 
which being a feries of figurate numbers of the fecond 
order, wherie the number of terms is » -— i, the fum 
thereof, by cafe i* p. 203, will therefore be truly de- 

fmed by — 



_^ X _9 pr » X . 

I 2 2 



Let now the number of quantities in each combination he 
fuppofed to he threes 

« « 

Jtls plain, that, in three. things, j, by ^, there ca]> 

Q^ * be 



/ 



/ . 
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ke ionlf pne combination ; but» f^if n be increafed by i# 
'<ir the aumber of things he 4^.23 aj b^c^dj then will the 
number of coinbiniition% be increafed by (3) the number, 
of all tbe combinations of two> in the preceding letters 
ajbyd flnce with each two of Jtjstofo the new letter d 
•umy be combined ; therefore the number of combiiia* 
tions, in this .cafe» is i -|- 3. Again> if n be fuppofed 
to be Jncreafed by i more, or the number of letters to 
become fiye, as a^ by c^ d, e -, then the number of 
combinations will be increafed by fix more ( = i -f 2 
'+3)9 ^^^ i'» ^y ^' ^^ combinations of two, in the 
four preceding letters^ a, bf c^ d; fmce, (as before) with 
each two of > thofe, the new letter e may be combined. 
Hence the number of combinations of n things, taken 
"diree by three, appears to be i + 3 + 6 -f 10 &c 
continued to » -^ 2 terms ; which being a feries of figiurate 
numbers of the .third order, the value thereof, by what 
is before determined, (p. 214^ will be truly ex|H-efled by 



!!±ixl-£ 



mm 9§ 

X ~) or, its eiqua], x 

3 I 



ixiri 



And univerially, fince it appears, that increafing the 
number of letters by i, always increafes the number 
of combinaticHis by sul the combinations of the next in- 
ferior order with the preceding letters (for this obvious 
reafon^ that to each of thefe lafl: combinations, the new 
letter may be joined)^ it is manifeft, that the combina- 
tions, of anjr order, obferve the fame law, and are ge* 
nerated in the very fame manner as iigurate numbers j 
and therefore may be exhibited, by tl>e (ame general 
cxpreifions.j only, as Aere arcfi, 3, 4, 5, C^r. things 
nece&ry to form the firft, 6r one fmgle combination, 
according to die different cafes, it is plain, that tiie 
number of terms miift be lefs by 1,2, 3, &fr« refpec- 
tively, than {n) the number of .things ; and therefore, 
inilead of ny in the aiforeiaid general expreffions, we 
muft fubftitute 11-^ i, «*— 2, or w-^ 3, fcfr. refpcdively, 
tD have ike true value hire. Hence, the number of 
combmations of two things, in n things, will be 

d » i. K-*^ or-^Xi« 'jOtOwsc^ iX, K— » 

I 2 J 2 I ; 2 ^ 

. or 



<^ 



/ 



Of the BmoMiAL Theorem? 227' 

ofilx!L::il5c2z:2iof/our,lhi3xinix!lzii 

, if a 3 ' .2 3 ' 

X—, or — X . X ^ X 9 {Vid. p. 2tS) 1 

4 I ^3 4 ^ 

Whence univerially, the number <^ combinations in the 
number, n, of diingSi taken two hy two, three, bj three, 

&c. TOHbeexpreffcdbylxlZlixlZlixlZli 

I ^ ' 3 4 

&r. cotitinued to as many fsiAdrs as there are things ih 

each conobination. 

From this laft general expreillon, fhewing the com- 
binations which any number of quantities will admit 
of, the known theorem for. raifmg a binomial, to any 
-given power, is very -eafily, and naturally derived* 

+ hi 

•- For it is plain that tftf ^ > a + tc ^ a-j-i X a+c ; 

-hn in 

which, multiplied by <?+<^ gives a^+\r > a* + bd'> a + 



-hn tn 

-hd} cd} 



h£d =V+ txa + €Xa 4- i^s and this, again, muttU 
plied by a -f <, ogives 

+ be 

+ bcd^ 

+ cde) 




Whence it appears, ^ that the coefficient 0/ 17, in tbc 
fecond tern\, is always the fum of all the other quantities 
by Cy dy &c. added together ; and that the coefficient of 
the third term is ^e fum of all the produt^ of thofib 
quantities, or of all their poffible combinations, takeii 
two by two ^ fince, from the nature of multiplicaiion, 
they muft be all concerned alike, in every term : whence 
it is alfo manifeft, that the coefficient of the fourth term 
muft be the fum of aU the (bUds 6f the (mt quantities 
or of all their poffible combinations, taken three by 
three, iic. isfc, ■ , 

0^2 Hence, 
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Hencf 9 if the number of the quantities h^ Cy d^ e> frc. 
or the number of the fa£):drs^ a •{- t^ a + c^a -{^ i^ 
a 4- ihcc. t6 be multiplied continually together, be , 
denoted by » ^ it foHows^ th^ the number of letters, or 
quantities in the coefficient of the fecond term of die 

Erodad will likewife be denoted by n\ that the num- 
er'of all their produ^ti, or of all the- combinations of 

two, in the coefficient of the third term, will be « x . 

2 

(it having been (hewn above that the number of com- % 
binations of » things, taken two by two, ^ is n X ^.'*"^) ; 

2 

and that the number of all the fofids of diofe quantities) 
or all the combinations of three, it! the coe^cient of the 

fourth term, wilt be « >c iTli X ^ ~ ^,£5fc.Therefore^ 

, a 3 

if all the quantities ^, r, ^, /, &c. be now taken equal 

to each other, it is evident, that a -^ h x a -{^ c X A-^d 

X a + fSic. win becomes + Sxa + hxa + bxa^k-lf 

&c, or a + bY \ and that the coefficient of the poweir 

of a J in the fecond term of the produdl, will be/ni ; m the 



third n x 



ft ^ 1 



b* (fmce all the redangles, as wdl as 



all the folids, ^r. do here become equal ); and in the 

f b^ Sec, But it is evident, from 



fourth «xln£x - 



^ . 3 . 

the nature of multiplication, that the powers of #, in 

the fecond, third, fourth, fcfr. terms ota-^h nlkd to 
the po^cr », are a'^'y a"^\ «''"'», Isfc. Therefore 

a + b\ 0T a + b raifed to the power «, is truly ex- , 



preffcd by « " + »i/i*"' + » X 1— i A* a 



+ »X 



•*-2 



b^ fl"^' £jf^. or a^+nJ^^b + « x 



« — I 
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SECTION XVL > 

Of Intereft and AntmUes. • 

INTEREST may be either (imple or compou^: 
Simple IntcTcft is thai: whicivis paid for the loan of 
aAy principal, or fum of money^ lent out for fome li- 
mited time, at a certain rate per cent, agreed upon be- 
tween the borrower and the lender, and is always pro* 
pordonal %0 the time. Thus, if the rate agreed-upon, 
be 4 fer cent, per annum^ Qt^ which \% the ianie, if thic. 
tntereft of lOO/, for one year be 4/. then the fimple in- 
tereft of th^ feme lum for two years, will be 8/. for 
three years 12 /. and for four years 16 /. and fo on for 
anyother time in proportion. ' 
. viompound Intereft is that which arifes by leaving thft 
fiqnple intereft of any fum of money, after it becomes 
due» together with the principal, in the hands of the 
borrower, and thereby conirerting the whole into a npw 
principal. Thus, he who lets out 100 /. for one year» 
at the rate of t^fer ant, has ^a right to receive 104 U at 
the year's end i which fum he may leave in the bor* 
rower's hands, a fecond y^ar, as a new principal, in 
order to receive intereft for die whole ; and this inte* 
r^ (which will be found 4/. 3/. 2y^/. j together with 
4 /. the intereft of the firft principal, for tile ftrft year, 
will be the . compound intereft ot icq A for two years ; 
and fo on, for any greater number of years. But I ihaU 
firft give the inveftigation of'the theorems for ilmplc 
jQtereft, , 

Let the rate feir cent, or the intereft of 100/. for one 
year zz r \ the months, weeks, or days in one yeair 
zz t \ the months^' weeks, or days which any fum, a^ is 
lent out for r= n \ and the amount of that ilim, in th^ 
faid time, v/z. prihcipal and intereft, :;:: b. 

Then it will be as too is to r (the intereft of 100/ )lb 

is the propofed fum (a) to ._L, the intereft of t^at fum^ 

ioo 

f^t the iame time. Again, as t^ th(C time in which 

Q.3 - *• 
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die faid intereft is produced, is toff(the time propoki)h is 

£-, the intereft in the former of thefe times, to fULf 
lOO lopf 

that in the latter $ which, added to tf, the principal, gives 

£I9IV 

a + , z= b (the whole amount) : from whenc^j wc 

100/ 

ir i_ ' lOOht toot X T'—lt J 

100/ + wr an \ 

100 x^-^g . ^g y^^ of which equations^ or thcorcmSt 

• tfr. 
will appear by the following ^etamples. 

JExamp. I. What is the aQiount of 55p/. at 4 ]^^r. 
f<«#, in fev^o months ? • 

In this cafe we have a =s 556, r =: 4, / = 12, ;{:;=} ^ 

andcewfcqucntlytf + ifL =: 550+ 5S2iZif,=r 562^ /. 

€U s6%,L i^t» %i. the tri|« Villus 6>ught 

Examp. 2, What is the intereft of i /. for one day, at 
the rate of 5 ^^r f^»/,'?* 

Here r being = 5, tzf 365* <» :;= i, and « =: i, we 

have f2L z;: ^--7- = — -^^ = 0.000x369861 

loqt 100x365 100x73 

^c* =: the decimal pacts of a pound required. 

. Examp* 3* Whatfum, in ready money, is equivalent 

to 600 A <hie nine months bence, -allowing 5 ferceM. 

difcount? 

^ Here r being 2= 5, f = 12, a ::? 9, and ^ 2= 600, we 

1. /I crv ^«>— io©x6ooxi2 - ^o , 

have a (h Theorem 2) = — . =^ 578,31 V* 

^ 100x12+9x5 -"^ -^ 

or 578 /. 6s» 3$ rf. which is the value required, 

Examp. 4^ At what rate pf intereft will 300/. in fif* 
teen months, amount tp, or raiA a ftock of 330 /. ? 

In this«cafe we l^avc given /= I2,« z= i5)^:? 300, 
and h = 330 5j whence (6y Theorem 3) r will come out 

= >oox 12 X30 _ g . ^^^f^^ 8 /#r f<»^ is the rate 
t^uired^ 
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Exam. 5. In how many days will 365/. at die rate 
of 4 per cent^zmo\xnX, to> or raife a ftock of 400/. f 

Here {by Thecrm 4 ) we have « = 100x365x3^ 

, 365x4 

^C: 875 :=: the number of days required. 



Pf Annuities or Penjions in arreary computed at' 

Jintple Inter^. 

Annuities or penfibns in arrear are fuch, whicfai bein^ 
payable, or becoming due, yearly, remain, unpaB anv 
^uimber <>f years : and we^are to compute what all tbote 
^payments will amount to, allowing fimple .intereft for 
their forbearance, from the time ^ch particular pay- 
ment becomes due : in order to which» 

{A rz the annuity, penGon, or yearly jrent. -" 

» !± the time, or number of ye^rs, it » (orboriu 
r = the intereft of x il for one year. 
m "=£ the amount of di^ annaiiy and its intereft. 
Then, as i : r : : A : r A, the intereft oi the propofed 
^m or p^iton A, for one year ; which, as (he laft year's 
rent but one, is forborn onjy one year j will e;tprefs the 
-ybQlc intereft of that rent, or payment : moreover, ftnce 
the Jaft year's rent but two is forborn two years, its in- 
tereft will be 2r A^: and, in the fame manner, that ^of 
the laft year's rent but three, will appear to be 3rA, ^c. 
&c. when^ it is mantfeft that the fum tpt^ of ^ thefe, 
or the whole intereft, to be received at the exjuration of 
n years, fpr the forbearance of the propc^ed annuity or 
peniion, will be truly defined by the arjithmetical fpro- 
^reAon r A + 2r A + 3r A + 4r A + sr A ^c. continqtd 
tort"-^! terms, that is, to as many terms as there are 
^ears, exoeptihg the teft« Btft the fum of this pror 



« — •! 



^rc$an is equal to « X x rA (by The^r,^ Se^. la. ) ^ 

Therefore^ if to^^fj, the aggregate of all the rents, or «A» 
|e ^(dded, weiihaU liaye nA -f 



«XW— I 



^ rA = m •• 



\. 



r » 



/. 



' \ 
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vrhence wc, alfo, have A = 



m 



» + If X 



»— J 



■ ■ nr 1 ' ^ ""g ^ 



X r 



r ■** ^ I 1 ^"^^ ** "^ V I + \^*- — '^5 fop- 

«X» — ixA ^ r A 

pofing^r: I — ^. 

Examp, I. If 6oo/. yearly rent, or penfion> be for- 
born five years, what will it amount to, allowing i^per « 
eenU intereil for each payment, frpm the tim? it beconies 
due ? 

Here we have given A :;= 6oo, « = 5, and r rr .04^ 
(for as 100 : 4 : s i : -O^j which values fubftituted in 



Thifprem i. give jw zz («A+ 11 X 



n 



Ar z= 300oHr 



240} == 3240 /.for the value (hat ly^ to be found. 

Examp, 2« What annuity, or yearly peniion, being 
forborn nve years, will, in tlmt time, amount to, or raife 
a uock of 3^40./. at 4 per cenU intereft ?. 

'In this cafe we have given n.zz 5, r n ,04, andm =7 

3240, arfd therefore, by Theorem 2, A( = 



. zz, .^.T — ) z= 600 i which is the annuity rcq^irt?d. 
5 + '4 

Examp,'2' At what rate o^intpreft will an annuity of 
560 /. in feven years, raife a ftock of 4508/. ? 

In this cafe we have given A =: 560, » = 7, andftf = 

4508 ', whence {By Tbeon 3.) we have r ( zz — -^/^ ♦ 

*x«~ ixA 

sr y^ , "^7 ' ^ = •<^5 == t'*® intpreft pf 1 L for one 
' ^ 42x560' 

year'; theref^bre it wiH be as 1 : ,05 : :. 100 : 5 (p^ 

eent.) the rate required. / 

Examp. 4. How long muft an annuity of 560 /. be 
forborn, to raife a ftock of 4508 L fuppaiing ^lucfcft to 
\K^pir cenU? ^ 
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Here, we have given A = 560, r = .05, m =r 4508} 
whence, by Theorem 4, we ajfo have ^ ( = -L ) . 



= 19.5 i and Gonfcquently « (c:y — + >*— )>J = 7i 

'■A 

which is, the hqraber of years required, 

Nate. If the rent or penfion is payable half-yearly, 
or quarterly, the method of proceeding* will be JfM the 
^ fame, provided n be always taken to expre& the num- 
ber of payment^, and r the intereft of i /. for the time 
in which the firft pavment becomes due. Thus, if it 
were required to find what 300/. half-yearly penfioa 
would amount to in five years at 4 ff r cent, intereft : then 
the fimple intereft of 1 /. for half a year being r= ,6a^ 
and the number of payments ;=: to; 1^, in tSais catSp- 
have A z= 300, r = ,02, and nzz ioi amTconfequf n^ 

\ym(byThioremi)z:zrA+nx , xrA^l2^ot: 

which is the value fought. And the like is to be ob« 
ferved in what follows hereafter. 



Of the prefent , values of AnnmtieSy . or Penfioris^ 
f \ computed at fimfleinterefl. 



Let 



A =: the annuity, penfion, .or yearly rent. 
:= the iptereit of i /• for one year. ^ 
the Dumber of years* 
the prefent value of the annuity. 
Xhen, becaufe the amount of the an nuity, in n year% 

is found above to be ifA -f fn . n — i . rA, and itnoe 
I L pfefent money, is equivalent to i + ^i" to be re- 
fcefved^at the end of th e tjipe w, we therefore have 

) 4- izr : I : : »A + \n .n^f^l .rh (the (aid amouut) 

: — ZJt. ; , Its recmired valuer m prefent 

1 + //r " 

money. But it may be obferved, that this meti^od, given 

by authors for determining the values of annuities,, aci^ 

ffrding to Jimple intereft^ is, in' realify, a particular fort^ 



4i^ 



' \ 



V.'^. J— 
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mC^eKitS at compound inurtfi : fnce ifae avowing ofln- 
terell upon the annuity, as it becomes due,' is naihing 
lefs than allowing interefi upon interefl; the annuity it- 
felf-being, properly, the fimple intereft, and the capital, 
from whence it arifes, tite principal. It is true, the (am 
J + m-f exprelBng the amount of i /. is given, ftriflly 
heaking, according to ^mple inttreft : but the CPnclu- 
S/on (asa.latc author * very juflly ohierres) would^ be 
j;^re congruouK, and aoAver better, wcce the Ciine '2I- 
lowa^ceSito be made Uicrein, as are made in finding the 
qnitHuU of. tjie annuity } thatjs, were iatcreti upon {tv 
(cqcft IP be talcen oiifCe an(l no mots. Agreeable to thif 
nlTifin^onj r, theintefeS of i /. being caidldefcd as agt 
ftOSfoityf itt amount in . n years {by writing r (or A^ in 
t^e, fcncfjd Jirauila i)tx>vq) w^H be given ^ or -|> 
fm.-.if'^t^r^' to - wfaidi the pr indpal 1 /. bemg add- 
eai-*e regKgete i + »fr + i« .n — i . r^irill there- 
Ipre-be tj^.wholc aitiounf pf l Ain th ctinKw; and fit 
we (haU have i + nr + i n. » — i . r*: i : : nA + 
i«.T=T. rA : "ft + '-»---^A ^ ^^ ^ ^^ 

a'+anr+w-x— :i.r* 
value of the annuity, nfcordin^ [to tHt [aid hypoih^fa. 
From which equation others may be denved, by means . 
whereof the different values of A, «, and r, may be, 
fitcceffively, detennined. But, as this method of t\-' 
lowing inrereft uport iriteJeft, onc^ and no more, is ar- 
bitrary, and the valuation of annuities, according to 
Ample tntere({, a matter of more fpecul^tian than, real 
ufc, it being not only cuf^omaryj but alfo moft equir 
crtble io.aHow compound -i^teren in thel« Cafes, I mail 
not llajrio exemplify <», b^t proceed to 

Tke R^fsfution of the S^ieus cafes of compound in- ' 
■ terejl, axd of Annntfies, as depeaJiag tkereott. 

I the amo^qt of 1 1, in one year, vix, pt'iR- 
l ci[al aifd interei):. 



any fura put am ^t intereft. 



f.« 



Let 
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n zz .the number of vears it is l^nt fpr* 
a = its amount in that time. ' 
A =r any annuity forborn n years. 
m rz its amount 
_. ^ the prefent value of <he annuity lor At 
t feme time. 

Therefore, fince <Jne pound, put out at intereft, in the 
firft year is increafed to ft, it will be as i to R, (o is R, 
the fum forborn the fecond year, 'to R% the amount of 
one pound in two years ; and therefore as i to R, fo is 
•R*, the fum forborn the third year, to R^, Ae amount 
in three years : whence it appears that R**, or R railed ^ 
to the potarer nrfiofe exponeqit is the nun^ier of years, 
will be the amount of one pound in thofe years. Bu( 
'as I /. is to its amount R'^, fo i$ P to (a) its amount, in 
the fametime; whence we have P X R" =s a. More- 
oirer, becaufe the amount of one pound, . in nyestrs^ is 
Si\ its iacreafe in that time wiU be R' — i ; - but its 
intereft fof one iingle year^ or the annuity aafwering to 
thatincr^e, i* R »— i j therefore as R — • J to R" — x. 



fo is A to m. Hence we get 



A X R' -- I - 



=: m» Fur- 



R— I 

thermore, fince it appears that one pound, readv-money, 
is equivalent to R", to be received at the expiration of 

A ^R" ■"r 
ji years, we have, as R" to i, fo is — — (the fum 

in arrear) to v, its worth in iTeady-money s and tb^re- 



• *' m 



fore R_x = ^• 



From which three original equations, others may be 
derived, by help whereof the various queftions relatii^ 
to compound intereft, annuities in arrear, and the prefent 
values of afKiuitieSj may be refol ved. 



Tbust 



' # 



t 
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Thus, becaufc PR" i^ = «., tfiere will cbqie out P =: 

^, and R — ^"^j ^* <M^» *>/ exhibiti^ the fame 

equations in logarithms {which is the moft eafy for prac- 
tice) we fhall have 1 
. l%Lag. a = log. P + ;» X log. R. 
a*. Leg. P. = log. <j — » X log. R. 

.0 ^ _ log, if — log. P ^ 

n^ %n ^-» ■■■■I 11. I.I I ■ I . - ■'■■ • 
Jog. R. 

Which four theprems, 6r equations, ferve for the four 

cafe^ in compound interc^. 

«« '^ -, wc maU have 



Again, iince m is ^= — i. — I 

R — — I 



3^ « 



. t*. Log. m = log, A + log. K" ~ 1 ^ log. R — i. 
V :j^ Log. A ==. 1<^. m — log. R" -^ i + log. R-^i. 
_ log. wR — »i +. A — log. A 

W^ " « I II II 1 II I <' 9 

, log. R. 

To which the various queftiohs relating to annuities 
in arrear are referred. ' » 

Moreover, feeing A x ^ _ ^ is=:z;, we thence have, 



1^ Log. V 2= log. A + log. I — Ij —log. R — I 

R 

I ■ I II ■ 

a*».' Log. A =: log. fu + log. R — % — log. I — -J; . 



-» ' 



V n = >og' A -^ >Qg' ^ ■»- ^ 
^* log. R. 






^■•"^^" 



4... R»+"—ii + 1 X R» + :! =0. 



Tte 
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The ufe of which tbeorems> rcfpcfling the preieat . 
values of ailnuUies, as well as of the precedin'^ oneS) 
for compound intereft and annuities in arrear^ will fully 

appear from the following examples. ■ 

< 

^ Exam. I. To find the amount of 575 L in feven years, 
at four p€r cent, perannumy compouod intereft. 

In this cafe we have given P = 575, R =: i,c4i and 
« St 7; therefore, ^v Theorem i, log. a q; 4og^ 575 + 
7 IpK- i>o^ ==' 2,8789011; and confequently a zz 
756,66, or 756 /. 13 J. 2f d. the value required. 

Examp. 2. What principal, put to intereft, will raife 
a £tpdc of 1 00b /. in fifteen years, at 5 per cent ? 

Here, we have given R =: 1,05, n zzz 15, znia cs 
Ipoo ; therefore, by Theorem 7.^ log. P = log. 1 000 — 15 
log. 1,05 = 2,6821605 ; and confequently P r= 481,02 
or 481 /. o s. 4I d.y the value fought. 

Examp. 3. In how long time will 575 /. raife a ftock 
of 756/. 13 J. 2|</. 2it 4. per cent ? 
" In this-cafc we have R =: 1,04, P =: 575, and a zz 

jS^Ab^^htn^f^,bytheor.^n ^^^g- 756,66 -log. 575 

log. 1,04 
r= 7, the number of years required. 

Examp. 4. To find at what rate of intereft 481 /• in 
fifteen years, will raife a ftock of tooo /• 

Here we have given P = 481,^ r= iood,and« = 155 

therefore,*^ Theorem, 3, log. R = »<>?> ^000 ->og- 48i 

= . 021 1903, whence R s: 1,05 ; confequently 5 per - 
cent, is the rate required. 

The four laft examples relate to the cafes in com* 
pound intereft \ the four next are upon the forbearance 
of annuities. 

Bxamp. I. If 50/. yearly rent, ot arlnuity be forborn 
feven years, what will it amount to, at 4 per cent, per 
' annum, compound intereft ? 

Her^ we have R =: i|04| A z ^0| and if r: 7; and 

therefore. 



\ 



^ 
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riierefore^ Ay Tbtsr* l^ logrm( ss log. A 4- tog. R».— i 



— log. R — I ) == log. 50 + log, i;o4|' — I) — log. >04 
r: 2,596597 ^ and confequently m zs, 395 /. the vsJue 
that was to be founds 

Examp. 2. What annui^,- forborn fcvcn years, will 

amount to, or raife a ftock of 395 /. at 4 ^r C€nt. com- 

^ pound intercft. ^ 

In this. cafe yrc have given R s: 1,04, n ="7,' and 

ni =: 395 ; whence, by Theorem 2. log. A (iir log. m 

~log^R" — I + log. R — i) = log. 395 — log. 

1,04)' — I +log. ,04 rz 1,6989700 ; and confequently 
A =s-50 /. which is the annuity required. 

Examp. 3. In' how long time will 50 /. annuity ratfc 
a ftock of 395 /. at 4 fir cent, per annum^ compound in- 
tereft? 

Here, we have R !=: 1,04, A r: gg, m z z 395 ; and 

therefore, hy rbeor. 3, « ( .^log- >"H --.■« + A -log^j 

log. R 

. c? *^^^^^^ =: 7, the number of years -fcquired. 
,0170333 , ^ 

Examp^ 4. :If 120 /. annuity, forborn eight years, 
amounts to, or raifes a ftock of 1200 U what is the rate 
ofintereft? 

In this cafe we have given nrz 8, A =: 120, and m 
zn t200, to findR, .therefore, hj The^rent 4, we have 
R«.— ip R'+9 = 05 from which, by any of the me- 
thods in Sed. 13, the required value of R will be found 
=z 1^06287 ; therefore the rate is 63287, or 6 /. 5 x. 9 rf. 
fer cent, piT annum* ' 

The fomtion of the laff cafe^ .where the rate is re- 

' quired, being a little troubleibnie, I (hall here put dowti 

^ an approximation (derived from the third general yir- 

nmla^ at^. 165) which will be found to anfwer yery 

jtear the truth> provided die number of years is not vtty 

great. 

■ Let 
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Let 0,=: "'"•^'•^s then wiU 

3oooQ.+ I^rrT.4co ^,, 



S33^=» 



«<<*.• 5Q.+ 3» — 4 + i .» — 2. ii — 13 

f€r4eni^tr9quir4d* 

Thus, for example, let » r: S,. A = 120, and m a 

1200 ; then will Q = ^^ ' ^^? = 14, and the rate it- 

2 .240 

Jelf = 4^0004-6000 ^ ^^^g ^^ ^^^^^^ 
84 X 90+75 

The preceding examples evpLun the AiFerent cafes of 
. unnuiiits in arrears in the following ones the rules for 
the valuation of annuities areiliuftrated. 

» 
Examp. I. To find the prefent value of joo/. annuity^ 
to continue feven jears, allowifig 4 frer teiti. per anmm 
compound intereft. , 

Here, we have given R = 1,04, A = 100, and « — 71 
and thei^fore, by Theorem i, log. v {=: log. A + 

log. I — Jj^ — log- R — I) = log. loa + log. 

Xv 

I _ 3j .. ■— log. ,04 t= 21778296 } and coaie^tMatly 

i>04l 
V n 600,2 = 600/. 4 s. which is the value di«t was to 
be found. ' 

Examp. 2. What annuity, or yearly income, to con*, 
tinue 20 years, may be purcbafed for xooo^. at 3| per 
tent f , " 

In this cafe, R r= 1)035^ n =: 20, v =: loooo; 
whence, by Theorem a, we have log. A (=? kg* v 

+ log. K — I -. log. I - JLjJ 3s 1,847336 J tod 

Xv ■' 

confequently A =: 70,36, or 70 /• 7 ;• 2 d* 

, Examp0 



V 
/ 






l4^ 
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1 

Exantp. 3. For how long time magr one^ with 600 L 
purchase; an annuity of 106 /• at /^fer cent. ? 

In this example we have R ;= i}04, A =: lOO, and 
« r: 60O} a nd therefore, by Theorem 3, « ( =2 

log.A-log.A+t,~»,Rj s= 7, the number of 

log. R 
years required. 

f 

' Examp^ 4. To determine at what rate of intereft, an 
annuity of5o/. to continue 10 years, may be purchaied, 
for 400 L ' . 

Here A == 50, n = 10, a nd v ,=: 400 ; whence, iy 

. ± + I xR*+ ^bcing = o, we 



Theorem 4^ Vi*^^ 



have R" -^ I,I2SR'° + ,125 = o ; which equation 
refolved, gives the required value of R =r 19042775 ; 
and confequently the rate of intereft, 4,2^75 U per 
annum. 

The folution of this laft cafe being fooiewhat tedious, 
the following approximation (which will be found to^ 
anfwer very near the truth when the number of years is 
not very large) may be ofiife. ' 



ume 0^=: 



2« A 2V 



; fo {hall 



300oQj— 2a + I X 400 



=r exprefe the 



;Utper cent, very nearly. 
Thus,' for example, let A (as above) be = 50* 

n ss 10, and v=: 400 ; then, Q^ being = Jp>^^^^59 

1000 — 800 

• 82500 — 8400 

= A7,5, we have ■ ^ /' • , or 4,2775, 

165 X 103,5 +246 

Ibr the rate, p$r cent, the fame as before. 



^ 
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SECTION XVIL 

Of Plane Trigonometry. 

DEFINITIONS, 

i, T^LANE Trigonometry is the art whereby, bav- 
JL ing given any three parts of a plane triangle 
(except the three angles) the reft are determined. In 
order to which, it is not only requifite that the psriphe- 
ries of circles, but alfo that certain right lines, in and 
about the circle, be fuppofed divided into feme afligned 
number of equal parts. 

2, The periphery of every circle ' is fuppofcd to be , 
divided into 360 equal parts, called degrees i and each 
degree into 60 egual parts, called minutes, and each 
minute into 60 equal parts, called feconds, or fccond 
minutes, fsf^ Any part of the periphery is called an 
arch, and is meafurecf by the number of degrees and 
minutes, &c, it contains. 

3. The difference of any arch from 90 degrees, or a 
quadrant, is called its complement, and its difference 
from 180 degrees, or a femicircle, its fupplement 

4' A chord, or fub- 
tenle, is a right line 
drawn from- one ex- 
tremity of an arch to 
the other; thus BE 
is the chord or fub* 
terife of the arch 
BAE, orBDE. . 

5. The fine (or 
right fine) of an arch 
is a right line drawji 
from ode extremity 
of the arch perpen- 
dicular to the diame- 
ter pafling through the other extretnity : thus BF is the 
fine of the arch AB, or BD. 

R ^ 6. The 




\ 
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6. The verfed fine of an arch is the part of the dfa- 
meter intercepted between the arch* and its fine : fo AF 
is the verfed*fine-cf AB, and DFjof DB* 

7. The CO- fine of an arch is the part of the diameter 
intercepted between ^he center and the fihe; and is equal 
to the fine of the complement of that arch. Thus CF 
is the co-fine of the arch AB, and is equal to BI, the 
fine of its complement HB. 

8. The tangent of an arch, is a right line touching 
the circle in one extremity of that arch, continued from 
thence to meet a line drawn from the center through the 
other extremity ; which line is called the fecant of the 
fame arch : thus AG is the tangent, and CG the fecant 
of the arch AB. 

9. The co-tangent and co-fec?.nt of an arch, are th6 
tangent and fecant of the complement of that arch : 
thus HiC and CK are the co- tangent and co- fecant of 
the arch AB. 

10. A trigonometrical canon, is a table exhibiting 
the length of the fine, tangent, &c^ to every degree 
arid minute of the quadrant, with refpeft to the radius, 
which is fuppofed unity, and conceived to be divided 
into 1000O060 or more decimal parts. Upon this table 
the nurtiejical folution of the feveral cafes in trigono- 
metry depend ; it will therefore be proper to begin with 
its conftru6lion. 

PROPOSITION L 

The number of degrees and minutes^ &c. in an arch be^ 
ing given ; Ufind both itsjine and co-fine. 

This problem is-refolved, by. having the ratip of the 
circumference to the diameter, and by means of the 
known feries's for the fine and co-fine (hereafter de- 
monftrated) . For, the femi-circumference of the circle, 
whofe radius is unity, beirg 3>i4i592653589793 ^c* 
it will therefore be, as the nu nber of degrees or mi- 
nutes in the v/hole femi-ciicle is to the degrees or mi- 
nutes' in the arch propofed, fo is 3514159265358 I'^c^ 
to the length of the faid aichj. which let be denoted by 
a\ then, by iheferies^s above quoted^ its fine will be ex- 

prcfTcd 
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t)reffed by ^ — 



d^ 



a' 



i«MM 



3 2-3 



4: 

,4 



2 . 3.4.%5. 6.7 



£sfr. and its cofine by i *^f- + — 

22 



fl' 



<7 



8 



3-4 



efr. 



2. 3 •4.5.6 2 . 3» 4 . 5 • 6 . 7 . 8 

Thus, for Example, let it be required to find the fine 
of one minute : then, as 10800 (the minutes in 180 de- 
grees) : I : ; 3^14159265358 ^c, : .000290.888208665 
=: the length of an arch of One minute : therefore, in 

Ais cafe, a = ,oo02Qb8882o8665i and -f— . ( = 1. ) 

a. 3 6 

=r .000060000004102 l^cl And conlequently 

.000290888204563 =: the required fine of oneminute. 

Again, let it he required* to fiiid the fine and co-fine 

of five degrees, each true to feven places of decimals^ 

Here ,0002908882, the jength of an arch of i minute 

(found above) being multiplied by 300^ the number of 

minutes in 5 d.-grecs, the produft .08726646 will be the 

length of an arch of 5 degrees : therefore, in this cafe, 

we have 



a 

6* 

120 



= ,087*26646, 
= —,00011076, 



/ 



i=: + ,00000004, 

fcff. and confequently ,08715574 =: the fine of 5 de- 
grees, Alfo 

f! = ,90380771, 
2 

= ,00000241 } 

24 
and eonfequently ,9961947 = the co-fir*e of 5 degrees. 

AfteMhe fame manner, the fine and co-fine of any 
other arch, may be derived j but the greater the arch is, 
the flower the feries will converge, and therefore ^ 
greater number of terms muft be taken to bring out the 
conclufion to the fame degree of exadnefs. 

R 2 . But 
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But there is another method of conftruSlng the trigona- 
jnetrical canon ; which, though lefs direct, is more geo- 
metrical ;' and that is, by determining the fines and tan- 
gents of different arches, one from another, as in the 
enfuing propofitions. 



■> 



PROPOSITION II. 

Xhejine of an arch being given ; to find its co-fine^ tfin^ 
genty cO'tangenty fecanty and co-Jecant. 

Let AE be the propofed arch, EF its fine, CF its 
co-fine, AT its tangent, DH its co-tangent, CT its 
fecant, and CH its co-fecant : then, (by Euc. 47. i.) we 

iball have CF =: /CE*— EF* ; from whence the 

.T co-fine will be known; and 
then, by reafon of the fimilar 
triangles, CFE, CAT, and 
GDH, it will be, 

1. CF: FE:VCA: AT; 
whence the tangentjs known. 

2. CF ; CE:: CA: CT; 
whence the (ecant is known* 

3. EF : CF:: CD.:DH; 
whence the co-tangent is known. 

4. EF : CE : : CD :'CH ; whence the co-fecant is 
alfo known. 

Hence it appears, ' 

1. That the tangent is « fourth proportional to the 
CQ'-fine, the fine, and the radius* 

2. That the fecant is a third proportional to the co^ 
fine, and the radius. 

3- That the cb-tangent is a fourth proportional to 
the fine, the eo-iine, and the r^jdius. 

4. That the cor-fecant is a third proportional to die 
fine, and the radius. 

, 5. And that the re£bng1e of the tangent and co^ 
tangent is equal to the fquare of the radius* 
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PROPOSITION III. 

s 

The cQ-fine CF of an arch AE, being given \ to find the 
fine and co-fine of half that arch. 

From the two extremities of the diameter AB draw 
the fubtenfes AE and BE ; and let CQ^bifea the arch 
AE in Q^ and its chord (perpendicularly) in D ; then 
fince the angle Bi^! A is* a right one {by Euc, 31.3.) the 

triangles ABE and ^ ^X 

ADC arc fimilar ; 
and therefore, AC 
being = | AB, AD- 
muft be = \ AE, and 
CD = 1 BE: but AE 

is = v'AB x-AF, and ^ 
BE = VABxBF 5 therefore 




-rr-tm 



AD = f /ABxAF=:/|^CxAF=the fine 

CD-|-/AB:^F = /|ACxBF=the co-fine J ^^^^^* 

Hence it is evident, that the fine of the half of any 
arch, is a mean proportional between the hjlf radius, and 
the verfed-fijie-of the whole arch; and its co-fir>e, a mean 
proportional between half the radius and tljp verfed-fine 
of the fupplement of the fame arch, 

^ PROPOSITION IV. 

'f ■ - V- 

The fine P^^ and co fine CD, of an arch KK^ being 
given $ tOL find \i.¥ the fine f^ the double of that arch {fee 
the preceding figuis£.) ' - ♦ ' \ " 

' Since AE ;;;;'2ADand BE"r= iCD, and the triangles 
ABE and AEF are alike [by Euc. 8. 6.) we have, as 
AB (2AC) : AE (2 AD) : : BE (2CD) : EF; whence 
it appears, that the fine of double any arch is a fourth 
proportional to the radius, the fine, and the doubje co*. 
fine of the fime arch. % 

P R Q P O S I T I O N V. 

The fine CD and tangent BE, ofu vefy finall ar^h are^ 
nearly^ in the ratio of equality. 

For, the triangles ADC and A^E being fimilar, 

K 3 thence 



M^ 
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thence will AD : AB : : DC • BE : but as the point C 
approaches to B, the dlflFerence of AB and AD will 
become indefinitely fmall in riefpe£t of AB, and there- 
fore the difFercnce of 
BE and DC will like- 
wife become indefinitely 
rafmall with refpe£l to BE 
*or DC. 




Corollary^ Becaufe aiiy 
arch BC is greater than 

___ — _^ wBits fine and lefs than its 

" ' ^ tangent; and fince the 

fine and tangent of a very fmall arch are proved to be 
nearly equal, it *is manifett that a very fmall iarch and 
its fine are ^fo, nearly, in the ratio of equality. 

PROPOSITION VL 

To find the fine of an arch of one minu/^* 

Xhe fine of 30 degrees is known, being half the 
chord of 60 degrees, of the radius ; therefore, ^^ Pr9p. 2. 
and 3, the fine of 15 degrees will be known : and, the 
fine of 15 degrees being known, the fine of 7"^ 30' will 
be found (by the fame Propofiiionsy^^ and from thence the 
fine of 3'^45'.; and fo likewife the fine of half this ; and 
fo on, till 12 bife<Slions being made, we come, at laft, 
tp the fine of an arch of 52", 44'", 03'"', 45'"" } which 
fine [by CoroL to the preceding Prop.) will (as the co-fine 
is nearly .equal to the radium) be nearly equal to the arch 
itfelf. Therefore we have, as 52'S 44'", 03"", 45'"", 
is to 1', fo is the length pf the former of thefe arches 
(fpand as above) to the length of an arch of one miuut'Cj 
or that of its fine, very nearly. 

If it be taken for granted, that 3»J4iS926535 l^c. 
is thie Fength of half the periphery of the cif cle whofe 
radius is unity, we (hall have, as 10800, the number 
pf minutes in 180% or the whole femi-circle, is to one 
minute, fo is 311415926535 ^r. the whole femi-circlo 
^00,60029^888208, the length of anarch of one mi-?, 
nute, 0^ that 9f its fine, very nearly, , 



■ \ 
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PROPOSITION VII. 

If there be three equidifferint arches AB, AC, and AD, 
It will hey as the radius is to the co-fine of their cortynon 
difference EG or CD, fo is the ftne^ CF, of the mean^ 
to half the fum of the fines ^ ^Y^ + DG, of the two ex- 
tremes : and as the radius is to the fine of the common dif^ 

ference-i fo is the co-fine FO of the mean^ to ha f the dif 

yference of the fines of the two extremes. 

For, let BD 'be drawn, cutting the radius OC inw, 
alfo draw mn parallel to CF, meeting AO in «, and 
BH and mv parallel to AO, meeting DG in H and v : 
jhen,^bec^ufe the arches BC ^nd CD are equal to each 







other, OC is not only perpendicular tp BD, but alfo 
bifefts it (Euc. 3. 3.) whence it is evident that Bw, or 
D/«, will be the fine of BC, or CD, and Om its co- 
fine ; and that mn^ being an • arithmetical mean between 
the fine?, BE and DG, of the two extremes, is equal 
to half tiieir fum, and Dv equal to* half their difference. 
Moreover, by reafon of the fimilarity of the triangles 
OCF, O/ww, and D/ni', it will 



be as, OC : O 



m 



CF 
FO 



;S;}-^-^-^- 



and as, OC : Dm : : 

C O R O L. I, 



Since, from the 
OwxCF 



OC 



, and Dv,(=^ vH) = 



foregoing proportions, mn i^ zz, 
D/wxFO 



R4 



OC 



5 it is evident 
that 
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/ 



- ^ oc 

zniBEi=mn~>>H}=^""'^^-^""'^^ : from 

whence it appears, that the fine (DG) of the fum (AD) 
of any two arches (AC and CD) is equal to the fum of 
the rectangles of the fine of the one into the co-fine 
of the other, alternately, divided by the radius ; and 
that the fine (BE) of rfieir difference (AB) is equal to 
the difference of the fame reflangles^ divided alfo by- the 
radius. 

COROL. 



2. 



Moreover, feeing DG + BE (2/k«) is = 



20mxCF 



and DG — BE ( =DH -iDv]'- 



OC 

from the 

• BE, and 



2DffixFO 
OC ' 

former of thefe, wehaveDG= ^2^^-£][ - 

*OC 

from the latter, DG = ?^^^— + BE i which, ex- 

, . OC . 

prcfled in words, give the following Theorems, 

Theor. I* tf the fine of the mean df three equidifferent 
arches (Juppofing the radius unity) be multiplied by twice thi 
confine if the common differ ettce^ and the fine of either ex" 
"ireme be fiihtra^led from the produSi^ the remainder will 
be the fine of the other extreme. 

Theor. 2. Or, if the confine of the mean be multipliedby 
twice the fine of the common difference^ and the produSi be 
added to^ or fubtra^edfrom the fine of one of the extremes'^ 
the jum or remainder will be the fine of the other extreme, 

Thefe two theorems are of excellent ufe in th& con- 
ftrudlion of the trigonometrical canon ; for, fuppofing 
thei fine and co-fine of an arch of i minute tq^e found, 
by Prop. 6 and i, and. to be denoted by p and^, refpec- 
tively } then, the fine of 2 minutes being given from 
prop. 4, the fine of 3 minutes will from hence be known, 
being =: 2^ x fiae 2- — fine i' {by Theor ^ |) or =: 2p 
X co-finc oii\ fme of i' {by Theor^Z.) After the &me 

' 3 ' manner 



# 
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manner the fine of 4' will be found, being :^ 2^ x fine 
of 3'— fine of ^\ or zz 2p X co-fine of 3' + fine of 2'. 
And thus the fines of 5, 6, 7,^^ minutes may be fuc- 
ceffively derived, by either of the theorems ; but the 
former is the moft commodious.. 

If the mean arch be 45*; then its co-fine being r= 

V^f, it follows (from Theorem 2.) that the fine of the ex- 

ceft of any arch above 45*^, multiplied by 2/| or V 2, 
gives the excefs of the fine of that arch above that of 

another arch as much below 45° 5 thus V^I" x fine of 

ro*^' r= fine of 55" — fine of 35®; and V'2'x fine of 15** 
zz. fine of 60° — fine of30*' ; and fo of others : which is 
ufeful in finding the fines of arches greater than 45°. 
, But, if the mean arch be 60 degrees, then its co-fine 
being f, it is evident, from ths famf Theo^em^ that ihe 
fine of the excefs of any arch aSpve 60% added to the 
fine of another arch as much below 60% will give the 
fine of the firft arch, or greater extreme : thus, the fine 
of 10° 4- fine 50^ zz fine 70'*, and fine 15® -|- fine 45**= 
fine 75** ; from whence the fines of all arches above 60 
degrees, ihofe of the inferior arches being known, are 
had by ^addition only, 

PROPOSITION VIII. 

In any right- angled plane triangle ABC, it will he^ as 
the bafe Ka is to the perpendicular BC,y3 is the radius (of 
. tbf'idbles) to the tangent of the angle at the bafe, 

• 

Let DA be the radius to which the table of fines 
and tangents is a- /1C 

dapted, and DE the 
tangent of the an- 
gle A 5 then, by rea- 
fon of the fimilarity 
of the triangles ABC 
and ADEj it will be, 
as AB : BC : : AD 
; DE. ^ £' D. 




B 
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PROPOSITION IX. 

' . . ' ' 

In every plane triangle^ H wtU bey as any one fide is io the 
Jim of the oppoftte angle \ fo is any other fide to the fine of 
its oppofite angle • 

For, let ABC be the propofed triangle ; take CF = - 
AB, and upon AC, let fell the perpendiculars BD and 
EF j which will be the fines of the angles A and C, 

to the equal ra-. 

-^ dii ABandCF. 

But' the trian- 

P gles CBD and 

CFE are fimi- 

lar, and there^ 

pfore CB : BD : : 

AD E . ^CF(AB):FE; 

that is, as CB is to the fine qf A, fo is AB to the fine of 
C. Qi E. D, i 

PROPOSITION X. 

Jn every plane iriangliy it will Bey as the fum of any 
two fides is to their differ encey fo is the tangent of the com^ 
plement of half the angle included by thofe fideSy to the tan-^ 
gent of the difference of either of the other two angles and 
'^hefaid complement. 

For, let ABC be the triangle, and AB and AC the 
two propofed fides ; and upon A, as a center, with the 
radius AB, let a femicircle be defcribed, cutting- CA, 
produced, in D and F 5 fo that CF may exprefs the fum, 

' and CD' the 

difference ^ of 
the fides AC 
and AB ; join 
F; B and B, 

rP> and Draw 

A ^ J) DE parallel 

to FB, meeting BC inE; then, the angle FBD being 
a right one (by Euc. 31.3.) ADB will be the comple-. 
ment of the angle F, which is equal to half the proh 
pofcd angle A, (by Euc. 20. 3,) Moreover, feeing the 

angles 
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angles FBD and EDB are both right ones ; (for EDB 
is ;= FBD (= riglit angle) becaule DJi is parallel to 
FB) It is plain, that, if BD be made the radius, BF 
will be the tangent of BDF, and DE the tangent of 

■' DBE : but, becaufe of the fimilar triangles CEB and 
CDE, CF : CD : : BF : DE ; that is, as the fum of 
the fides AC and AB, is to their difference : fo is the' 
tangent of BDF, to the tangent of DBC ; which angle 

^ is, manifeftly, the excefs of ABC, above BDF, or ABD 5 
and alfo the excefs of ADB above ACB. ^ E. D. 

I^ R O P O S I T I O N XL - 

Js the bafe of any plane triangle is to the fum of the 
twoftdei^ fo is the difference of the fides to the difference of 
the fegments of the hafe^ made by a perpendicular falling 
from the vertical angle. . 

For, let ABC be thepropofed triangle, and BD the 
perpendicular; from B as a center, urith the interval 
BC, let the crrcgmference of ^ circle be defcribed, cut-, 
ting the bafe AC 
in G and the fide 
AB, produced, in 
F and E : then 
will AE be the 
fum of the fides, 
AF their differ- 
ence, and AG the 
difference of the 
fegments of the 
bafe AD and DC : 

but (by Euc. 36. 3.) AE X AF = AC X AG 5 and ther 
f9re AC : AE : : AF ; AG.. ^ E. V. 
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The Solution of the cafes of right-angled plane triangles 




J 



3 



Given. 



Sought. ' 



The hy- 
pothenafe 
AC and 
the angles 



The hy- 
poth. AC 
and one 
leg: AB. 



The hy- 
poih. A 
and t>Qe 
eg AB. 






The leg 
BC. 



Proportion. 



•<Wi^k>^> 



The 

angles. 



The an- 
gles and 
ofte leg 
AB. 



5. 



The'ian- 
^les artd 
one leg 
AB. 



The other 
leg BC. 



The hy- 

pothenuie 

AC. 



The other 
leg BC. 



A« the radiuj (Or the fine of B) is 
to the hyp. AC ; fo is the fine of 
A, to its oppoiite fide BC (by 
Prop, g.) 



As, AC : rad. : : AB : fine of C ; 
whofe cottplement gives the 
angle A. . 



«•— r 



Let the angles be found by cafe 2 ; 
then, as rad. : AC : : fine 'of 
A : BC Ch P*'^' 9) ' 



As, fine of C': AB : : rad.^ (fine of 
B) : AC (b^ Prop. 9.) 



■ I I 



The two 
legs AB 
and BC. 



The 
anglef. 



and BC. 



Tiie two^ The hy- 
legs AB pothenufe 



AC. 



» ' f I 



Atf, fine of C : AB : : fine of 

A : BC (hy Prop. 9.) 
Or, rad. : tang, of A : ; AB : BC 

(hy Prop. 8.) ' 



As, AB : BC : : rad. : tang, of A, 
(by Prop. 8) ; whofe complement 
Jjives the angle C. 



Fmd the angles, by cafe 6, and 
from thence the hyp. AC, b^ 
cafe 4. * 
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The Solution of the cafes of oblique plane triangles. 







5 



Given. 



Sought. 



The an- 
gles and J 
lide AB, 



Two fides 
ABj BC and 
the angle C 
oppofite to 
one of them 



Two fides 
AB, BCahc' 
the angle C 
oppodte to 
one of them 



Two fide? 
AB, AC 
and the 
incladcd 
angle A. 



Two fides 
AB, AC and 
the included 
angle A. 



All the 
iides* 



Either of the 
other fiHc5, 
foppofe BC. 



The other 
angles A 
and ABC. 



Thecthef 
fide ACi 



The bther 

ingles C 
and ABG. 



The other 
fide BC. 



An angle, 
fuppofe A. 



Proportion. 



•y^ 



As, fine of G : AB : : fine of A : 
BQ (by Prop/^.) 



As, AB : fine of C : : B C : fine of 
A ; which added to Ci, and th^ 
fum fubtradied from 180% gives 
the angle ABC. 



Find the angle ABC, by cafe 2 ; 
t4ien, as fine of A : BC : : fine 
of ABC: AC. 



As, AB+ AC : AB— A'C : : tang.of 
the comp. of | A : tang, of an ang. 
which added 10 the faidcom. gives 
the greater ang. C ; and fubtrafteo 
leaves the leffer ABC C Prop. 10.) 



Find the angles; by cafe 4 ; and 
then BC, by cafe I. 



Let fall a perpend^ular BD,^ oppofite th 
required angle, and fuppofe DG == AD 
then {by Prop. 11.) AC : BC 4- B A :'! 
Be — BA : CG, which fubtraftcd from 
AC, and the remainder divided by 2 
gives AD ; whence A will be found, by 
cafe 2, of right angles. 



f 
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The ApptiCATioN of ALCEiftA 



SECTION XVIIT. 

'Che Application of Algebra to the Solution of 

Geometrical Prdbkfns^ 



WHEN a geometrical problem is propofed to be 
refolvetl by algebra, you are, in the firft placCy 
to defcribe a figure that fhall reprefent, or exhibit the 
feveral' parts or conditions thereof, and look upon that 
figure as the true one ; then, having confid'ered atten- 
,tively the nature of the problem, you are next to pre- 
pare the figure for a folution (if need be) byproducirig^ 
ai^ drawing, fuch lines therein, as appear moft con- 
ducive' twthatend. This done, let the unknown line, 
or lines whic4i you think w^ill be the eafieft found (whe- 
ther required or not) 'together with the known ones (of 
as many of them as are requifite) be denoted by proper 
fymbols ; then proceed t6 the operation, by obferving 
the relation that the feveral parts of the figure, have to 
each other ; in order to which, a competent knowledge 
in the elements of geotnetry is abfolutely neceflafy. 

As no general rule can be given for the drawing of 
lines, and elefting the moft proper quantities to fubfti* 
tute for, fo as to, always, bring out the moft fimple con- 
cluGons (^becaufe different problems require different me- 
thods of folution) ; the beft way, therefore, to gain ex- 
perience in this matter,' is to attempt the folution of the 
fame problem feveral ways, and then apply that which 
fticceeds beft, to other cafes of the fame kind, when they 
afterwards occur. I fhall, however, fubjoin a few ge- 
neral dlre6tions, which will be found of ufe. 

i*». In preparing the figure, by drawing lines, let 
them be either parallel or perpendicular to other lines 
in the figure, or fo as to form limilar triangles ; and, if 
an angle be given, let the perpendicular be oppofite to 
that angle, and alfo fall from the. end of a given line, if 
poiEble. 

2®. In electing proper quantities to fubftitute for^ let 
thofe be chofen (whether required or not) which lie 

neajt^ft 



I 

4 



^ 
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neat^ft the known, or given parts of the figure, and 
by help whereof the next adjacent parts may be expreffed, 
without the intervention of furds, by addition and fub- 
tradtion only. Thus, if the problem were to find the 
perpendicular of a plane triangle, from the three fides 
given, it will be much better to fubftitute for one of the 
fegments of the bafe, than for the perpendicular, though 
the quantity required; becaufe the Whole bafe being 
given, the ocher (egment will be given, or expreffed, by 
lubtraftion only, and fo the final equation come out a 
fimple one ; from whence the fegmen^s being known, 
the perpendicular is eafily found by common arithmetic : 
whereas, if the perpendicular were to be firft fought, 
both the fegments would be furd quantities, and the final 
equation an ugly quadratic one. 

3'. When, in any problem, there are two lines or 
quantities alike related to other parts of- the figure, or 
problem, the heft way is to niake ufe of neither of 
them, but to fubftitute. for thqir iWn, their redVangle, or. 
the fum of their alternate quotients, or for fome line or 
lines, in the figure, to which they have both the fame 
relation,' This rule is exemplified in Prob. 22, 23, 24, 
and 27. 

4"^. If the area, or the perimeter>of a figure be^iveh, 
or fuch parts thereof as have but a- remote relation to 
thepa/ts required, it will, fometimes, be of ufc to affume 
another figure fimilar to the propofed one. Whereof oiie 
fide is unity, or fome other known quantity; from 
whence the other parts of this figure, by the known 
proportions of the homologous fides, or parts, may be 
found, and an equation obtained, as is exemplified in 
Prob/ 25 and 32. 

Thefe are the moft general obfervations I have been 
able to colleft ;. which I fhall now proceed to illuftrate 
by proper examples. * 

P R O B L E M I. 

l^he bafe Ch)j and the fum of the hypothenufe and per^ 
pendicular (a) of a right-angled triangle ABC, being 
given i t^find the perpendicular. 

Let 
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Let die perpendicular BC be denoted by x ; then 

C the hypothenufe AC will 

be expreflcd by cf — x : but 

{Sy Euc. 47. I.) AB^-f 

, BC*- AC*; that is, h^ 

+ jf* rr tf* ^^i6x-\-xx\ 

whence x. r:: , r: the 




B 



2^7 



perpendicular required. 



P R O B L EM II. 

TX/ diagonal^ and the perirmter of a re^angUj ABCDf 
being given y to find the fides. 

Put the diagonal Bl5i = <r, half the perimeter (DA 
J) + AB) n ^ and AB S2 

C x\ then will AD r= i — 
x\ and therefore, AB* + 
AD* being = BD% we 
have jf* + ** — ihx + x^ 
n fl*; which^ folved, gives 

X zz-^- ■ • 




B 2 

PROBLEM III. 

J'he area of a right-angled triangle ABC, and the fidei 
of a reStangle 'EBTyV infcribed therein^ being given y to 
'determine the fides of the triangle. 

Put DF =: ^, PE = by BC == x^ and the meafure 

C of the given area ABC 
:^ d : then, by fimilar tri- 
angles, we (hall have x 
— A (CF):fl(DF)::^ 

( BC ) : AB = -ii-. 

* X — b 

Therefore -f— 5. X — rs 
X — h 2 

__ dy and confequently <!?Jf* 

= 2dx^ 2bd, or x^ ^ ^i= - ~ : which, folved, 

a a 

gives 
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gives ;r= L± J¥II^ from whence AB and 
a ^ aa a ^ 

AC will likewife be known. 

PRO B L E M IV. 

Having tbelingthsofthe thru' perpendicularsVF ^ PG, 
* ,PH, drawn from a certain point P wltiin an equilateral 
triangle^ AoC, ta the three Jides thereof y from thence to 
determine the fides. 

Let lines be drawn from P to the three angles of the 
triangle; and let CD 'be perpendicular to AB: call 
PF,^jPG,*; PH,c; and 
AD =: jr.- then will AC 
( = AB) = 2; r, and CD(=s 

y/AC*— AD») = y/Z*x^ 
^VZ * ^^ confequently the 
area of the whole triangle 
ABCJr: CD x AD) = ' 

xxy/Z* But this triangle is 

compofed of the three frian- . r% r« t^ 

glesAPB,BPC,andAPCj ^ "^ -*' ^ 

whereof the refpedive areas arc ax^ bx^ and ex. 

Thereforfc we have xxVz — ^** + *•*•+ ^Jp i and from 

^ a -{• h + c 




thence, by divifion, j( 



/3 



PROBLEM V. 

Having the fire a of a rectangle DEFG, infcribed in a 
given triangle A BC ; to determine the fides of the reiiangle^ 

' Let CI be perpendi- / q^ 

ciilar to AB, cutting DG 
in H ; and let Cl =: </, .^ 

AB = ^DG=';f,and ^ 

the given area r= cc : 
then it will be, as ^ ; 

X : : a : f^=rCH; 
which, taken from CI ^ 
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ax 



leavestf— 1-= IHj and this, multiplied by at, giv€$ 

* . ■ 



tf;r' 



^Af ^ _ = f r = the area of the reftangle ; whence wc 

b * • \ 

have ab}f — ax^ zz kcy x* — * for =: — — ,, ^ — • — 

^ a 2 






/ 
\ 



PR OB L E M VI. 

I 

Through a given point P, within a given circle^ fi ta 
liraw a right liney that the two parts thereofy PR, PQ,> 
intercepted by that point and the circumferenctaf the circle^ 
may have a giveri difference » 

Xet the^ diameter APB be drawn; and let AP and 
~ BP, the two parts thereof 

^ (which are fuppofed given) 
r*^ be denoted by a apd h\ mak-* 
ing PR =: xy and PCL= x 
-h d (d being ,tbe given dif-* 
ference). Then, by the na- 
ture of the cirqle, PQ^X PR 
being zz PA x PB, we have 

X -\- d X X :=: aby or xx + 




• =r V^b + Idd — Id. 



d^ =. ab*, whence x is found 



PRO B L E M VII* 

From a given point P, without a given^ circle^ fi tr 
draw 'a right line PQ^, that the part thereof Ri^^ifr-- 
tercepted bv >the circle^ Jballbe to the external part f'B^ in 
a given ratio^ / ~ 

i 



>h 



fough 
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Through the center 0» draw PAB ; put PA =5 a^ 



PB = ^ PR = x^ and let 
the given ratio of PR to 
RQ^be that of m to « ; 
then it wtfl b^, as x» : 71 : :' 

* : — =: RQ ; therefore 

m ' 

nx 



PQ^rz x+'Z :.but PR x 

,0!! 

PQ^ = PA X PB, or 

.ar m ■■ » F» 

x y^ X + !li' :siabi there* 
m 

fore »MP* + ' nx"^ = iw?^, 
and X 



/ mab 

X ss^v 

^ m+ n 




PROBLEM VIII. . 

TThifum of the twoJicUs of an if$fciUs triangle ABC te^ 
ing equal to thefum of the bafe and perpendicular^ and the 
area of the triangle being given % to determine thejidies^ 

Put the femi-bafe AD ^ Xy the perpendicular CD 
r: jr, and the given area ' C, 

ABC = a* : fo (ball xy =z 

■ * 

fl% and 2\^xx + yy "n 2x 

+ y (by KL 47. I. and the^ 

conditions of the problem,) 

Now, iquaring both fides 

of the laft equation, we 

have ^x + ^yy = 4^?* + 

4*y + >!y > whence 3;fy, = /V Aj B 

4jnr, and confequently;r =: 3Z : which value, fubftituted 

'3 

in the former equation, gives i~. zz a*-, from whence 

' ' 3 

x:^Jyl:=:layr^l y{ = 1^) = fVji and AC 
♦ 3 

S a ( = 




\ 
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Jy - -/Iff + 4ff - ^}S^^ \ ^ 



12 



) 



( =: V'xx + 

PROBLi;.M IX. 

The fegmenis of the bafe AD and BD, and the ratio of 
the ftdes AC amd BC of any plane triangU ABC j beirtg 
given ; /^y&f<i theftdeu 

O Put AD =: ^, BD = h^ 

'AC = ;ir 5 and let the given 
ratio of AC to BC, be as m 

to ff, (b fhall BC = — • 

m 

But AC*— ADn=DC-') 
= BC* — . BI>% that is, in 

« /. • -y 1 nnxx 

fpecies, jf '^ — fl =:: ^ 

\ -^-i*. Henc^we havemV* 
B _ „v* = «* X 47a — i*, 




and' A- = w v^f 



bb 



••— ^ • 



/WOT /!« 



P RO B L E M: X. 

The bafe AB (a)^, the perpendicular CD — i, ^«rf /i^ 
difference (d) of the fides hC-^'EC^ofany plane tri^ 
angle ABC, ^^i«^ given y to determine thi triangle (fee 
the preceding figure). 

Letthefum of the fides AC sf- BC bedenoted^by at: 

dx 
thenf^^ Prop, 11,. Se£i* 18 jweihall have a\x'.: dx — = 

a 

the difFereocc of the fegments of the bafe ; therefore 

* ' a dr 

the greater ferment AD will be = — + ^ =: 
^ ^ ^ 2 2a 

"HJlJI. But AD* + DC* z= AC*j that is, 

2a ' 

12* + 2aHv -f d*x 

— I ll ■ ■ ■« ' i. I.- n 



+ b 



» _ ** -fc :i//k + ^. 



4- 



: whence 
a^ + 
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«♦ + ta'dx + d^x* 4- 4«*i* = aV + 2a*dx '+ 4i*d* ; 

' . ■.Ill ■ IM ■ ■ 

which, folved, gives x = a y "*" ^ — 7~ . 



PROBLEM XI. 

The haft AB, the fum of ihe fides AC + BC, and 
the length, of the line GD drawn from the vertex to the 
middle of the bafe^ being given ; to determine the triangle* 

MakeAD(!=BD)=: a^UC =*,AC+ BC = o 
and AC = ;r;fofliaIl 
BC == ^ — jr. But 
AG* + BC* is z± 
2 AD* + 2DC* r*> 

£?• 12. 2.) ; that is, 

** + r — ;r|* = 2tf* 
+ 2^*; which by 
redudtioh, becomes x^ ^ 
— f;e = <7* + i* — ^ 




if* i whence ;f is found =: \c ± y/aa ^ bb^^ iu. 

P R O B \>^ M XII. 

STA^ two fides AC, BCy and the fine CD bffe^ing tbi 
vtftlcal angle of a plane triangle ABC, being given ; to 
find the bqfe AB. 

Call AC, a; BC, *; CD, rj atod AB, ;r:' then 
a 4- ^ : JT : : tf : AD = , 



ax 



a-^ b 



•jvand J + ^ : ji? : :• 



i:DB = 



*;«• 



But (by 




a -{- b 
El 20. J.) AC X CB — 
AD xDB=:CD%thatis, 

ab^l——- c^) from K 
a Kb] . ^ 

whence ^ will be found =:a + ^. JtJIllL 

S3- 
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PHOBLEM XIII. 

Thi perimeter AB + BC + CA^ and the perpendicular^ 
'SD'i falling from the right angle B, to the bypothenufe AC, 
being given to determine the triangUf > , 

Let BD = tf, AB = jr, BG= jf, AC sras, and A6 
+ &C + C A =: i : then, \}j rtafon of the fimilar tri- 
angles ACB and ABD, it will be zs%iyii xia\ and 
* therefore xjr rz *ai : more- 

C over, *'*+j'* = z* (hy Euc. 
47. .1.) and 4f + y + x 
= i /^^jr the queJHeei.jTrainC-' 
pofe z in the laft e4^ation, 
and fquare both fides, and 
you will have ** + 2xy + 

. >* = ^*— 2^z +z*5 n-om 

A B which take x* + y* zz z% 

and there will remain 2xy r: ^^ ** ziz ; but, by the 
firft equation, 2Jiry is =: l^z j therefore 2az zz b* — ihz 

and z zz — ; whence z is known. But to find 

2a + 2h 

hh 

X and y from hence, put ■■ 1 . ■ n ^, and let this value 

7.a + 2b 

of z be fubftituted in the two foregoing equations, 

X + y zz ^— z, and zy =r <7z, and tbcy will become 

je + y zz h -^.r, and xy r= ac : frpm the fquare of the 

former of which fubtra£t the-, quadruple of the latter, 

fo fliall X* — 2xy + y* = b — c]^ — 4^f ; and confe- 

quently x-^y-ssi y/'b — c^ — A^ac. This equation be- 
ing added to, and fu btj^fled from x -h y zz b'^ c^ 

gives 2x zz b^^c 4- Vb — c^ — ^ac^ and 2y zz b — 
PROBLEM XIV. 

Maving the perimeter of a right-angled triangle ABC, 
and the radius DY^ of ih infcribed circkl to determine 
all tbejides of the triangle. « , 

' From 



*\ 
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a6j 



Frohi the centre D, to the angular points, A, B, C^ 
and the points of- contad E, F, G^ let lines DA, 
DB, DC, DE, DF, DQ be drawn i making DE, 




DF, or DG! =r ^, AB = y, BC =: y^ AC ±= z, and 



ax 



ay 



az 



^ + >. + a = ^ It is evident that «- + ^ + — jor 
its equal ». (expreffing the futn of the areas ADB, 

BDC, and ADC) will be = ^ =: the area of the 

whole triangle ABC j and cdnfequently 2xy =z 2^^ : 

moreover py Euc. ^j. i) x^ -{■ y^ =: z*} to which if 

'2xy =: 2tfi be added, jwe (hs^ILhave ** + 7.xy + >»% of 

;r + ^^ = z» + 2<rf 5 but, by the firft ftep, x + J^* is 
=: 7— al* ri i* — ib% -f z* ;. therefore, by making 
thefe two values of x + yj* equal to each other, we 
get z* + 2<7^ r: ^* — 2izHh z* ; whence 2a zz b — 22, 
and z = {b — ^. But,^ to find x and jf, from hence, 
* we have now given x + y (= ^ — z) v= |^ + ^, and 
xy rr ab : the former of thefe equations, ^^ultiplied by 

*, gives x^ + xy zz — + ax ; from which the lattet 
^ 2 ■ 

xyzz, ab being fubtrafted, we have x^ = f^jp + ax — tfi, 
"l^-X ^ = -^ab: whence, bycomplettog 



or ji?*-^ ^ 



S4 



the 
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X 



4 
that the three fides of the triangle are, |i — ^^ 



2tf + ^+V/4<?* — 12^* + ^' 



,and 



2^4-* — V^4g^— 1 i/a^+^* 
4 

TT)e right-angled triangles ADE, ADG, having the 
fides DE)| DG equal and AD common, have alfo 
A£ equal to AG : and, for the like reafon, is C£ =: 
CF;and confequently AC (AE + CE) = AG + CF. 
Whence it appears that the hypothenufe is lefs than the 
fum of the two Idgs, AB + BC, by the diameter of 
the infcribedT circle, and therefore lefs than half the pe- 
rimeter by the femi-diameter of the fame circle. Hence 
we have AC = |* —a, and AB + BC = f*+fl- Put, 
therefore, ^b — a zic^-^b + a zzdy and half the ,dif«- 
ference of AB and BC = * ; then will A ?)=//+ Jr, and 
BC = i — « J and confequently 2<sPj^2jf^^(AB*+ BC*) 
= r* (AC*),»wh encp x is f ound = ^^c* — ,d*i therefore 
AB is = frf + v^ |r*— rf», and BC =: |rf— >/|c*— </\ 

PROBLEM XV, 

« 

jtll the three fides if a triangle ABC being given; to 
fnd the perpendicular^ the fegmentsjf the hafe^ ihe area^ 
'and the angles.^ 

Put AC =17, AB = *, BC = r, and the fegmeht 
AD r= ^*' s then BD being = b — ar, we have r* r^ 

■T^iTil* ( =; CD*) = «* — ;p% that is, c" — b' + ^hx 



^.•^ 



.•• 



.^* 



..«• 




-I* 

•— A"* 35 fl* ^- ** whence 2^Ar = <rtf + bb — f r, $rid 

;r=: 



y ^ 
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i 

;r = ffJ:JLz::fi:'Now CD* = AC» — AD* = 
AC + AU X AC — AD-g^-^^^^^—^^ X 

•i7/i -{■ bb -^ cc 2.ab + aa -^ bb -^ cc ^ 

2^ 2^ 

^47^ — aa — bb-hcc a + *|*— f* ^ c' — <? — fl» 



hence CD 



i«iB^« 



ii 



2i 






and the area /^PxAB. _ 



But, b^caufethe diSkrence of the iquare$ of any two 
lines, or numbers^ is equal tp a re&angle under their 

film and difF^rence,.the. fa<^lor a + i|* — ^* will be rz 

tf + > 4- c X tf 4-.^ — r; an d the remainin g f»&o[ 

c* -^ tf — M** =:f + <?— ^ Xi: — !!+/»: and lb 
the area will b e likewife truly expreffed by .- 

i^a + b -{- c X a + b — c x c ^ a — b X c —a + h 



=/ 



'^iuLUx 



a + ^"■-'^ X ^ •*" ^ ""^ X IZLfi.^ 



2 2 2 2 

n\(o J — f • J—*. J— i»5 by making / s: fdLjtf* 

a 



In order to determine the angles, which yet remain to 
be confidered, we may proceed according to Pro^. n. 
in Trigonometry, by firft finding the fegments of the 
bafe : but there is another proportion frequently ufed 
in practice 5 which is thus derived : let BA be produced 
to F, fo that AF may be — AC; and then, FC being 
joined, it is plain that the angle F will be the half of 
the angle A ; and DF (s: AC + AD) will be given 

{fTom 



• », 
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' ^ I 

2b 



(from alme)^ == 

±z?i x7=r,; but DF ( ?iilinf 



-: -_ X — v i i 



) 



IS 



2 

to DC 



ssxs 



{^yx.i — c . i -— ^. ^— ^i7/,faistheradiust6thetan*» 

gent ofFi and fipn&quendiri.x t — cis^^i-x, s-^a 
: : fq. rad. : fq. tang, ofF ; that is, in words, as the 
rcftiigfe under half the fum of the tliree fid^^, and tl^e 
excels of* that half fuoi above the fide oppofite the re- 
quired angle, is to the reSangle ^ under the difFererJces 
between the other two fides and the faid half fum, Co is 
the fquai^e of the radius^ to the fquare of ^- tangeitt of 
half the angle fought. 

PROB^LEM XVL ' 

Having pven the hafe 'Aft, the vertical dngle ACB, 
mnd the right line CD, whnk hifiiSfs the vertical angky 
mndh termmated by the bafe} ^ find the fides aud angles 
rf ihs iria»gle% - - .- _ . 

. Conceive a circle to be defcribed about the triangle^ 

^ and let EG be a diameter 

of that circle, cuffing the 
bafe AB perpendicularly 
in F ; alfo from the cen- 
ter O, fuppofe OA %nd • 
OB to l)e drawn, and let 
CD be produced to E 
(for it will meet the pe- 
riphery in that point, bc- 
caufe the angles ACD 
and BCD, being equal, 
muft ftand upon equal 
arches EA and EB;. 



" 


> 


vO 


t 


y. 


/• v > 




K / 
/ 

/d 


• 1 


r 




/ 



'% 



E 



Now, becaufe the angle AOB at tl^e center, ftanding 

upon the arch AEB, is double to the angle ACB at 

•|me periphery, ftanding upOn thie feme arch {Euc, 20. 3.) 

9 ' that 
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that jm^e, ais vwdl as ACB, is given } and, therefbre, 
ia the ifoiceles triangle AOB, there are given all the 
angles apd the bafe Ad i whence AO and F( > will be 
both givenj by plane trigonometry, arid cohfequentl/ 
£F (AO — FO) and EG (zziAO). Call, therefore, 
EF =; ^7, EG = *, CD r=.r, and DE = x ; and fup- 
pofe CG to be drawn ; then, the angle £CG, being a 
right one (Euc. 31. 3-) the triangles EDF and EGC 
will be fimilar ; whence x: a : : b : x -^ c i therefore^ 
by multiplying extremes and. means. We have x^ -|* ^x 

:s: aby and confequently x =: \/ab + {cc *- {c ; from 

which DF (v/ED»— EF*), half the difference of the 
iegments of the bafe, will be found, and from thence all 
the reft, by plane trigonometry. 

Before I proceed further in the folution of problems, 
it may not be improper, in order to tender fuch folutions 
more general, to fay fomething here, With regard to the 
geometrical cbnftruf^ion of the three forms of adfis&ed 
quadratic-equations. 



/ 



tx^-^axm bc^ 

\%, A *»— tf^ = bcy 

L ax--^ X* zz be. 



Conftruilion of the firji and fecond forms. . 

- With a radius equal to f ^, let a circle OAF be de- 
fcribed ; in which, from any point A in the periphery, 

apply AB equal to i — c . j. ' ^ 

(b being fuppofed greater ^ ^ "*^ 
'than c) and produce the 
feme *till BC becomes 
= c ; and from C, thro* 
the center O, dniwCDE 
^rutting the periphery in 
D ai.d E ; then will the 
value of X be expounded 
by CD, in the firft cafe, and by CE, in the fccondw 




x6B The Appucation of ALcrcitA 

For, fincc (by conftruAion ) DE is =: a^ it is plarn,'tf J 

CD be called ;r, that CjE will heM+ a', but if CE be 
called Xi then CD will be jr — tf : but, by Euc. 37. Jt 
CE X CD riAC x BC, that isy + g x x(9^-{'ax) 
is = if, in the firft cafe ; and x y^ x — a (x* -^ ax) 
= if, in the fccond : which two, are the very equations . 
above exhibited. . / | . • ' 

When it and c arc equal, the conftruftion lyill be 
rather more fimple ; for, AB vanifting, AC will then 
, coincide with the tangent CF : therefore, if a right- 
angled triangle OFC be conftituted, whofe two legs 
OF and FC are equal refpeftively to the given quanti- 
ties \a and i, then will CD ( == CD — OV ) be the true 
value of*' in the former cafe, and C£ {= CD + OF) 
its true value in the latter. 

ConftruBion of the third form. 

With . a raditis equal to |tf, kt a circle be de- 
Icribed (as in the two preceding forms) in which appty 

AB, equal to th« fum of the . 
two given quantities i + f , 
and take therein AC equal 
to either of them j through 
n C draw the diameter DC£ ; 
then cither DC, or EC, will 
be the root of the equation. 

For, the whole diameter 

ED being =: a^ it is evident 

that, if either part thereof 

(DC, or EC) be denoted by at, th? remaining part will 

be i ^x : but DC X EC =: AC x CB {Ekc. 35. 3.) 

that is, <i;if — Jf* = if, as was to hjhewn. 

The method of conftru&ion, when iand c are equal, 
is no- ways ditferent; except that it will be unnecelfary 
to defcribe the whole circle ; for, AC being, here, per- 
pendicular tothe diameter ED, if a right-angled triangle 
OCA be formed, whofe hypotbenufe is ^tf, and one of 
its^legs (AC) =: i, it is evident that the fum (EC) 
and the difference (DC) of the hypotbenufe and the 
other leg, wil be the two values of x required. 

Noli. 
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Note. If b and c be given fo unequal, that h^^iy in 
the two £rft forms, or ^ + ^) in the laft,' exceeds (a) 
the whole diameter $ theii, inftead of thofe quantities, 
you may make ufe of any others, as {b and 2^, or ^b and 
3^, whofe re£bngle, or produd is the fame; or you 
may find a mean proportional between them, and then 
proceed according to the latter method, 

PROBLEM Xyil. 

Tbi bafi AB, the verticU angU ACB, and the right lin$ 
CD, drawn from the vertical angk^ to B\fe(^ the bafe^ bein^ 
given; to find the fides and perpendicukir. 

Suppofe a circle to be defcribed about the triangle ; 
and let CQ^be perpendicular to AB, and £D equal, and 
parallel to CQ^; moreover, from the center F, let FA, 
FB, and FC be drawn; alfolet C£ betirawn (pacallei 
to AB). Put the 
fine of the given 
an^IeACB, to the 
radius i, s= m^ iti 
confine =: », the^ 
femh-bafe BO = a^ 
'the bffeding line 
CD = 4, and the 
jlerpendicular CQ^ 
(DE) = X : then, 
fince (by Euc. 20. 
3.) the angle BFD 
is equal to ACB, it 
will (by plane tri- 
gonometry) be, as m (fine of BPD) : a (DB) : : n{ixTi^ 

of DBF) : ^ = DF ; and, as m (fine of BFD) : a 




m 



(DB) : : 1 (fine of BDF) • -?. = the radius HF, or 



in 



^' 



FC } whence EF (ED ~ DF) =z * — ff, or! 



mx — na 



But {by Eut. la. 2.) DF»+FC'+2DF xF£=DC»;' 

that 



• « 
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t • • f ■ ft it , O 

pat IS, in ipecies, .-^ + i.*. 






m 



m 



Tzh\ 



or - 



«*^* 



tnax 



mr ^ n^ m 



=: i* : but, fince the fum of the 



fqua;res of the fine and co-fine, of any angle whatever^ 
is equal to the fqtiare of the radius, or, in dieprefent 
cafe, m* + »* = i, therefore is i— «* r: m\2Cnd confe- 



n^a* 



quentiy f- — IZ., (or I- x i — «*) = ^. xw*=:«'| 
—^ fir' m nr 



m 



2nax 



whence our equation becomes «* + -_=A*jwhichi 



m 



n 



ordered^ gives x = r: — X ^ — ^---- 

• 2na n AB 

Ix:Ti^xDC=5b. ^^^^ « ^p^^^ 

AB » 

the tangent of the angle ACB : therefore, in any plane 
triangle, it will be, as the bafe is to the funi erf' the 
femi-bafe and the line bifeding the bafe, fo is/ their dif- 
ference to a fourth proportional ; and, as the radius is to 
the tangent of the vertical angle, fo h ihat fourth pro- - 
portional to the perpendicular height of die triangle : 
Vfhencp the fides are eafily found. . 

The fame otherwife. 
Let the tangent of the angle ACB, or BFD, be rc- 
prefented by f, and the reft as above; then It will be 

(hy trigonometry) ?Sp ii (the radius} : : 47 (BD) : -f 

=: DF ; therefore FE (DE — DF) riA- — ^ , and FC* 

P 
(=:FB* = DB*+DF*j =rtf*+:^; and confequently 

?!+fl«+ f!+^x ^— l(DF»+FC*+2DFxFE)= 



*A( =DC"-)that is,^*+ !ff =**i wbQHCc»=:p x£!^ 
^ fame as before* 



-.4 



v 
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PROBLEM XVIII. 

• / 

515/ ari0y theperimeteryandomoftbe angUs ofanypIaHe^ 
triangk ABC, being giveriy to determine the triangU. 

Suppofe a circle to be infcribed in the triangle, touch- 
ing the fides thereof in the points D, £, and F ; alfo 
from the centre O, fuppofe OA, OD, OC, OF, OB, 
and 0£ to be drawn: 
and upon BC let fall the 
perpendicular AG ; put- ' 
ting AB + BC + AC = 
i, the given area = a\ 
the fine of the angle ACB 
(the radium being i) =z m,. 
the CO- tangent of half that 
angle (or the tangent of 
DOC) = w, and AC = x. 
Therefore, fince the area 
of the triangle is equal to 
fABxOE + IBCxOF 
+ J AC X OD, that is, equal to a re6hingle under 
half the perimeter and the radius of the infcribed circle, 

wehave — xOE = aa\mi therefore 0£ = -i?. But 
2 . b 

AD being = AE, and BF == BE'; it is manifefl that the 

ilmi of dK fides, CA + CB, exceeds the bafe AB, bV 

the fum of the two eqthil fegments CD and CF ; and io 

is greater than half the perimeter by one of thofe equal 

fegments X:D ; that is, CA -f CB = |^ + CD: but 

(by trigonometry) as i (radius) : n (the tangent of 

DOC) : : ~ (OD) :DC:z—i whence CA + 
b ' b 

CB (= |4 +CD),= lb + ~i which, taken from (b) 

b 

the whole perimeter, leaves |i *— =: thebafe AB. 

t b " 

' » 

Make now lb + — s= c ; then will BC = r-^r ;alfo 

(by trigonometry) it will be, as i (radium) : m (the fine 

of 
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of ACG) : : x (AC) : mx =r AG ; half whereof, mul- 



tiplied by r— jr (BC), gives . 



tncx — mx 



=: a% the area 



of the triangle; from whence , jr, comes out rp |f ± 



VF 






P R O. B I^ E M XIX, 




The hypothenujey AC^ of a right- angled triangle ABC, 
and the fide of the- infcribed/quare BEDFy being given '^ 
to determine the other tivo fides of the triangle* 

LctDE,orDF = «, AC = ^, AB = at, and 3C =r :y ; 

then it will be, as x \y \i x 
— ^7( AF) : a (FD); whence 
we have^y t:z yx — ya^ and 
confequently xy zi ax -^ ay* 
Moreover, xx -^ yy :r: bb : 
to which equation let the 
double of the former be add- 
ed, and there arifes x^ +^xj 
+ >•* =_** + 2^x + %ay I 

t hat is, X + yV r: A* + 2a 

X X -r y^ or X + ^'l*— 2<? X X'\-y:=i b*\ where, by con- 
fidering j^ + y as one quantity, and completing the 

fbuare, we have x -|- y|* "— 2<yx ^ + y-ftf* = b* + <* ; 

whence * -f y — a zz^b* + a\ and ;r + y r± v^<»*+A* 
+ a \ which put =: c : then, by fubftituting, r — ;r in- 
ftead of its equal (y) in the equation xy zz ax + ^y, 
there will arife ex — x^ zz ac} whence^ will be found 

r; |c -f vlff — ^f, and y = |^— /iff — ac*_ 

It appears from hence that r, or its equal ^aa + bb 
+ ay cannot be lefs than 4^3 and therefore A* not lefe 
than 8ff^ ; bccaufe the quantity |rc — /w, under the 
radical fign, would be negative, and its fquarc root im- 
poiliblej it being known that all fqiiares, whether from 
pofitive or negative toots, arepofitive; fo -that there 
cannot arife any fuch things as negative fquares, 

unlefs 



io (jrlOMBTRICAL VtLOUttlASi' ^jfjL 

^nlefi tfa6 conditions of the problem under consideration 
/are. inco'nfiftent and impoJ^ble. And this may be de^ 
iJionftratbd) from a;^metrical piihciples^ by aieans of 
the fbllowing 

.Lemma. 

Tke^Jum (iftbejquares dfanf tW9 quantttUs is gfeatir 
than a double reSfangtt under tbofe ^uantltiiSy by tbiffquart 
rftbe difference of the fame quantities* 

. Ft>r let the greater of the two quantities be r^reieitted 
hy AB, and the lei&r by BC (both hk^h in the bm^ 
^ight line). Upon AB and BC let the fquares AK and 
UE be conftitut- v 

ed; take AP ii H^ ^ *" 

BG and complete 



re£tai%l 
andCF. There- 
fore, becattfe AB 
= AH, and AP 
^ BC, it is plaiii 
that PH and *D 
are equal to two 
re£fcangles under a[ 
the pr(;^K)fed quan^ 



I 111 *■ 



I* 



fi 



■Mk 



*MMMftl««i 



o 



titles AB and BC; but thelfe tvi^b redangtes are iefs 
than th&tWo fquares AK and C£, which makeup the 
Virhole figure by the fqiiare FK, ^t is, by the fqUare of 
PB die difference of the two quantities given; as was 
tobe pirovedm 

Now, to apptv thrs to the^nflatter prOpbfedy lettber^ 
be gi ven die q uaaratic equation ^*+^^ =r auur, or ^ z ^ 

± ^aa^-^bb : thcn^ I iay, this equation (aiid epnfe-» 
quendy any problem wherein it arifes) will be imfioffible^ 
when ait — bi is negative, or b greater .than a^ JFor^ 
fiuce^ b is fupp(^ greater than tf, aA;ir will likewife b^ 
greater than ^ax ; but 2ax is given s xat ^f M, ^re^ 
fere %bx wilt be greater than xx ^ bby that is, tfae^oubl^ 
re<^angle c^two quantities will be greater tiian the ftittt 
»f their fquare&) which is proved to hi imj^ffibk* 

T ^ PRO-? 



if 4,^ The Art^tit AtiofT of At6ttttA 

P R O B L E M XX. 

. TTii b^ PkB(a) and th$ p^rpencUeular 6C l(bX fff a 
ttght'Ongled triangle ABC, being given j ft hpropojei t9 
find a point D in iht perpendicular^ fa thatj if two rights 
lines be drawn from theacey inr to ihi angular point A, an J 
the other (DE) perpendicular thereto^ the triangles GlE^Cy 
ABTJ, f«/ ojf by thofe Hnssy fhaU be to one another in a 
given rafiom 

Let AB-be produced to F fo that the angle BFD may- 
be ct^vialL to the suigle BC A ; putting AC r: c^ CD ^ x. 




arfd tlie given ratio of did triangle DEC to ABD, asm to *. 
Thpn, >by reafon of the fimilar triangle^ ABC, DBF, 
it will be, a (AB) : * (BC) : : b — x (to) : BF = 

^Z±i whenceAF =« + *l=± =:2l+il-LfS 
a ' a a 



t'^bx 



{becaufe tf* + i* = c^). Alfo, as ADE is a 

u 

right-angle, the angles FAD, EDC wHl be equal ; there- 
fore, the angles C and F being equal {by con,) the tri- 
angles AFD, DCE9 muft be fimilar i and confequently 

AFv23!) :. CD* Un : : H^..(S^^E5) 



2 

1« <l I I Hi^ 



«Ji« ar& of the triangle AFD : ( ^ ^^ ) the area 

•f U)e .friangle DEC : Mrhetefore, tfae Area of the tri:. 
■4- angle 



<• r 






m 



y or — ^i'we fliall have> 



Mt 



.• « : • : (py the quejtton) ; and 

tonfequentlyj «;r*' = w X c * — bx^ or Af* -f f^ i: 2f!i 



» 



Which, reduced, gives * ^ -/fL'+ ^*— — • > 
The geometrical conftrufiion of this problem, from 

the equation ar* + r:— > "^^7 ''c as follows,' In 

n n 

CB let there be taken, CH r CB : : i« : «, and let HK 
be drawn parallel to B A i dlen CH being sc ^^ ted CK 

Sr _) our equation will be C'hangfedifo;^* +> x CH 



a AC xCtCortoCD >^ CD + CH = ACxCK. 
Upon >CH as a diameter let the circle CTHQbe defcrib- 
ed, in which infcribe GG ^ AK ; and in CG prbduced, 
take CS>: CA ; and from S, through the ceht^e 0» 
draw the nght*lirte STOQ, cuttihg the circumference 
in T and 0, and make CD t^^ ST i then will D be Ac 
point required* For^ CG being = AK, and CS:± CA | 
therefore will ACjcCK^CS' X GS siSTxSCtC ^^a 
37.3.) = STxST+TCi,=2 CDxCD + CH, th« 
Very fame as above. 



P R O B L E JVI XXI. 

Having the perimeter of a right-angled triangle ABQf 
and three perpendiculars DE^ DF, andT^K}^ falling from 
a point within the triangky upon the three fides thereof ;, t9 
determine thefides^ " . , . 

Suppofe DA, DB, and DC to be drawn ; and let DE 
s:. «, DF = J, PG = f, AB :i *, BC = y^ AC ?= «, 

T» and 



ip 



The ArrucATiOM of Atcs^iiA 



\ \ 



and the J^rimctcr, AB + BG ^ AC, = jf .• then, thtf 

area of ADB being e^* 




pounded by 



ax 



h 



ofBDCby-Z ; 



ex 



that 



that 



and 



of ADC, by — , 

that of the whofe 
ABC,byi?;wethere- 

fore have If +f? + f? f= -»<>«• ^ + ^ +^* - ^> ^' 
1 a ^ ^ 

nioreover, we have #* +^* = a*, and ia? + y + z = ^> 
by the conditions of the problem. Let k be tranfpofea 
in- ^e laft equation, and both fides fquared, fo/fhall 
\* + ^xy + y* = ^* — 2^2 + »% from which, if at* 
+ y* =: %* be fobtraded, there will rem^n 2ocy = p* 
— 2^« == iax + 2Jy + ^z (by ihefirfl equation) • ' 
whence hm + by + c -^ p xzs: ipp : from this laft 
equation iubtra£t a time s at? 4- y + z = ^ and dxere 

WiH remain J^y — ^y 4;^ + ^ — ^ X % ^ ^p^ -^ap-, 
, aUb, if from the fame equation, h times se + j + z. 
== ^ ,be fu btraQed, there will remain ax "-^ bx + 
f j^ f — ^ X « = Ip^-^bpi which two laft equations, 
by putting d => — ^, e=zp.+ ^ ~ tf,/^= |^* *— ap^ 
g zz p + c '^ b^ and A =: |^* — • *^, will ftand ^hus, 
dy + e% zsL fy and — - jir + ^z = A j whence y ir 

-tniff, and ;f r= € — ~— Let thefe values of x and y 

be fubftituted in x^ + y* t± z* and we (hall have 
/*— 2^z+^*z* . ^V— 2^Jz + ^*^ ^ ^ 1 / . — ^ 

X z* *— 25^4. 2ghX ztn — /»_ i* : put ^* + ^* — ^ 
== *> rf^ gh zzly and/* + A* ~ OT ; fo fhall iz*— 

2/z =:~ Wi whence z*— ^ ±: — ^, and z :=: -i 



to GeometAicai Froblbms. 



Vp) 



^V-n~^^ ^ ' ^ - /^ M : from wJuch ;r ( sk 



t^ 



.) and 7 f = 



_ /— Tr^a; 



) will aHb be known. 



If tf, B and r are aH equal to each other, the point D 
,Vrill be the centre, and each of the given perpendiculars 
a fadius of the 'infcribed eirdc ; and the value bf z it% 
this cafe, will b e barely eq ual to |^*— a ; for the equa- 

^-tion, by —My +p^^C'^ax i = ^* — i!^, above foiind, 

.tere becorne3 /a? ^ |^* — ap. 

.Butj if only a md b ( or DE and DF) be equal, then 
tTie equation Vili become p+c — axz zn^p* — tf/> ; and 

therefore 2 = ^^ fP . j^ which, ifc be taken = o, 

p+c — a . . ^ 

% will be = iLZlfS^ where a-is the fide cf the ia- 
fcribed fquarcl . > • -f . 

PROBLEM XXII. 

The perpendicular CD, rt<? difference ofthefidts^KQ.^ 
BD, fl«rf rA^ vertical angle D^ of any plam tnangle ABD> . 
ieing given ; /)? determine thejides. 

> FromB, iipon AD (prodticed ifneedbe) let fell the 

perpendicular BE : let the fine of the angle BD£ = /, 

its co-fine =: r (the radius being unity) ; alfo let^ 

perpendicular CD =:^,the 

lefier fide BD = at, and the 

greater DA == x + d/then' 

(by Prop, 9. in trigonometry) 

SL& I : s : 'i X : sx ::: ^E'i 

and, zs 1 : c : : X : ex :si 

ED. Now AB% being =: 

AD^+DB*— -AD X 2DE 

CEuc. 13. a.), will be ex- 

po utided b y jr + 4* +** 
p^ »+ d X zcx, or 2** + 

8^ + ^ — 2ex'^^Mdx; whence, by^ t€afon of tlie 

T 3 . fimilar 




t^ The Ap^mcati0N ct A;.<^eb^a 

fimilar triangles ABE and AI^C) it willbe, as n^^ <f 
ndx + i^— ' »*• — a«Ar f Afei) : ^V (BE*) : : ** 
+ 2xd -{- d^ (AD») ; /^* (DC*), and confequendy^ 
by multiplying extremes and means, s^x^-^. iiVjf^ 4- 
4*d^x* zz 2p^x^ + 2p*dx + /► V* — 2p\x'^ -^ 2jp V</* ; from 
.whence, by txanfpoiition and , diviiion, we have x^ -t- 

/* J* : / /^ T* 

^— ^- — =;: o. Which equation anfwering the condi- 
tions of the fecond cafe*|qfl)iquadfatics, explained ^ 
^. 154, we fliall therefore have x^ + dx + C^ — ti ^ 

^ + EE2.'i and con&qu^tly * = — frf + 






X* i* 



Oiberwiji 



^^1 



Suppofing Jt, r, and ^ to be the fame as bdbre, put 
half the given diiFerence of the fides r: ay and half their 
JSim SE k ; then the greater fide AD will be ^ * + ^^ 
9Uid the Jeffer BD =: x^^a y wherefore (by irigonometiy} 

I : X :; X'^^ti: s x x-^a r: BE 1 and, t :r : : at — df 

xc xT^ ^si DE : but AB* is = A D^-fP B*— 2DE 

X AD 3? > + fll* + ;if— tf{*— 2C y.x — a y A^+tf =2 



^;r* + ijfl**iw2f;ir* + 2^<i* 5 whence, by reafoti of the, 
fimilar triangles ABE, AD C, it w ill be 2x^ ^ av?^— . . 

ar;^*'+ 2c«* (AB^) : j* x jrtir^* (BE^) ^jTT^* 
(AD*) ;^* XDC*) ; and confequently r " x *— ^?|* X 

A" + tf|* = 2** + 2<^* -^-r. 2<:;ir* + 2i:a* X >% or iV*— 
25^flV 4- j*^ =: 2/)*Jr*.r- 2r/> V + 2/*tf* + 2cp*a*i 
whence, by tranfpofitioo and divifion,,*-*'*^ 2(iV* — 

/3B 



«*« 



then ^he equatioa wiil^ftaftd^^thu^^ jr* 7^ Z/S* r: V r 
whence ";r is found zz y y^± vy+i^ 

. If, inftead.of the di%j^C»€jj,»the/^rp.of. .t^f.fidps .M 
been given, in order to find tne 'difference, the-'m'ethol 
of operation would have been the very farrrcfiBxjl^, in- 
ftead of finding the value of ic in terms of tf, tymean* 
of the equation jV* — 2jV V.+/V* = 2/>V>-»- 2^/>*;c^ 
+ 2/)*<2*4-2t/>V, that of a tAwk have been found in 
lerois xrf jr,' .'from the /amc equatioa. 

' . ^ ^^ R O B L E M XXltL 

Havin^^m'ieg AB jf ^ rlghuangled triangle- ABO; 
//)/«i the other leg BC, '^ thaVther^angli under 'their 
'Mfferefttf\ faU~AB')Viri/ fht :hfp^)Hm!ffl hO^m.^ be 
^Ha{io.4h^!a^eq ofrihe triftif^^ • - — - '• — , ^^ 

V PutkB is^,-and BC = x\ fo fcall ACIr V^J+IT^ 

^ and — . :;; iv— Ttfy^tftf'+ ^-^f .V t^ conditibns ^f the 

^problem. Bj Tqttaring JjotJ* fid^ J ' ^ 

oF this equation wc hav^ I^V n 

which the quantities ^^i^l ^Jbeing 
concerned exa£tly alike^.ihe ifiliir 
tion will therefore be brought oat 
from the general method for ex- 
tra<9;ing the roots of chefe kinds of 
.equations j[ delivered at p^ 156)-: 
according to which, "havipg di- A 

yidcd^e whole by i? V, wfif gcj ^ 5r^ ^% ^ ^ 
. ^ a X 

:x ~ + ^i which, by making z =: f. + ^, ' vi^ be 

reduced down tolriz-r^jt Xz,Qr ^* — az =: |: 
whence z is given =: i + /^. But, fince £+£= ar, 

■ "T 4 * * -wc 




tio 
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wchaycAr*— •««*=: — «*; and therefore «» 22 — +^ 

4/fiL — tf * = if X « + -/«» — 4 ; which, by fUbH 
^4 2 

ftituting the value of «, becomes * = — x 




PROBLEM XXIV. 

Ta rfr^w a rigbt-Une DFfr&m one angle X^ of a given 
rbmbus ABCD,)^ thai the part thereof fG intercepted by 
cne of tbeftdei including the oppejite angle and the merfid^ 
fromcedy may he of a givm length. 

Let D£ be perpendicular to AB j and let AB ( = AD) 

-T^n = tf, AE = *, FG 

= r, and AF ;:: at ; 

then DF* (sa AF* 

Q 4-AD*— lAExAP) 

:p: ATA? + tffl — %hx ; 

and, by iiinilar trj- 

__^ ^ angles, 4f;if + a^ — 

A E B F >i;r(PF»);x;.(AF*) 

: ; f f (FG*) ; j?-^* (BF *)$ and confequcntly 
seX'{'aa — 9^x X ** "^ lax-k- aa r: ccxir. Kfoke tna s;: 
*, and«g = r; . fo flutU our equat ion become 
9cx^aa--<max X xx^2ax+aa = n^ ^*^* ; wbidH d j- 

vidcdby «V, gives f. + 1^* 

n* : tills, by making a ss £ + f. , becomes as^ais x 

a X ^ 

%r^% =: w* : therefo re g*'^ Z>« ^ a X « 5S »*— 45^ 
and » c: I + w + V** + IT^^* ;s 

^ + ^+ V<* + a- *|'^ ^y reftoring the rrfwes <jf 

mandff* From wb«nc« the value of * will be alfo 

known i 



JWI ?< 1 + i.«- » s 



to GtOMSYKXCAt ^OBtSMi.^ fSt 

kubwn \ for — -f ^ being ra Zj we ha^e, by roduo* 

ax ' - 

tioii) X* -^ ff&v s *- tftf ; and tberefore ;r ;^ .-»)t 

2 . 



PROBLEM XXV. 

7^/ diagonals AC, BD, ^im/ ^/I the angles^ DAB^ 
ABC, BCD, and CD h^ (fa trapezium ABCD^, being 
given ; to determine thejide$» 

Let PQRS be another trapezium fimiiatr to ABCD, 
whoie fide PQ^is unity ; and let QP and RS be produced 
till they meet in T : alfo let PR and QS be drawn, 
and make Rv and Su; perpendicular to Iv^ Let tho 





Q V roJS 

(natural) fine of the given angle STP, to the radius r, 
be put = w ; that of TSP, or PSR, = « j that of 
TKQjszf ; the co-fine of SPQ^n r j that of RQv zzn 
AC =<? J BD =: *; and PT = ;^. Then (hypUme tri^ 

ginonutry) n:m:;x:fS = Sfjj and i : ^ (PS) 



fmx 



X ; rrPfv = II^ : whence, iy jE«tf. 13. 2, QS* (=QP» 

n 

+ ps»-.2PQ xPtv; -: I + ^ ^ ^lauL, 

nn n 

Again (by trigcmmeffy) p :m 11 i + x (TQ,) : 

Q^ ^ ^ + ^^3 and I : J ; : 2jL2f (CLR) : Qy = 

p 



H 



\ 



icduifirof the ftoAbt igafea A£CA FQS^S, it-wiU 
be,- AC* : BD» : : PR* : QS% that is, a* : b^-. z 






PP ■ ' P 



t' *■: 



.1 



;2» n 



it ?^y"^ + i!£f:! _ ^!!!L^ _ 3!!^: whence, writ. 

llUg/c: ^ — .^^ .^^-^^s: .,.-, ^_ ^ , and 

. n^ '^ Pp^ p PP n 

b=b*Sa* + ^Irt _!!^ , wehave>*+25* = h : 

PP' P : . • " - 



which, folved, ^ives x s ,v — .+^^ — — • Uovn. 

ivhenc^. Si^^-Will aJlb be k^own : and then, agaifi, by 
reafpft ^f the fimilar figures, it will be^s Q^S : QJP 
.^^fdftity) :': BD : AB5 wiiiph therefore Is Jcnown, 
ilkewife : irom .whence the reft of. the-, iides BC, CD> 
and DA will all be feund by plane trigonometry. [ 

Tfae laft probtem is indet^fmin^e U^ tl^t p^E^i^^ 
cafe, whece the trapesiiini may be infer ibe4 ^ a cirek^ 
or wtere the fun> of the two oppodte angles is equgtl 
'to two right one^ ; for, then, there can .l^ut onediggQ- 
nal be given, in the queftipn^ becaufe the vjilue of the 
ciher depends intirely upon that." 

PROBLEM XXyi. 

, Suppojing BOD /^ i^ a quadrant of a given circle ; to. 
,fnd the fefHi' diameter CEy or CL* efth^ circle CEGX, 
infer ibed therein \ and likewife the fewi- diameter ^ the 
Jittte circle npm?^ toueMng {^oth ibt Mber tinles I)LB, 
JLrTwE, andalfo the right* line OB, 

Let BQ^, P«, aodXE, be perpendrcular tbBO'5 join 
C^ n and O, n 5 and draw OC meeting BQ i« Q,j 
>nd #r parallel to BG, meeting CE in r: put. Ofi 



to Geometrical PaoiLEHAS. 
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i 



'« ( r= nm) = x. Then, by reafon of the. fimilar tri-. 
angles OBQ^ OEC, it will be, OQ, : BQ^: r^OC ; 




B P 



CE ; whence, by compofition^ OQ + BQL- BQ : : OL 
(OC + CE) : CE ; that is, A + i : i : : I ; CE d; 

•— I ; which let be denoted by a^ then we fliall have 
C« + Cr Z 3 2tf, and C« — Cr z=i 2x \ and therefore nr 

(= VC«-f-CrxC«— Cr; iz'i'/ax. Moreover O'/f 
4^ P^ jaei pg =; t, and On -r^Vuzz l -* 2 a-, thence will 

OP =: y^ I -i-2A: 5 which alfo being =;: PE + OE ' 

( 2y/tf;r + tf J we therefore have y/ I — 2jr =: 2V ax 
+ a; whereof both'fides being fquared, there arifes i — * 

%x rr ^x + 4^/flx + fl*, or I — • «* — 20? — 4^x zz 

jyas/nx J which, becaufe i-^aa is 2<7, will be « -^ 

' i-^ 2a X X :=: 1a>/dx : this, fquared, gives <j7* — i"+23 

X atfA'-f I + 2aY Xx^ z=i /^a^x ; whence i + 2a\^ x x^ . 

•p-l + ia X 2ax^>^^x =5 — flf^i whichj by writing 



: 



y 



' ■ ^* • * 



/ 



e 



'28+ The Application of Algebra 

* — I Inftead of its equal tf, becomes 2^ — 1 1* x ** ~ 

i7***-9 x'2jrs:2* — 3j therefore at* — 7*^9 ^ 



^X = 



^ *» • 



2* — il 



»—— » 






; from whence .v is found ;ss 



^ + 






7*— 9 ±Va i — .^ X 2^ — 1 1^ + ^rz:^* 

7^~9±V-T.-4f-l »a^8^ „hich, by writ, 
log •Tfor i, becomes 7^ a — 9 ^ v/i36^96Va _ 

2^2-ll 






i3v /2 — 17 
1» 




2 — 1 



-; which laft is the root required, the 



Of to 



2v/2~i; 

other being manlfeftly too large : but thiy value will be 
reduced to ^^ ^ ^ 



49 



Therefore OP ( =; yoT— ^ 

In the tangent BQ,, take BIJ = 1 BO ; draw HO 
putting the circumference RDr :„ p j ^ r» 
aiK^leOFP -1 I ouD 7 . '" ^» ^"^ make the 
angle Uii F = I OHB, and draw P« paiallel to BO 

«>eet.ngOHm«,tJ.ecenteroftheleffercSe«q3i2r' 

SCHOLIUM. 
exS&'?"*^'"S folution it was required, not only to 
Ptxf^ the fcjuarc root of thfe radiwdquaotitiw 13?^ 

9# 



to GsdMBTILICAt PrOBKEM 9; ' 2^^ ! 

t^bt/% and 51 — ^ \OM/%n, but likewife to uke away the 
radical quantity from tbe denominator of the fra^on.; 

y ^ "^ ' 1. and confine it« wholly* to th6 numera- 

tor : all which being fomewhat difficult, (and, for that 
rbafon, omitted in the introdu£tion, as too dtfcouraging 
to a young beginner) I (ball therefore take di^ oppor-^ 
tunity to explain btrt the manner of proceeding in fiicb 
like cafes, when they happen to occur. 

Firft, then, with regard tp the extraction of roots out of 
radical quantities^ let there be propofed A ± v^B, A be- 
ing the rational, andV^B the irrational part thereof i 
and let the root required be reprefented byj/"* ± V^; 
the fquare of which will be * + y =fc ^V^jfv, or x + « 

± y^\xy ; dierefore we have ^+y ± v 4^ =r A ±y'B. 
Let the irrational, as well as the rational parts of ihefe 
two equal quantities be now compared togedier ; fo 

Ihall X '\' y zz hy and f^^xy == \/B : from the fquare 
of the former of which equations fubtraft that of the 
latter, whence will be had xx — %xy + yy = A*— -Bj 
and,* by taking the fquare root, x — y =: VA* — B; 
which added to, and fubtr afled from Af + y = A, gSTr , 

gives X zz ' , and y .r: > 

2 2 

In the firft of the two cafes above fpecified, the quan- 
tity whofe fquare root is to be cxtraded being 136 --. 
96^^ we have A = 136, andB = 18432 (=:^* 

V t_ u f A + v^A* — B. _ ^^ 

X 2) 5 whence we have x (r= J = 7^% 



and y f — A a/A B^ ^ g^ . ^j^j confcquemly 

^ 2 , _^ 

y"^ — i\/y = V72 — ^ \/b4 =: 6\/ 2 — 8, the required 
iquare root of 1 36 — 96 v^ 2I) After the very fanje man- 
ner, the fquare root of t he other radical quantity^5i — . 

lo-/^ or 51 — ^200 will be fpund to be 5yf 2 — t :» 
. ' for. 



\ 



* 

for> A being here SS 51, dndB r; 200, we have >ji? ±: ^d|* 
intttfjr m J and confequerttly y JUT — y/yrr 5\/2 — i* 

Wbathas been faidi thus far5- relates iothe extradion 

of the fquare root only ; biit the fame method is eafily 

extended to the cube, biquadratic, or any other root. 

Let us take an in|):ance thereof in the cube root; where 

• we will fuppofe the given quantity, out of which th^ 

root is to be extraiSed^ to be reprefented by A ± V^B^ 
OS before* Then, if the rational part of the root be de- 
noted by Xf and the irrational part hyV yi the root itfelf 
will be e*preffed hy x ±. "^ y\ and its cube by ;r'±: 

jpc^V^ •\' jxy ± y/jf : from whence, by proceeding as 
in the exti-aSion of the (quare root, we have x^ + ycy 

:=: A,and 3*-*Vy +yv'j' r: -/B. Let the fum and the 
difference of thete -two equations be takdn, and there 

will come out ^' + ix^y^^ -h3^y +yy/y = A + \/Bi 
and x^ — - 3.1^*/ y + 3xy -^y^/ y zz A *— >/ B } where-^ 
of the cube root being extrafted on both fides, we then ce 

havcjr+v<y=i:A + y'JBis and * — -/y rsA— \/B'3 : 
Ictth^ two laft .equations 4}e added together, and the fum 

bVdividedby ij fofhali* = AH-VB|^ + A- ^BF, 
and by moltiplying the fame equations together, we 

' \X 

get ;^*— y =: A* — B'', and confequently y =: at* — 
. — .1 

A* —Br ; whence y is lilqewife known, 

Univerfally^ let the index of the root to be e^tra£led 
be denoted by », and let the root itfelf be reprefented 

by J^ ± v^ y (as above). Then this expreffidh, raifed to 
the «th power, will be xn dr nxT^^ i/ y + « X. x 



±:« X 



» — I 



X irzlx"^ 



[y V y &c, from whence^ 
23 
ffiU following (he fame method, we Qxall here get 



^•+ n X 



n—i «_ 
■ ■ ' ■ X 



*y &c. zz A, aiid 



H* 



to CfibiilEtittdAll.' Pitrim^iMf^ - ^ 



2 3 . • ...;,-. ^- 

fer^ therefore, ^the root of the fiim, and alfo of the dif- 
ference of thefe two 1^ equations, be tafceh, ; ihd ybu 

will have, x + /]? =3 A +yBK and x^'^zz 

A — i^BIs which two equations being added to- 

•nil r. J- A + y B I" ± A ^ /B»« 

gether, * wiH be round ss -_ — i-^-! i.i n tr .. ■ ■^ 



_ A + v^B'* . A^ Bf« .■ and, if th6 fame. 

equations Ke multiplied together, t you will have 

i» oDv = A^^Bh; whence y = \v* ±' A**---Br*^ 

The ufe of which concjufians wiU appear by Jthe ,fi|l-r 
lowing exanaples.^ - v , 

Firft, let it be pr€)f)ofed to extraft* the cube root of 

the radical quantity 26+ 15/ "si ^^ ^^ +' ^^Sf? 
Here, Aheing =26, B ±: 625, and » = 3,, we have 

x{= -^ — : — . — __,^x ' - / 

2X26+/675f' 

== 2; andy (n 4^676 — 675!^) =23; andconfe. 
quently ;«: + vO' = 2 -f v/^ = the value requited fot 

r+^x 2 +A/3 xTTTi = 26 + VotJ . 

Again, f€t it be req uired to extraft the biiiiuadratic 
root pf 16,1 + >• 25520. In this cafe^ A being sz r6ii 

B' ='25^26, and » = 4> we have x ( = ^^^^^^^.^U . 



• t 






-\ 



* 4 



IBS. The Application oi ALOebitA 

3r(=:4 + 2^921-^ 25^2') i) = 5 j thweforethc r#oi" 
fought is, here, = z + V" $. 

la&ljt if it wefe required to fiiid the firA lurfolid 
root of 76 4 V^stloK i thai} by proceeding in tbe ^me 
teaiutei',xwUlbelbutid(=H3i^iZ32 J ^ ,^ ^j 

,i 

^ ( e 1 -^ 5776 — 580^1 ' ) =: 3 : and fo of others^ 
£ut it if to be obferved, that the fecond part ef tiin 
value of ;e'1 to Which both ^e figns + and — are pre- 
fixed, if to b^ taken affirmative or negative, according 
Itt tbal or this fball be found requilite to males the Value 
of « come out a whole, dt rational, number -, and tba^ 
V If Aeither of the linls give fueh a value of x, then this 
mediod is c^ no ufc, and we may lafely conclude that 
tbe quantitjr uttpofed does not ^dmitof fuch a root ai 
we wodd nou. It nvsty alfo be prt^ier to retnark here^ 
that} if the ii[^)er fign in the value of # be taken, tbe 
Upper Jign in diat of jr muft be taken accordingly ; and, 
that tbe application of logaiitbnis wiU be (^ uw to &•• 
X 

cilitate the extraflion of the foot A +VB|', ash*j> 
ingfuffiriently exa3 to determine wfacdier x be a whrie 
iiuinber> and, if fo, vrtiat it ist 

Thus much in relation to the extraftion of the roots 
ef radical quantities j it rem^s now to explain th« 
manner of taking away radical quantities out of tbe • 
denominator of a fraction, and tranfplaliting th«n intd 
the numeiator. 

In mder to wYiich, fuppofine f o> ^noce a «4iole 
number, it is evident, in ^e iiirn place, that 

wee, byan aflual multiplication, the produd appears 

( — y— y— * y— /-y...— /) 

kll the terms, except the firft and lall, dellroy on« 
uiotber. Hencej by equal divifion, we tuve 



to GfibMBfltlCAt pROBtlSM9« I89 

la the veryiame maoper) it wiU sqipear that 

where the fign — ■ or +, iathe denomidatori takes 
plac^ according as the number r is even or odd. 

Let now x i2 A*, and / -* B* j then ouf equations 
will become 

I ^A'^^+ A''*^B"+ A'^^B** . . . . + B^-« 

A'"-* B" A*^" — B'^" 

I A*^-"— . A'^"*""B"-^A'*-3«B** . • . . ±B^-» 

A^ + B" A7« :f:B'^» 

From which theoremsi or general yjr/««/^, the mat- 
tei? propofed to be done, may be efFe&ed with great fa- 
cility : for,rMppofing j^jtzTbt' ""^ tPTb^ ^"^ ^^ ^ 

fraftion having radical quantities A*i B** in the deno- 
minator, it is phiin, that its equal value, given by the 
C^d equations, will have its denominator intirely free 
from radical quantities, if r be fo aflumed that both rm 
and rn may be integers. 

It 
To exemplify which, let the fraSion --Ji , of 

-/ 2 — I 
— ^ be propounded I then^ A being :=: 2, B^=: ly 

« = f and « r: I, we Ihall, by taking r s: %^\ayc(fro?n 
Theorem^ x) -^r — ^= \ ' ^ = v^"! + i. 

U , Again^ 
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I 

Again, let the givpn fra£tioti be -,=- 



a=s5 



or ^ . In which cafe, A being = rx, 

B = ^+ A »« = f> a«d « = I, we (hall, by taking 
r = 4, have -— . 



^f ^ 



If the numerator is not an unit, you may proceed 
in the fame manner, and liiultiply tf/brwari^ by th<5 
numerator given. Thu«, in the cafe mentioned at the 

bceinuing of this fcholium, we had given .-,1„ ^i, , 

which may be reduced to v^ 2 — i X == X 

., or to • 2 — I x' X 



2y^ 2 — I 8* — I 8* i— I 

jt L_ is found /*y Theorem l). tobe tz — ^ 

.8f-i *^ 8 — 1 



but 

= ^v^^ +"' : whence our expreffion fcecomds y 2 —.1 



X ^^'^ •*• ' X ^^ '^ + ' : which, by multiplica- 
7 7 . _ 

don* &^. is reduced, at length, to r . 

+9 

P R 6 B,L E M XXIV. 

Having tme leg AC, ^fa right-angled triangk ABC, 
to find the other leg EC, fo that the hypotheneuje fikhjhall 
he a mean proportional between the perpendicular CD 
falling thereony dndtheperimteroftbe triangle • 

Put 



I 

J 



/ 



ax 
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Fat AC = a^ and BC±=;r5 then will AB =; 
V^x + aay and CD (= t£j^^) = 

therefore, ly theiqueftU 
mt^x +a '-f \/xx, 4- ffa 

i^dconfe''^ 



ax 




Vkx + aa 

quentiy?^+^+V7;r A 

yxx-^aa 
S: ^>f + tf tf : whence tf*** . 4. ^ 2^3;^^ 4. ^;^i» ^ 

xoc+aa^ax}"^ X *i+^. Divi4c.*jr 4i V (according 

to the rule at page 156) fo (hall * + jt + f. ::- 

~ a X 




- + -., is reduced toz + 2 = af — ij* x js, or a^ 

— 2** =i a. This, folved (by the rule for cubics) 
gives z=,i + lx3S+v/n6rl^+ix. . t^_^ 

=,^^3593^4 : whence at (=z ^ x » ± -/»« — 4) wilk 

2 

likewife be known. 

PROBLEM XXVIII. 

The bajfe AB, and the perpendicular BE, of a rights 
angled triangle ABE being given ; // ii propofid to find a 
point ( C ) i« the perpendicular y from whence two rigbt-linei 
vA and CD being drawn^ at right angles to each other^ 
the two triangles ACD and ABC, formed from thence^ 
Jbafl be equal. 

Suppofe DF parallel to AC, and let AP be drawi : 
putting AB = fl, BE = *, EC =r a', and AC ( v'^^+T*) 



U2 



,/ 
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=r J. ^en,^ fn^ FDi* paralW to AC, the tritogle, 
ACF will be equal to ACD, or ABC ; and therefore 
€f = BC == X J 'whaicc we have EF (n: EB — BF) 

=5^ — 2x,andEC(=EB 
*— BC ) z=^^b — jr : more- 
over by reason of the fi- 
milar triai^s ABC and 
CDF, wehaye, y(AC): 
X (BC) : : x (CF) : FD 

Whence, becaufe of the 
parallel lines AC and FD, 

^ it will be, f! (FD) : i — 2;p 
(EF) : .y (AC): h^x (CE); and confequently 

which equation, by writing a^ + jp% inftead of itf 
equal, /*, becomes I at* .^-. a*^ =:^«* + ^y*— • 2tfV — Ia*' ; 
whence we have *' :f 2^?*ji? = ha^^ and therefore x r: 




PROBLFM XXIX. 

• rhne lines AO, BO, CO, drawn from the angubr 
totnit of a triangle to the center of the tnfcribed circle^ 
being given ; to find the radiui.ofibe circle and the fides 
ef the trfangle* 

If, upon CQ^ produced, the perpendicular BCLbe let 
ftll, and the radii OE, OF, be drawn to the points of 
contaa, the triangles BOQ^and AOF will appear toT)c 
-^Do"^"^^'' * becaufe all the angles of the triangle 
ABC being eijual to two right ones, the fum of all their 
" - halves, 
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halm, OCB + OBC + OAF will be equal to one 
nght-angle ; but the two former of thefe, OCB + 
OBC, , IS equ^ to the external angle QOB 5 therefore 
QOB + OAF = a right-anjle = QpB + OBQ* 
tad confequently ^ -w -*.i.» 

OAF = OB<3^ 

l*utnowAO=:tf, 

BO=*, CO=r, 

and OF- = * : 

then, becaufe of 

the ftmilar trian- ^. . . 

gle^ we have a : // r\ 1 ^^.-AE 

xi:6: OQ^ =: 

^; whence BQ* 
a 

and BC*(=: CO» + BO* + aCOxOQ,) = «*+*• 
.+ 5^ . But BC» : BQ: : : OC» : GE- that is. 




—^B 



. _^ ^ •' , • • 



aa 



X*. From 



whence w e^et Ais equation, viz. }ix* x ab^-tac^^ 2 hex 
= ^Vx.tf*—jf*; which, byreduaion, will become 

. , ab . ac , be ^^ , abe , 
^^+ — + --+— XAf*=: — : whence x may be 
2e ^b 7.a 2 , ' 

found, and from thence the fides of the triangle. 

If two of the given lines, as OC and OB, be fup- 
pofed equal, the refult will be mo re fimple : f ory by 
writing b for / in the equation ax"^ X ab'' + ac'- + '2bcx 
— ^V X <?* — a;*, ^c. we fliall have ah'^x* x 2a 4^ 2x 

zz b^ X tf* — *•* ; which, divided by b^ x a + Xj gives 

— — b^x 

%ax^ = A^ X « — *• ; whence ** + — = |^% and 

b^ _ b^%aa + fb — hh ' 

U 3 . From 



=/ 



- + -r- 



k. . 
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I ■ 

From the fame equations the problem may here* 
folved, when the diftances from the three angular 
points to the circumference of the inicribed circle are 
given: for, denoting the faid diftances hyfi g^ and A, 
you will have AO = jr+y; BO =: *'+^,.and CO = x 
+ h ; which values being wrote in the rdOm of ar, by 
and r, there will arife an equation of fix dimenfiops ; 
^ by means whereof x may be found. 

PROBLEM XXX. 

, To draw a line NM to touch a iircle D, pven in mag- 
nitude end pojitionyfo that the part thereof AC^ intercepted 
by two other tines BK, 'SL^ given in pofitiony Jhall he of a 
^iven length. 

Suppofc CP an$] DE to be perpendicular to AB, and 
DF and DG to AC and PC, refpefiively ; and let DA, 
pC, and DP be drawn j putting DE = a^ DF =: ^ 
AC = f, BE i^ rf> PC ^ xy PA = y, and the tan- 




gent of the given angle BCP, to the radius r, = /. 
Then, by trigonometry y I : / : ; * : /;p — BP ; there- 
fore DG(= PE) =: rf— /jr; Which, multipUed by 

IPC, or i:, gives f^lZl^, for the area of the tri- 

2 2 

^gle CDP : in lite manner the area of the triangle 
PDA will be found = 21; and that of ADC = -; 

which three, addqd together, are equal to the whole area 
ACP ; that is, ±.71^* + 2? + ^ =^,andc6nft. 

2 2 2 2 

quendy 



^ 
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quently he -^Jx — f** r= xy — ay. Let both fiJeS' 
of this equation be fquared/ and you will have 
ic 4- ^i r :ir7?|* = r^* X / := 'x — a\^ X 
^*_ X* } that is, AV + 2bcdx — ^bctx^-^d^x* — 7dtx^ 

whence i-j-z^Xy^ — 2^ + 2^/ x ;«rH ^*— c^^d'— 2k t 
X jr* + 2^<:* + 2bcd X x — <iV+ AV=:0 : fropi which t 
the val ue of x may be found j and then, thfe value of 

y (=v'^* **) being known, the pofttiqn of the points 

A and C, through which the line muft pafs, will alfo 

become known. . « .« 

If the given angle B be a right one, the point B will 

coincide with P 5 and therefore t ih thi s cafe being 

= o, the equation will become x^ — 2ax^ -ia"^ — c* + i* 

XX* + 2tff*-f2^f^X*-^ ^*^* + ^*^* =. ^• 

When the circle touches the right-line AB, a will 

then be equal to b : and, i n that -cafe, the equation ^ 

will be iT? X *'— 2^7 + 2dt X x* + <2* — e''+d^^2aa 

X *• + 2<7r* + 2acd = Ojbecaufe the two laft terms 

— fl*f* + *V deftroying each other, the whok may, 

here, be divided by jr. An - a ^ f 

Laftly, if A be = o, or the line AC, mftead of 
touching a circle, be required to pafs through a given 
point, the equationj?inlljh^ 1 + /* X ^♦— 

2a + 2dt X x^ + fl* — ^*T^X ;tf* + 2tf^V~5\*= O. 

PROBLEM XXXI. 

• * SuppofinghQjerpend'uuhrto AF, and the ghe/i nght- 
line AF (50) /(? be divided into five, equal parts, /« toe 
pmts,B;C.n,andEi to find a point }^ in the perpendi^ 
cular\ch from which, if five right-hnes be drinvntothe 
pints B/fe, D, E, and /, thefum of the outer^nof^ ?Y^ 
PE Jhall be equal to thefum of the three innermoji FD + 

PC + PB. , ' 

Put A P=^; then (by Euc. 47. i.) BP - j / 1 00 -4- ^% 
CP = ^ ^00 + x\ ^ c. and confu quentl y^ ^/loo - h x* 

+ i/^^STHT? + V^900 + ^* - /itoo + A- - 

U 4 



I 

k 
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1/2500 + ;r* = o. Now, by refle<9ing a litde on 
tb^ nature of the problem, it is eaTy to perceive that 

PF + PE muft be 
greater than 90^ fee- 
ing AF + AE is = 
90 9 whence it ap- 

fears that PD + 
'C + PB fiiuft dfo 
exceed 90, and that 
PC (confidered as a 
mean between PD 

E. D C B ^ . greater dian 30: 
hence I conclude, that the value of AP, as itisfome- 
Aing lefs than PC, will be fomewhere about 30; 
and therefore I write 30 + / for x. i and Aen, rejecting 
all the powers of e above the firft, as inco^fiderabie, 

our equation ftands thus, v/i000 4-6o^ + 1/1300+60^ 

+ v'lSoo-f-bo^-— 'v/2500+60? — \/ 3400+60^=^ 
which, by the method explained in page 174, will be 

transformed to ^1000 + /^^^^^'S^ + v^l3O0 + 

1 00 

13b 180 

^3400 X 3^ ^ ^ . ^^^^ contraaed, 



^ \/3400 



340 



gives 1,8+1 , 37^ r: o i whence ^n — i , 3, and con- 
fequently jr = 28 , 7, nearly. Let, now, 28 , 7 b^ put 
=: ^; and then, by proceeding as above, we ihall 
have ,6083 + 1,43^ n o ; hence ^ rz •«• 90058, and 
X =. 28,6942 } which is true to the laft figure, 

PROBLEM XXXn. 

Thg perimeter^ AB + BC + AC, and the perpendi^ 
eular CP of a triangle ABC whofejides are in harmonic 
proportion ( AB : BC : : AB -. AC ; AC -^ BC) being 
given J to determine the triangle* 

9 Let 
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* Let ahc be another triangle, fimilar to the pfopofed 
one ; and let at = i, *f =: Jf, ac zzy^ CP = a, an^ 
AB + BC + AC zz b: then, half the fum of the three 



fides of the triangle abc being 



1 -¥ X + y 



, if from the 



particidar fide be fubtra&edi 
C 





B ^ 



maind^rs be multiplied continually together, and that 
product, again; by the (aid half fum, we fhall have 

l±fZl X ^+>"^^ xltfZl xitfLtl, equal 

to the fecond power of the area abc {by pr^» 15) : 
which, as tHe bafe is unity, alfo cxprefles f of the fquare 
of the perpendicular. 6^t the fquares of the fides, 
as weH as the fides of fimilar triangles, are propor- 
tional, &e. and thcrefcre i + * + vl* : ** : : . 



wh ence we h ave 4iz*xi+A'+>=i+a? — J'Xi -<— ^+jr 
x3^+jf— I X i^ : but the fides AB, AC, and BC, be- 
ing giren in harmonic proportion, therefore i, >, and x^ 
muft likewife be in the fame proportion 5 that is, i : x 
; : I— ^ :y.^x\ whence )p *«— jp = «•— Apy, and there^ 

^^ ) which, fubftituted above, gives 



fore y = 



'^' m i' 






* . I + IX-^X* ^ aAf+ AT*— .1 

, X - " I ' " ^ r-* 



■^ ■ » 



X P, or 4/?* X I ^- 4^4;^* X X + A-|*=H"y^ X i -f 2Pf — ^* 
X ITTIF^ X i* J from which x will be found, and 
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2X 



) ; and from thence the /^quired fi&s 



^9* . 

14-^ 

of the Hmilac figure ABC, wiD, byproportion, be like* 
wife known, » a* 

P R O B^L EM XXXIll, 

Letihere bithruequi-differentarches^ARykCyandAD ; 

andjfuppofing the fine and co-fine of the.mean AC, eftire 

leffer extreme AB, <ind of the csmmon difference BC (or 

'CD) t9 be given', it is propofed to find tbefifieand co-fine 

of the greater extreme AD • 

Upon the radius AO let fall the perpendiculars B*, 
Cr, and T>d\ join B, D, and from the center O, let 
the radius OC be drawn, cutting BD in n\ alfo draw 
»R parallel to Ccy 
meeting AO in R : 
then, becaufe of the 
limilar triangles OCr 
and 0»R, it will be, 
OC:0«::Ci::«R; 
and,OC:0»;:0<:: 
OR : whence we have 




A/r ^Kr/ 



t> 



»R = £ggf,andOR= 2ggf : but, fince BC is 

equal to CD (and therefore B» equal to D«), «R wiH, 
it is plain, be an arithmetical mean between B^andD//, 

wi (o is equal to half their fum, or "^ ^ : and* for 

the very iame reafon, OR will be equal to ^ \ 

co„fequentIv2i+^= ^lii 0«, ,„d 0£+0^ ^ 

^ ' 2 . OC a 

2ii£« } whence Drf = ^X2Q« _ g^ ^^ q^ _ 

--r O^ 5 which, if the radius OC be fiippofed 



OC 

Oc X 20« 

''"\OC 

unity, will become Hd r=.Ccx iOw — B^ ; and Od = 
Oc X lOn — 03 ; from whence we have the two fol- 
lowing theorems; 

Theor, 
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Thcor# I. ; Ifthtjine efthi nuartj ^fony three -ejui^ 

different arches (the radius being fuppofea /imty ) be multi^ 

plied by twice the confine of the commor^ difference^ and f rem 

ibeprcduii^ the Jine of either extreme be fubtra^edy the 

remainder will be the fine oftht^other extteme. 

Theor. 2-* And if the co-fine of the mean of three ejuU 
different arches be multiplied hy tivicethe co-fine of the com- 
mon differencey and the co-fine of iither extreme be fub-m 
traStedfrom the produSf^ the remainder will be the co-Jine 
of the other extreme. 

PROBLEM XXXIV. 

^The fine and confine of an arch being givenj to find the 
fine and co-fine of any multiple of that arch. 

Let the given arch be reprefented by A, its fine by aoi 
and co-fine by {y^ the radius bein^ unity. Thent 
iince the'arCh A mav be confidered as an arithlneticJ- 
mean between o ana 2 A, we fhall,* by the iirft of the 
two preceding theorems, have 
fine of aA r= fine of A xy — fine of o) zz xy^ 
fine of 3A (= fine of 2A xy —fine of A) = jkj^-..^; 
fine of 4A { = fine of 3A xy — fine of 2A = xf--xf 

^-^xy) zzxy^ — 2xyi 
fine of sA ( = fine of 4 A x> — fine of 3 A zs xy^^%xf 

— xy^ -^ x) :=. jry*-^ Z^y*+x\ 
fine of 6A ( = fine of 5 A x y — fine of 4A = xy^^^^xf 
' + ^y — xy^ + 2xy) = xy '-^ 4*y^ + ixy ; 
' fine of 7 A { =:finc of 6 Axy — fine of 5 A r= xy"^ *-- ^xf^ 

3^/ — xy^-Y 3^f — ^J ^ ^y^ ~ s^f -y ^^y* — ^• 

. whence, univerjallyj the fine of the multiple-arch »A, 
where n denotes any whole pofitive number, whatever, 
will be truly ejcprerfed by ;if x into this feries 

y ^ JL xy + — ^x---ixy - — ^^ — ^ ^ * ' 



.X =:a. 

^ 3 



'^y 



I 12 ^ 

tfr. Moreover, from the fecond theorem, we have^ 
Co-fine of 2 A { = co-fine of A xy — co-fine of o z= 
f * X y* — 2 

Co-fine 



/ 
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Co-fine of 3A ( = co-finc of jiA x;^ — co-fme of As .' 

2 2 2 

Co-fine of 4^ ( = co-fine of 3 A xy — co-fine of 2A=: 

2 2 2 '* 

whence, univerfally^ die co-fine of the tnuiti(^*trcb 
.»A will be truly reprefented by i — . ?L— . +-f 

2 223 22 

X— x2r2x f^ (ic. whiA feries, as weU as 

3 4 
that for the fine, is to be continued till the indices of y 

becooie nothing, or negative. 

But, if you wonld have the fine cxprefled in terms 

of X onfyy then, becaufe the fquare of the fine -|- the 

fquare of the co-fine is always equsd to the fifdare of the 

radius, and therefore, in this cafe, x*-\-iy^ ±: i, it is 

manifeft that the fines of all the odd multiples. cf the 

/ given arch A, wherein only the even powers of y emer^ 

may be exhibited in terms of only, without fur4 

quantities : fo that 4—- 4^* being fubftituted for its 

equal jr\ in the fines of the aforementioned arches, we 

ihiall have • 

ift, Sinebf3A = 34?— - 4^1?^; 

ad. SineofsA =:5x— • 20x^+ 16*'; 

3d. Sine of 7 A = 7;r— 56^' + 1 1 ax'— 64x^1 

4th, Sine of 9A =: 9jr— 120*'+432*'— 576;p^+256;r*i 

And, generally^ if the multiple>arch be denoted by 
ff A, then the fine thereof will be truly reprefented by 

nx^^X — r— X*H— X X 2x jr'— .-.X 

I ^'3 \ 2.34.5 I 

^ «j=iIx"±i9^^:z:lSx;,7+ix£iii^ 

2r.3 3.4 5.6 I 2.3 4*5 



From 
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From this (eries the fine of the fiib-multiple of any 
arch, where the nun^ber of parts is odd, may alfo be 
Ypuiid) fupppfing/i^ the fine of the whole arch to be 
given : fpr let x be the required fine of the fub-multiple^ 
and n the number of equal parts into which the whold 
arch i» divided ;. then, by what has been already fhewn, 

wcOiallhave^* — ^x^Hi x*'+^ x^Illix 

12.3 I 2.3 

— : ? X *' Vc, 2= X ; from the folution of which eqnar 

4.5 
tioii the v^ue of jr will be known. Hence alfo, we 
have an equation for finding the fide of a regular po- 
lygon infcribed in a circle : for feeing the fine of any 
arch is equal to half the chord of* double that arch, let 
\y and \w be wrote above for x and s refpedively, and 

then our equation will become — .«• », x ^ ^ x ^ 

2 12.3 8' 

+ _X X 2:x — c^£. = iwy orw— --«x 

^ 2 • 3 4 • 5 32 1 

— — — X — +— X ■ X ^ X-- csTf. = w, ex- 

a.3 4 I ^.3 4.5 16 

preffing the relation of chords, whofe correfponding 
arches are in the ratio of i to n. But, when the greater 
of the two arches become^ equ4 to the whole peri* 
phery, its chord (w) will be nothing, and then the equa* 
tion, by dividing the whole by »v, will be reduced to 

2.3 4 2.3 4.5 16 2.3 

? *"? X ^, "^^^ X ^ ^c* zz o; where n is thenum- 
4.55.6 64 

ber of fideS) and v the fi4e of the polygon* 

From the foregoing ferles, that given by Sir l/aac 
Keuotm^ in PhiL Traiy. mentioned inp, 242 of thisTrea. 
tife, may alfo be eafily derived. For, if the arch A and 
its fine X be taken mdefinitely fmaU, they will be to 
one another in the ratio of equality, indefinitely near, by 

what 



/ 



I 



/ 
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what has been proved at p. 246 } la which caicy the ge« 
neral expreffion, by writing A inftead o(xy will becpoie 

«A-iix"±=i xA^ + Jl>c!!!=liK!^k 
I 2.3 I 2.3 4-S 

A«-ix ±Zi X ±12 X ^JZH,x A^&f., 
I . 2.3 4. 5 6 . 7 

Therefore, if n be now fuppofed indefinitely gre^, fo 
that the multiple-arch n A may be equal to any given 
arch Zy the fquares of the odd numbers^ l9 3» 5s ^^* ^ 
the factors n' — j, »*-— 9, «*— 25, &ff. may berejefied 
is nothing) or inconfiderable) ihrefpe£tof «*; and then 

the foregoing^ feries will become «A— + ■ 

2.3 2.3.4.5 

T A T I 

" ^c. wherein, if for « A, its equal 



2.3.4.5.6.7 



%^ be fubftitiited, we ihall then have % — , 



£' 



3 



2 . 3 



&r. which is the fine 



2. 3. 4*5 2.3.4.5 .6. 7 

of the arch Zy and the fame with that before given* 

Moreover the aforegoing general expreifions may be 
appliedy with advantage, in the folution of cubic,, and 
certain other higher equations, included in this form, 

2« . 2« 3« 

2n 2n /^ 

For, if z be put =:yy -f-, the equation will be tranf- 



formed to-. 
n 



n 
Iff 
^ X into this fcries 



I 2 ,12 3 ^ 



&ff. =:y^ amd confcquendy L — . ^ Xy*"^ + Jl x'! ? 

2. 2 22 
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whence, as it is provjcd above, that the former part d( 
the equation (and therefore its equal) reprefents the co^ 
fine ofn times^the arch whofe co-fine is £y, we have the 
following rule. 

Find^ from the tables^ the arch whofe natural co-Jifu is 
U^ (or its log. co-fim = log. f/— — log. — j tbc radius 



a 



2 . • 



leing unity ; take the /ith part of that arcbj and find its 

co-fine^ which multiply hy 2J ^^ andtheprodu^ will be 

. ' n 

*ie true value ofz^ in the propofed equation 2* — jz"~^ 
+ ml X-i*z«^* — mi X llli ^a^TT^f^e. i 

Thus, let it be required to find the value of z, in the 
cubic equation z* — 4.3^2 = 1728 ; then, we flisdl 
have n zz 3y a =: 432, and /= 1728 j confcquentl/ 

^^ (= --77^ = '5> ^^ *^ ^* correfponding 

thereto ='6o« ; whence the co-fine cf f20<>) | thereof 
will be found ,9396926 i and this, multiplied by 24 

( n 2y Jf ) gives 22,55262 for one value of z. But 
^. n 

bcfides this, the equation has two other roots, both 

of which may be found after the very fame manner : 

for, Gnce 0,5 is not only the co-fine of 60% but alfo of 

6o^ •f 360", and 60" +,2 X 360% let the co-fine of ( 140**) 

, of the. former of thefe arches be now taken; whica 

is -^ ,7660444, and muft be exprefled with a'negative 

fign, becaufe the arch correfponding is greater than one 

right angle, and lefs than three. Then, the value 

thus 




/ 
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Aufc fouiid being, in like, manner, fhultiplicd by ^4 

( ^^\ l,),we fiiall thence get — 18,38506 for an- 

other of the roots : whence Ae third, or remaining root 
will alfo be known ; for, feeing the equation wants the 
fecond term, the pofitive and negative roots do here mu- 
tually deftroy each other 5 and therefore the remaining^ 
root muft be — 4,16756, the difference of the two for- 
mer, witth a negative fign* 

PROBLEM ^XXXV. 

From a given circle ABCH it is trotofid to cut off a 

fegment. ABC, fuch^ thaf a rigU TtneJit drawn from the 

middle, of the chord, AC, to maB a given angle t her emit b% 

Jhall divide the arch BC of the femi-fegment into two equal 

parts BE and EC. 

Let the chord BC be drawn, and upon the diameter 
HDB let fail the perpendicular EF : put the radius OB 

^ of the circle = r, and the 

tangent of the given angle 
CDE (anfwering to that 
radius) =/^, and let OF 
i.C = «; then will EF =1' 
y'rr — «;z,-and BC (=2 

aE>)= 2^/rr— z«,and 
confequently BD (z= 
BC\ _ 4^*— 42* - 







from 



which taking BF=r~2, we have DF = ^+^^xr— g 

r ' 
But, by trigonomet ry, EF : DF: ; rad, : tang. DEF, 

that is, v^rr— az : ^t^^ ' """^ : : r: t. Whence 



we have r+2si* x r — 2I* = /* x r* 



a;*; where 

the 



' • 
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Ae whole b eing divide d by r.>^ g, their refults r + 2z|* 

X r + a : which> ordered^ gires 



k r 






4 



4 



Put ?r -^^ Sfc <r, and il x rr^^jt = A then it 
4 4 

will be z'\^ «r2 si^! Therefore find, from the tables, 

tile arch whofe co-i^rin^ is ^% , (tbs radius being 



T.V t^ 



unity) ; take f thereof, and find its confine } which^ 

multiplied by 'v/ \a^ gives the true value of % (fee ibe 
hjiprehtem.) 

Thus, for exatlTple, let the radius OB (i:.r^ =i r, 
and the given angleCDE st 25s whole tangent (t) is 
therefore =a 14663 } whence \a =: ,2^{88, ai^d \f -^ 
^097 82. 

Now, hy logarithms^ it will be log. f/—* log. i ^ — 

• if* 

f log; ftf =: — * 1.94.25328 rr log. . */^ r: log. co- 

fine of 28^ 50' ;^ whereof the third part is 90 36 J.', whofe 
log. co-fine (to the radius i) is— * 1.9938609; which 
added to the \ log. of \a (=: — 1.6826316) gives 
— • 1. 6764 9^5 ^ 1<^ of 0^747^, whofe double }949569 
is the true value of s, or FO: whence the corre-« 
fponding arch BE = 18^ l6|', and confequently BC 
(=: aiBE) = 36** 3Y.— By means of this problem that 
portion of a fpherlcal furface reprdenting the apparent 
ngure of the fity is determined. 

PROBLEM. XXXVI. 

^e bafe AB, and the difference of the angles at the 
hafe being given^ ^ while the angles thetmehes vary j tefind 
the locus rftbe Vertex JL rftbe triangle^ 

Let the bafe AB be bife£bd in O, and jthe andeBOD 
fo conftituted as to exceed its fupplement AOD by the 
eiven difference of EAB and £BA; and let ED, APQ,, 
BSF be perpendicular, and EPF parallel t» ODz 
then, fince the angle BCE (BOD) is much exceeds 

X ACE, 



3^6 
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ACE, as CAE exceeds QSE^ it Is evident that the fan* 
f[^ the two angles BCEy CBS, of the Triangle BC£» 

-is equal to the fum 

of Ae two angled 

ACe,CAEofthe 

triangle ACE ; lihd .' 

confequently, that 

the remaining an- ' 

glesAECandBEC, 

are equal the one to 

the other : therc- 

fore^ by reaibn of 

^ the fimilar triangles 

:EFB, EAP, we 

have EF : EP : : 

BF : AP, that i% 

QD +CCL:OD^ 

r^A — OCL:,:QA + 

DE:QA — DE; 

^ whence, bj. com- 

pofition and divi^ 

lion, 20D^: 20Q^ 

: : 2QA'. 2DE j 

wherefore OD X DE is = OCL>< Q^ 1 ^^^'^.l^ *^ 
knWn property of an equUateral hyj^ola wim re- 

tpo^ to its ^ymptote. ' " 

PROBLEM XXXVIL 

Tofind'the'foUdity of a- conical ungula BFCB, cut of 
By a plane BVJS^paffing through' one cxtrmity of the 
baje diameter} . 

' Let' EPF be parallel to the bafe-diamcter BO, cut- 
ting AD the axis of th^ cone in P ; alfo, Jet hn be per- • 
pendicular to BF \ join P, «, and let RS be the conju- 
gate axis of the elliptical fedion BRFSB : then the 
part AB'F, abov^e the faid feftion, being ^n oblique el- 
liptical-fone, its' folidity will be expreffed by ,7854 X 

SRxBFjc ^ , that is, by the area of its bafe BRFSB 

drawn 
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di;awn into J- Of the perpendicular height. But the 
triangles BCF and.APi ^ill a^^pear : to be.equt-an^ 
gular; for, APF and AnF being both righNangles, 
the circumference of a circle, defcribed on the diame** 
ter AF, will pafs. through Pand;;; and fo the angles 

AFif (BFC) and AP«, as weU as AFP.(;FCB} and A»P> 



••1 




B 



Infifting on the fame arch, are^ refpeftively, equaU 
Hence We have BC ; :BF ,: r An : AP j and.rflito^6)re 
BF X. A« — BC X At* : this value i)eing fubftitiited above, 
the content of the pact ABF becomes SR x BC X AP X 

>26i8 : which, becaufe SR is known t obez; /b CxKF, 
i^'farther reduced to BC X AP X /FC x EF X ,2618. 
This fubtrafted from BC* x AD X ,:^6|8, the content 
cJf the whole cone ABC, leaves 



* " I « I »i 



«J*-«M» 



BC*xAD — BCxAPi^/BCxEF K ,a6i8forth« 
requir^ folidity of tbe ungula BCF ; which> bccaufv 



#• 



X2 



PRO 
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PROBLEM XXXVm. 

. Let A andYi. be two ^.qua^ wftgysy made faji to the 
indrofatbreddi or perfeSily pxible line pPnQ^q^fupported 
tytwopinsy orftichy ?^Q^in.thefamhort%fintqlpk^^^^ 
ever which pins the lini can freely flide either way \ and let 
Cbe another weighty faflened to the thready in the middki 
between P and Q^: now thequejlion is, tofindthepojitionof 
the weight C, or its dijlance below the. horizontal tine PQ^ 
• $0 retain the oth^r two weights A ondB in equiUbrio* 

Let PR ( =: fPQj ) be denoted by ^, and R« (the 
diftance fought) by x i ^ then Pw, or Qj, will be re- 




pteknt^dbyVa* + x\\ Th^efo rej hy the refolution of 

fbrctsl it will be, as v^^^ +• ^* (P«) : x {Rn) : : tho 

whole force of the weight A in thie direftion P»> tof 

■ .^ ■■ ^-. its force m tjie direftion »R% whereby it en- 

deavours to raife thfe Weight C; which quantity alfo 
cxpreffes the force of Ae weight J^ in th©^ &me direc- 
tion : but the fuhi of ttefe two fcJree^ fince the weights:, 
arefnppofed to reft in eqirilibrio, muft be eqiial to that 

of the weightC } thatis, ^ •^. '^ '-.z: C ;- whence wc 
have 4A^V* ss CV. +^ C***, ahd confequenUy x a 



=i(* 



y'4A*— C 
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, P k O B L E M XXXIX. 

Ti determine the pofitton of an inclined plane AE, along 
$vhich a heavy body defcending by the force of its own gra^^ 
mtyfrom a given point A, fljall reach a right^Une BP^ 
fiven hy pofition^ in the leafi time pojfible. 

^Through the given point A, perpendicular to the 
Jjorlzon, let there be draMjrn jhe right-}ine RB, meeting 
BP in B ; alfo conceive the . 
femi-circlc AER to be de- ^ 
fcribed^ touching BP in £ ^ 
then let A£ be drav/n, which 
will be the pofition required j a 
becaufe the time of defcent a- 
)ong the chord AE beir>g equal 
to that along an^ other chord 
A«, it will confequently be 
lefs than the time of the defcent 
^ong A^* whereof Aw is gnly 
a pa|?t : tnerefore, if AQ^ and 
0£ be now made perpendir 
pular to BP, we fliall have (by 
reafon of the fimilar triangles) 
AB : A9.: : AB + AO : (OE) AO5 whence by 
multi{rfyihg extremes and means, AB x AO z= AQ^X 
AB + AQx AO ; therefore AB x AO ~ AQ. x AO 

c: AQx AB, and AO (OE) - f^-^^^y from which 
■ AB — AQ^ 

BE add AE are alfo given. 

The geometrical conftrudlion of this problem is ex* 
tremely eafy j for, if AQ^(as above) be drawn perpen- 
dicular to BP, and the angle OAQ^be bifefted by AE* 
the thing is done: becaufe, OE being drawn parallel 
to AQ, , the arele OE A is = QAE :r: EAO ; and fo, 
AO being = QE, the femi-circle that toucheg BP 
ffiU pais dirougji A. . . 








^^ 
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PROBLEM XL; 

^ ray ofVtghty from a lucid point P in the axis AP ^ 
jB concave jpherical furface^ is rcfieSied at a given po'^ftt E 
/ in that furf ace ^ to find the point Xi where the refietted raf, 
meets the axis* . . 

V 

Draw EQ^perpendlcular to AP5 and from ^e centec 
C let CE be drawn j alfo make CE = a, CQ;= ^, CP 
■* ■■ ' '-■ ';;: ^? 'CD '=± xy 

and ihy £«f.i2,3.J 
^ F £ ^will be =j 

"wherefpre, the an- 
gles of incidence 
andrefle£tioh,CEP. - 

p r D Q i\ ^'^^ CED being 

equal) w e have, as 

PC (c) : CD (x) : : PE (y/^j* + r* + 2^^) : ED = 

•Xf f f ; alfo> for the feme reafon, we 

have PE X ED — PC x CQ = EC% that is, 
" ■ -^ ex zz a^'y which, reduced, gzves 




ca' 



-) flbewing how far from the center thq 



a^ + %hc 

ray cuts the axis. But if the lucid point Pbefup- 
fofed infinitely remote, fo that the ray P£ may be con- 
fidered as parallel to the axis AP, the expi:eiEon will be 
more fimplei for then a\ in the divifor, may be rejedled 
as nothing in cortiparifon of zhc ; that being done, CD 

or *» becomes == 1. ; which, therefore, if E be taken 
iiear the vertex A, will be = f ^, very nearly. 

P R O B L EM XLL 

To find the magnitude and ^Bfttion of an iinagf formed 
iy refraaion at a given lens. • ,- , . T 

' , L«t MN be the given lens, DOBCF the axis thereof. 

■"'•■■■■ •>■.-,-• .'.,'','. ... J 
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onel On the ohjetSt ivhofe image FH we would fin4 ; alio 
letXB be .the radius of that lurface of the lens MBN> 
which is neareft the obje<Sl, and O^ that of the other 
furface : make RC^ perpendicular to PF> and from 




17, to any point £ in the furface of the lens^ draw die 
incident r&y »E, and let the continuation thereof be 
£i, and 3et the dire£iion of the fan^: ray^ after the 
firft refracStion at £, be £2 ; and, after it is refracted a 
fecond time, at e^ let its direction be /3H ; draw C£ 
and O^R, and make //^parallel to DF> calling 03, 3; 
CB, c; BD, d\Dnyp\ and the diflance of the point 
£ from the axis DF, x ; and l«t the fine of incidence 
be to the fine x>f refra£tton, out of air into glafs, as 
rn to »• Then, the thicknefs of the lens being looked 
upon as inconfiderable in re(pe<3 of the focal difhmce 
F^, we fhall have, as d i^ — p {Ed) ::d + c (nv) : 
d^c + cx^dp — cp _ ^^ . ^.^ added to Cv fp}pyc% 



dx 



tJfJUftzz Cr: therefore « 

d ^ ' 

— ■ ■ I I 

;} X ^ -f cxrr^ cp ^ 



. . dx-i-cx-^cp 



• ' 



dm 



= C2. Moreover, h [Oh) ix (BE) :: 



i + c (OC) : ^•^^^'^ == CR s whence Rl (:=: CR 

dx + cx'^^cp^ 



r^ C2) = .i± 



h 

c yt X 



h- 



nX 



dm 



Ijut 



n rut: 



tfti - a 

X 4 



dx 



i and therefore 
C3 



V 



N \ 
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C3(= R3-Rg) = ^izm^iii^+^tz:^ 



i» 



X^ ^;r be now taken 390^ txA then C3 will Become 

^, which let be reprefented by C3, ^nd draw B^, pro* 

d _ . 

ducing the f;iroe till it rneets ^3, produ ced, in H : then 

13 being(3:Q— C3)= -Z-j- ^ 1 -i 

^d the triangles H3f and ,HEB equiangular, it will 
be, as (EB— j^3) , ^ — ^ : {Bg) c : : 



(feB)^;BH = , 



nbcd 



^ sr the requir* 

cd diftance of the image from the lens ; and as c 
(EC) : ± iCg) ; : BH (or BF) ; FH -?l^^P -^ 

fibcf 



(5s HF) the magnitude of 



the image, or its Hoear amplification. 

C Q R O L. J. ' ^ 

Becaufe ^? values of BH and HF arc alike affe£led 
^ b and ^, it .follows th^t both the diftance and mag- 
s^tude of the image will temain unaltered^ if the place 
pf tb« lens be the ^me, let which fide you will be turned 
towards the objcft; . ♦ 

V COR L. 2. 

If d be made infinite, or the diftance of, the johjeSt 
from the lens be fuppofed indefinitely great, BF will be- 

com? ■ .. . ' — u. ; which is t^e principsd focal dif- 

m — n Xb '\' c , - \ ■■ . .■ 

tance, ^t which the parallel rays ynitCj-and this dif- 
tance,- when both fides of-tLe lens have the fame conl. 

veacity, or i is ^^ c^ will become =: il*JL: but in 

: . 1. 2/» — 2)1 

^^ano-mvexy wherpiij? infinite, it will be =; 



tK 



K v; ^ 



m* 



I 

F- n i 

an4» 



'1* 



i 
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indy in zmenifcusj where b is negative, or one furiace 
concave and tHe other convex, it will be 



Tibc 



m — nxb^^c 



1 
The fame anfwend otherwifiy allowing alfo fir the thick- 

^ nefeofthe lens, 

Suppofing, as before, that F is the place of the imagQ 
of an objed at D, let FR uid DS be fuppofed perpen* 
clicular to the aJkis FB<(^ interfediflg'the continuatioii 




of E^ (the intercepted i)art of the ray DE^F) in r anS . 
^ and meeting the radii O^, C£ (produced^ in R and 
S ; likewife let £^ arid ec be perpendicular to QF, and 
£i> and ew parallel thereto : then, becaufe the ray is 
fuppofed to be inde^nitely near the, axis, ac may be 
t^ken for 'the thicknefs of the lens, whic^ let be dc- 
tiotcd by / ; putting ^F r: 2, ce r= y, «£ b: jr, O^ =: h^ 
CB ;=; Cj and BD = d (as befire). By fimilar tri. 

wgles, Ca (c) : aE (x) ::CD(c + d):DS = liL£±f j 

and, by the law of refradion, ;7i : « : ; DS : Sj zi 

• X liii-±^;. whence Di (= DS — Sx) = 
m f 



\ 



\ n ^ X X c -i- d 

■ m ~ ( 



, and w (= «E — Di) = 



\ 
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X X r — i-, by making r r= — , and y n i — r. 

c . m ■ } 

N ow, vs : E^ (BD) : : ^E : tfCL(BCL;) that is, 

;» X* r — ?-V: </ i : *•:—-£ — -. =: BQ.; whi^hi^ 

c cr '■^ qd 

givea fronj hence. / : 

AgaiHi in the very fame manner. Of (h) : c^ (y)f : : 

OF (^ + 2) : FR=^^^ frand »» : » : :FR: 

. Rr =^ X -"ii^tf : whenceFr =i-f. X J' ^ ^^^'' 
»i b ^ tn b 

=: ^-^ ^3 and wr (Fr — f^) zzy X — — r; and 

therefore ^(^( zz . -.) =• — — , — ; from which fub- 

» wr qz '•^ br 

tracing the value of BQ^, found above, we get this 

equation, viz, — ; _-j r: /.-whence the va- 

qz — br cr — qd 

cd 
hit of Zjby making the given quantity t + dig^ 

comes put :;:: — -4 — . But, if you had rather have the 
feme in original terms, it is but fubftituting for ^; whence, 
.afterrcdnaion, 2 = . _ji ±i-rbtyir7^ _ 



qd X i? -{- c "^ rbc + qtxrc- — qi 

wbi^h, by reftoring m and w, becomes 

^ III [ 

mnhcd -^ nbt X nc — m — n x d 

% =: — ^ 1 



»- 



m — n/.mdxb'jrc — mnbc+€n — nxtXnC'^m — nxd 

where, if/ be taken z= o, we (hall have 

nbcd r ' r . 

^ = _ •' ' ■ , the very lame as was 

J-: nv.'-^^i Kd X b -\- c -^ ni>c -. \ :. '* 

6)und by the preceding method. 
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P R O B L E M I. 

The' bafej the fum of the two JideSy and the angle at 
fhe vertex of any plane tri(^ngU being given^ to defer ibe the 
triangle^ 



D 



CONSTRUCTION, 

RAW the indefinite right-line AE;, in whlcl| 
take AB equal to the ' 



fum of the fides« and 
make the angle ABC equal to 
Iialf the given angle at the ver- 
tex, 'and upon the point A, as 
k center^ \Vith a radius equal 
to the given bafe, let a circle 
nCm be defcribed, cutting BC 
inC ; join A> C, and make the 
kngle BCD =z CBD, and let 
CD cut AB' in D 5 then will ^ 
ACD J3e the triangle that was 
ro bs conftrudedf - 




,.mA^ 
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DEMONSTRATION. 

Becaufe the angles BCD and CBD are eqoa!, tiiere* 
fore is CD rs D5 (Euc, 6. i.) and confequendy AD + 
pC r= AB : likewife, for the fcme reafon, the angle 
ADC ( zzBCD + CBD, Euc. 3a, i .) is equal to zCBD. 
Q^. E. D. 

Method of Cajculation, 

In the triangle ABC are given the two fides AB, AC, 
and the angle ABC, whence the angle A is known j 
then in the triangle ADC will be given all 0!e angles, 
and the bafe AC ^ whence the fides AQ ^nd DC wilf 
alfo be known. 

PROBLEM 11. 

The angle at the Vertex^ the bafe^ and the cUjference rfth^ 
Jides being giveny to determine the triangle* ^ . 

CONSTRUCTION, 

Draw AC-^at pleafure, in which take AD ?<jual iq 

I the 4ifference of the fides, 

C and make the angle CDB; 

equal to the tomplemcnt 

or half the given angle tQ 

a right angle j then from 

the point A draw AB e- 

qual to (he given bafe, fo 

as .to meet DB in B, and 

make the angle DBC =;: 

CPB, then .will ABC ^ 

^ the triangle rcc[uired. 

DEMONSTRATION. 

Since (by conjirufiion) the ar^gle^ CDB and DBC are 
cqtaal, CB is equal to CD, andtberfefore CA — CB i;? 
AD : mofl^eover,^ach of thofe eqaal angles being equal 
' to tjie complement of half the given angle, their fum, 
which is the fupplement of the angle C, nauft .therefore, 
be ccjual to two right angles — the fwhble) given angle, 
and confequendy C z; the given angle. Q^%.D. 

Meihod of Calculation. 
Jn the triangle ABD are giyen thfe fides AB, AD, 
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aad the angle ADB^ whence die a|igle A will be giveni 
and confequehtiy BC and AC. 

P R O BL EM III* 

Tbi angle at thf verteic^ the rath of the iHcJudtngJideSf 
and either jtbe bafe^ the perpendicular^ or difference of tbi 
fefmenis of the bafe being given^ to d^cribe the triangle. 

CONSTRUCTION. 

Draw CA at pleifure, and make the. angle ACB. 
equal to the angle given ; take CB to CA in the given 
ratio of th^^ fides, and join A, B : then, if the bafe ba 
given, let AM be taken equal thereto, and draw ME 
paraHel to C A meeting CB in £, end make ED parallel 
to AB I but if t^e perpendicular be given, let fall CF 
.perpendicular to AB| in which take Cfi equal to thef 
given perpendicular, and draw DH£ parallel to AB ^ 




A 



P 



GMN 



B 



laftly, if the difference of Ae fegmeflt$ of the bafe b^ 
given, take FG 5S AF, and join, C, €r, and take.GN 
equal to the difference of the fegments given, drawing 
NE parallel to CG^ and ED to BA (asbefore 5)then wiff 
CDE be the triangle which was to be conftruded. 

DEMONSTRATION. 

Becaufe of the parallel lines AB, DE ; ME, AC 9 
6nd NE,GC; thence is DE = AM^ and EI = NG 5 
and alfo CD : CR: ; CA ; CB {Mw, 4. 6.) Q^ E^D, 

Method 
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Mihod ef Cakuhiion. 
Let AC be aflumed at pleaiiure ; then, the ratio of AO 
to ^C being giverij BC will beconie known ; and therc^ 
fore in the trianglb AC& will be given- two (ides and ther ' 
included angle, whence the angles B and A, or £ and D 
vill l^e founds then in the triangle EDC, EHC, or EIC> 
according as die bafe, perpendicular, or the difference of 
the fegments of the bafe is given, you will have one fide 
and all the angles, v4iehce the other (ides will be ksown. 

P R O B L E M IV. 

^ The angle at the vertex^ and the fegments of the hafi^ made 
hf a fbrpendicular foRing from the f aid ahgfey. being ^iven^ 
to defcribe the triangle. 

CO^JSTRUCTION. 
Let the given fegments of the bafe be AD J(nd DB ;. 
Kfea. AB by the perpendicular EF, and tuafce the angle: 

EBO equal to the difference 
between the given angle and 
a right oije, and let BO meet 
EF in O J from O, as a cen- 
ter, with fbe radius OB, de- 
fcribe tHe circle BGAQ^ and 
^ draw DC perpendicular to 
AB, meeting the periphery of 
the circle in C ; join A, C and 
C, B, then wffl ACB be the 
triangle that was 'to be conftruSed. , 

DEMONSTRATION. 

' The angle ACB, at theperiphery, ftanding upon the 
arch AQB, is equ^ to EOB, half the angle at the cen- 
ter, ftandfhfi: upon the fame arch ; but EBO is equal 
tt> the difference of the given angle and airight one (by 
€onJirkaion) therefore ACB (EOB) is equal tothc angle 
given. Q^. E. D. 

Method of Cakulation. 

[ Draw CFG parallel to AB ; thei^ it will be, as the 
bafe AB : to the differerice of fegments CG (: : EB : 
CF) : ; the fine of the given angle at theyertex (EOB) : 

to 




dcoMETRICAL pROBLEM?. * 319 

1 

td the fine of (COF=CBG) the difference of the angles 
at the bafoi whence the angles themfelves are given. 

After the fame manner a fegment. of a circle may be 
defcribed to contain a given angle, when that angle is 
greater than a right orie, if, inftead of BO being draWn 
above AB9 it be taken on the contrary fide. 

PROBLEM V. 

Itdving given the bafe^ the perpendicular^ and the angle at 
the vertek of any plane triangle^ to conJlruSt the triangle^ 

CONSTRUCTION. 

Upon AB the given h2Se (fee the preceding figure) let 
the fegment ACGB of a ciircle be defcribed to contain. 
the given angle, as in the la(ft problem ; take £P equal 
to the given perpendicular, and draw FC parallel to AB, 
cutting the periphery of the circle >n C $ join A, C and 
B, C, and the thing is done: the demonftr^ition whereof 
is evident froni the laft problem. , 

— W' 

• ) 

Method of Calculation^ 

In the triangle EBO are given all the angles and the 
fide EB, whence EO wilt be known, and confequently 
OF (= DC — EG) ; then it will be as EB : OF : : 
the fine of EOB (the given angle at the vertex) to the' 
fine of OCF, the complement of (OOF or CBG) tlie 
difference of th^ angles at the bafe ; whence thefe an- 
gles themfelves sire likewife given.-~This calculation 
is adapted to the logarithmic canon ; but, by means of a 
table of. natural fines, the famerefult may be bfought 
out by one proportion only : for BE being the .fine of 
BOE, and OE and OF co-fines of BOE and COF 
(anfwering to the equal radii OB and OC) it will!tbere- 
fore be, BE : EF : : fine BOE (ACB) : co-fine BOE 
+ co-fine COF i from which, by fubtra^ing the co-fine 
of BOE, the co-fine of COF ( = CBG) is found. 

PROBLEM VI. 

r 

The angle at the vertex^ thefum rfthe two including fide s^ 
and the difference of the figments of the bafe being giv4n^ to 
. defiribe th triangle* , 
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CONSTRUCTION. 

Draw the right line AC at pleafure, in which iaki 
AB equal to the difference of the fegments of the bafej 
koA make the angle CB£ equal to half the fupplement 

of the given angle; 
<rt and from A to BE 

apply AE equal td 
the given fum of the 
fides ; make the an« 
gle EBD = BED 
and let BD meet AB 
in D, and from the 
center D, with the 
radius DB, defcribe 
the <Jirde DBC,cut- 
tlftgACin C, and joinD» C j thcd will ACD be^ 
triangle required. 

D E M O N S T R A T I O T*. 

The artgle EBD being =e BED^ therefore is DE 2=1 
DB ±: DCi and cdnfequently AD + DC =£ AE4 
Moreover the angle CDE^ at the cent^,^is double ta 
the angle CB£> at the periphery, both ftanffing upon^ 
die lame arch C£ ; which iaft (by canflruGlim) is equal 
to half the fupplement of the given angle, therefore 
CDE is equ^al to the whole fupplement) and coniequendy. 
ADG equal to the given angle itfelf. Q^. £• D« 

Method of Cakulatiofu 
In the triangle ABE^ are given the two fides AB^ AEf. 
and the angle ABE, whence the angle A will be given; 
dien in the triangle ABD will be giveftall the angles and 
the fide AB^ whence AD and DC (DB) wiU be aU# 
given. 

PROBLEM VIL 

The angie at the vertex^ the funi (f the iiuludytgjidgs^ 
and the ratio 6f the fegments of the hafe being given 5 /i 
deternnne the triangle. 

CONSTRUCTION- 
Let AG be to GB, in the given ratJo of the fegmetltr 
•f die bafc) and^ upon the right^Une' AB| leta^ment 
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bf a cirdc be defcribed, capabib of containing the given 

angle; draw GC per- 

pendicuiat to AB, 

meeting the periphe* ^ P, 

l-yin C; join A, C ^ ^ 

and C, B, and in AC, 

produced, take CH 

= CB; join B, H, 

and in HA, take HD 

equal to the given fum 

of the fides, dravd' DE - 

parallel to A B^ ind -^ 

EF to BC ; then will DEF be the triangle required; 

DEMONSTRATION. 

Let F» be perpendicular to DE. Whereas (hy con^ 
jftruSfim) CH is equal to CBy and FE parallel to CB, 
therefore is FEnFH (Euc. 4* 6.) and confequently 
FE + FDziHD : alfo, becaufe FE is parallel to CB, 
therefore is' the angle DFE rzACB : moreover, the 
triangles ABC, DEF, being e<)uiangular, it will be, as 
AG ; GB : : Dn : »E. ^ E. B. 

Method of Calculation, 

From the center O, conceive AO and OC to be 
drawn ; fuppofing KOI perpendicular, and CI parallel 
to AB : then it will be, a$ AK is'to CI (KG) fo is the 
fine of AOK (=ACB, fee Prob. 4.) to the fine of 
COI, the difference of the angles ABC and BAC 5 
which are both given from hence, becaufe their fum is 
given by the qucftion : therefore in the triangle DHE 
are given all the angles and the fide HD, whence the 
bafe D£ will be known. 

PROBLEM VIII. 

Having the angle at the vertex^ the difference of the in* 
iludingjides^ and the difference of the fegments of the bafe^ to 
defcrihe the triangle * 

CONSTRUCTION. 

Take AB equal to the difference of the fegments of 
the balcj and make the angle AB« equal to half the 

Y • given 
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ei^en angle} from A to B« apply AE =: the difler^* 

ence of the fides ;= 
produce AE, . and 
make the angle EBO 
=BEO, and let BO 
meet A£, produced 
Fn O, and from the 
center 0> at the dif- 
tance of OB, de- 
fcribe the circumfe- 
rence of a circle, cutw 
A. B ting AB produced ixi 

C, join O, C ; then is AOC the triangle fought, 

DEMONSTRATION. 

Becaufe the angle EBO is=B£0 fby cdnftruBiw)^ 
therefore is EO =r BO == CO, and confequently AO 
^-U3C ='AE. Furthermore becaufe the angle AOC 
5s double to ADC, and ADC= ABE (Euc. Carol aa. 
3.) therefore i€ AOC alfo double to ABE. ^ E. D. 

Method of Calculation. 
The two.fide$ AB, AE, and the angle ABE being 
given, the angle A. will from thence ke found; then in 
the triangle ABO will be given all the angles and the 
fide AB7 whence OB (OC) and OA will be known, 

PROBLEM IX. 

The angle at the vertexythe difference of the includingfides^ 
and the ratio of the fegments of the bafe^ being given^ to de^ 
termine the triangle. 

CONSTRUCTION. 

Let AG be to GB, i» 

the given ratio of the feg- 
ments of the bafe, and.up* 
on the right-line AB let » 
fegment of a circle ACB 
be defcribcd {by Prob. 4^)- 

capable of the given an- 

A G B gle; draw GC perpendi- 

cular to AB, meeting the periphery in C, and join A, C 
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lind B, C ; in AC take APrzBC, and draw BP 5 . alfo, 
in AC, take CQ^^qual to the given diiFerence of the 
fides, drawing QE paVallel to PB, and ED to BA; thert 
will CDE be the triangle which was to be defcribed. 

DEMONSTRATION. 

Tbe angle DCE is equal to the given angle by con- 
ftrudlion ; alfo ECt being parallel to BP,.DE to AB, 
and APirBC, therefore muftDQzzEC r^^ic- 4. 6.) 
and confequently DC •— EC = CQ^ Moreover, if 
CG be fuppofed to cut D£ in ;?, then Dn: En : : AQ 
: GB. ^. E, D. 

^ Method of Qileulation^ 

Let Cm be equal to C£, and let Em be drawn.. It 
will be,, as AB is to AG— BG, fo is the fine of ACS 
to the fine of the difFercpnce of CB A and C AS fby Prob^ 
4.) ; then in the triangle DEw^ will be given all the an- 
gles and the fide D/w, whence DE will be given, v 

PROBLEM X. 

^e angle at the vertixi tbe perpendituldr^ and the dif^ 
ference rf^tbe fegments of the bafe^ being givetiy to co^riafi 
the triangle^ 

CONSTRUCTION. 
Draw RS at pleafure, in which take DE equal to half 
Ac difference of the fegments of the bafe, and make 
EC perpendicular to RS aond eaual to th« giveft' per- 




-5 



pendknilar, and the angle DE« equal to the difference 
between the given aoglc and a right one % join D, C^ 
and draw H^O paiallel to CE, and in DC take the 

Y2 point 
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point p, , fo that np (^lien drawn) nf>ay be equal to ifE ; 
draw (iO parallel to hpy meeting D«0 in O ; and upon 
O as a center^ with the radius OC, defcribe the circle 
BCA, cutting RS in B and A; join A, C and B, C^ 
and the thing is done, 

DEMONSTRATION. 

Join O, B and O, A : fince OC is parallel to pft^ 
therefore is OC : DO : : pn : ;iD, or OB : DO : : 
nE : nD; and confequently th^ triangle OBD fimilar 
to the triangle j»ED (by Euc. ^• (>•) Therefore, feeing 
the angle DE/i is (by conftru£iion) equal to the excefs of 
the given angle above a right one, ACB muft be equ^ 
to the angle sivcn (by Proh. 4.) Moreover, fince AD 
IS =:DB, AE— BE will be equal to 2DE, which is 
the given difference of the fegments (by conftru^ion}* 
^E.D. \ 

Methad of Calculation. 

In the triangle CDE, right-angled at E^ are given 
both' the legsDE and EC, whence the angle EDC will 
be known, and confequently ODC y then, as the radiu$ 
h to the fine of DBO(: : OB : DO: :OC : DO ) fo is the 
fine of ObC to the fine of OCD ; whence DOC, the 
difference of the angles ABC, BAC, (fee Prob. 4.) is 
alfo given, and from thence the angles themfelves. 

PROBLEM^ XI. 
, The- angle at the vertex^ .the perpendicular^ and the rath 
of the fegments of the bafe^ being given^ to conJlruSi the 
triangle. 

CONSTRUCTION. 

'^ "> Take AFtoFBinthe 
given ratio of the feg- 
ments of the bafe, and 
upon the right-line AB 
defcribe a fegnnent of a 
circle ACB ca(Sable of 
the given angle j make 
FC perpendicular to AB 
meeting thecircumfcrence 

F £ of the circle in C, in which 

tskt 



D 
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<aTce CG equal to the giveh pependicular 5 draw DGE 
parallel to AB^ meeting AC and CB in D and E i and 
then DC£ will be the triangle, required* 

DEMONSTRATION. 
Becaufe of the parallel lines DE and AB, it will be 
as AF : DG (: : CF : CG) : : FB : GE, or AF : 
FB : : DG : GE ; whence it appears, thaj DG and 
GE are in th^ratio given, Alfo the angle DQE asd the 
perpendicular CG are refpeftively equal to the giyei> 
^ngle and perpendicular, by conftruSion. ^ E. D* 

Method vf Calculati^fu 

As AB is to AF— BF (Jee Prob. 4.) fo is the fine of 
ACB to the fine of the difference of A and B ; whence 
1)oth A and B will he given, becaufe their fum, ojr the 
angle at the vertex,, is given: then in the triangles 
DGC, EGC, will be given all the angles and the per- 
pendicular CG, whence the (ides v^ill alio be ]cnown« 

PROBLEM XIL 

The hafej the fum of the fides^^ and the difference of the 
ftiTgles ai the hafe^ being given^ to defcribe the triangie^ 

CONSTRUCTION. 

At the extremity of the bafe AB, pr^d the perpen- 
dicular BE, and 
malce the angle 
EBC equal to 
half the given dif- 
ference of the an- 
gles >at the bafe ^ 
from the point A, 
to BC, apply AC 
equal to the fum 
of the fides; and 

^ake the angle , ^ 

CBD = BCA; A JHT ^^1^ 

then will ABD be the triangle required. 

DEMONSTRATION, 
prom the center D, with the radius -CD, <lcferibe tlie 
' Y 3 femi- 
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fcmi-circlc CHF, and join F, B. Then, >yhcrca^ bj 
conftru£tion the angle CBD is = BCD, therefore is 
DB =: DC; whence it appears that AD + DB is =: 
AC, and that the femi-circle- muft pafs through the 
ppmt B : therefore the angle CBF, landing in a femi- 
circlc, being a right angle, and therefore =2 ABE, let 
FBE, which is common, be taken aXvay, and there 
will remain ABF=EBC ; but DF being eqpal toDB, 
it is manifeft that ABF (EEC) is equal to half die dif- 
ference of the angles ABD and DAB. ^ £• D. 

Method of Calculation. 
As the fum of the fides (AC) is to the bafe (AB) fo 
is the fine of ABC, or of the complement of half the 
given difference, to the fine of (C) half the angle at the 
vertex ; whence the other angles BAD and AEfD arc 
alio given. 

PROBLEM XIir„ 

The hafe^ the difference ofthejides^ and the differmce ofthi 
angles at the haje^ being given^ to determine tFe triangle. 

CONSTRUCTION, 
At the extremity B, of the given bafe AB, make the 

angle ABD equal 
to half the gfven 
difference of the 
angles at the bafe i 
and from A to BD 
apply AD == the 
difference of the 

.J"^^^ ' ^^ fides; draw ADC, 

•^ ^ and make the an- 

gle DBC 3= BDC, and ABC wiH be ttie trjangle rc^ 
quired. 

DEMONSTRATION, 
Becaufe the angle DEC is =; BDC, CD will be = 
CB, and AC will exceed BC by AD. Moreover, fincc 
A + ABD = (CDB) CBD {Euc. 32. i.) therefore is 
A + 2ABD (=: CBD + ABD) = ABC, and confe- 
qqently ABC ~ A == »ABD, ^<jual to the difference 
given. ^. Jp.D^i 
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Method of C^lculatioui 
fit the triangle ABD are giKcnthc two fides^ AB and 
AD> and ;he .angle ABD, whence the angles A and 
ADB will be gtven, and from thence the' angles CBA 
;5WidACB. 

PROBLEM XIV. 

The difference of the angles at the tafe^ the ratio ofthejides^ 
4ind either the bafe^the perpendicukr^^ or the difference pf the 
fegmenU rfibe bafey being giveny to defcribe the iriangU. 

CONSTRUCTION, . 

Draw AC atpleafurc, and make the angle AC D equal 

to the given difference of the angles at the bafe, and takiJ. 

CD toC A in the given ratip of the fides j (Jraw Al>E, 

upon which let faH the 

^perpendicular CQ^ take 

QE equal to QD, and 

joinE, Gi then, if the 

'fcafelbe given, let AB be 

fakea equal thereto, and 

draw BF parallel to C A 

(meeting CE in F) and 

FG parallel to EA; but 

if the perpendicular be ^ 

given, let CP be taken A K p B Q. 3? 

fccjual thereto, aod through P draw FPG parallel to AE ; 
liftly, if the difference of the fegments of ^he bafe be 
given^ then let AR be taken equal to that difference, 
draw RH parallel to CA, and FHG to E A j then will 
CFG be the triangle required. • 

DEMONSTRATION. 

Since QE = QD, and the angle EQC = DQC, 
^therefore is CE zz CD, and the angle E ::=. QDC =: 
A+'ACD [Euc. 32. lO and therefore E— A = ACD; 
. whence, by reafon of the jjarallel lines AE, GF, tfc.^we 
jiave GFC—FGC = ACD, alfo FG = AB, GH = 
.AR, and gF : CG ; : CE (CD) : CA. ^. E. Z>. 

* • y 4. Metho4 




328 



The CONSTRUCTIOH of 



A4tthod ofXhlcuUxtion. 

Let C A and CD be cxprefl[ed by the numbers exhibit-* 
' ing the given ratio of the fides : then in the triangle ACD 
VfHl be given two fides and |he included angle ACD ; 
whence the angle CAE (CGF) and CEA (CFG) will* 
be given, and 5rom thence the fides CG and CF. 

PROBLEM XV. 

Thehafe^ the perpendicular^ andthe difference of the angles 
at the hafe^ being given^ to conjiru^ the triangle. 

CONSTRUCTION. 

• Bifeft the giy?n bafe ^B by the perpendicular OF, 
in which take D£ equal to (he given height of the; 
^iangle j) araw CEGH parallel tp AB, and make the 

angle £X)H equal 
F to the given dif- 

ference of the an- 
gles at the bafe; 
drawEAQ^^ and 
take Q^ therein, 
,fo that op =;; 
DH ; and paral- 
lel to Qp, draw 
AO, meeting DE 
in O ; upon O, as 
a center, with the 
radius OA, defcribe the circle AGFCB, and from thj? 
point G, where it cuts the right-line CH,'draw Q4an(| 
GB i then will AGB be the triangle required, 

DEMONSTRATION. 

Let OG and BC be drawn. By reafonof the paral-t 
lei lines QDand AO, itwillbeQp (Dtl) : AO (OG) 
: : ED ; EO ; therefore the two triangles EHD, LGO, 
having one angle E, common, and the fides about the 
other angles D and O proportional, are equiangulat 
jfj?«r. 7. 6.) and confequently EOG = EDH. More- 
Over, becaufe DOEF is perpendicular both to AB and 
GC, and AD'equal to BD,, it is evident that the circle 
paflcs through the point B, and that the aj;"ches FC, FG, 
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as well as the angles ABC, BAG, are ec^ual ; and coiv- 
lequcntly that the angle GBC is .the difference of the 
angles BAG, ABG ; but this difference GBC is equal 
to EOG, or EDH (Euc. 20. 3.) that is, equal, to the 
differencc'given. ^ E, D* 

Method of CalcuUiion. 
Firft, in the right-angled triangle AED are given 
both the legs AD and DE, whence the angle DEA will 
be given ; then it will be, as the radius is to the fine of 
^he angle H, the complemerit of the given difference 
( :;DH : DE: :DQ^: DE/fo is the fine o^DEAto tlic 
fine of Qj whedce AOE (iQPE) will alfo be given ii 
from which take GOE, and there will remain AGG, 
equal to twice ABG, the leffer angle at the bafe. 

PROBLEM XVI. _ 

Thefum ofthejides^ the difference of the fegments of the 
hafe^ and the difference of the angles at the hafe^ being gii^n^ 
to defcribe the triangle^ 

.CONSTRUCTION. 

Make AD equal to the fum of the fides, and the , 
angle ADE equal to half the dificrence of the. angles 
at the bafe ; from A no 
DE apply AE equal to 
the given difference of 
the fegments of the bafe; 
make the angle CED 
. r= EDC, and from the 
point C, wJiere EC cuts 
AD, with theradiusECy 
defcribe the femi-circle 
FEB, cutting AE, produced in B 5 join B, C, and the 
thing is done. 

DEMONSTRATION. 

Upon AB let fall the perpendicular CQ^ 
Becaufe EQ^is r= BQj[Euc. 3. 3.) therefore will AQi, 
— BQ = AE : alfo, becaufe the angles CED, EDC, 
fire equal (by confiru6lion) CD will be = CE = CB, 
9nd confequently ^C-^jrCB 5= Ap. Moreover, ABC 

—BAG 




330 



The CoNtTHUCTlON of 



~BAC = BEC— BAC = ACE (Euc. 32. !•) -5 
^ADE {Euc. 20. 3.) ^. E. D. 

Method of Cakulation. 

In the trrangle ADE are given the fides AD^ AE, and 
the angle D, whence the angle A will be given ; thea 
jn the triangle ACE afe given all the angles and the fid$ 
AE, whence AC and CB(CE) will be given like wife. 

PROBLEM XVII. 

The difference of the angles at the lafe^ the ratio oftht 
Jegments of the hafe^ and either the fum of the Jides^ the 
difference oftheftdeSy or the perpendictilar^ being giveny to 
confiru^ the triangle. 

CONSTRUCTION. 

Let AC be to BC in the given ratio of the fegments 
of the bafe ; and upon AB let a fegment of a circle 
BFA be defcribed (by Problem 4) to contain an angle 

equal to the difierence 
of the angles at the 
bafe ; raife CP per*- 
pendicular to AC, cut-- 
ting the periphery of 
the circle in P, and in 
AC produced, take CD 
6 ;;= CB, and draw PA, 
PB and PD; then, if 
^l^the perpendicular be 
given, take jPF .equal 
thereto, and^ through F, draw EFG ' parallel to AD ; 
but if the fum or dtfFetence of the fides be given, let a 
fourth proportional PE, to AP :J: PD, AP, and the 
faid fum or difference be taken, and draw EFG as 
above ; then will PEG be the triangle required. 

DEMONSTRATION, 

angle D will be equal toDBPzrA + BPA : whence, 

becaufe EG, is parallel to AD, PGE will be = PEG 

-f BPA f£«r. 29. I.) and confequently PGE— PEQ 

Since CP i& perpendicular to Al3, and-CD=:CB, the 
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=: ABP, which, by conftruSioi^ is cqml to the I given 
difference of the angles at the^bafe. 

Ag^in, by reafon of the parallel lines AD ;ind EG, 
it wUl be, EF : FG : : AC ; (BC) CD. Ukewife, for 
the feme rerfon, AP ± PD : PA ; : PE ± PG ; PE ; ; 
given fum or difF. of fides : PE (by confirudliBn) and 
confequentlv PE ± PCj r= the feid given fum or dif* 
ference. ^. £. ^. . 

Method of Calculation, 

Flrft, it will be ^s AB is to AD> (b is the fiiQP of APBt 
to the fine of APD (hy Prob. 4,) i then in th« triangle 
PGE will be given all the angles, and either the per- 
pendiculai;, or the fum or difference of the fides,, whence 
the fides themfelves are readily detefminied. 

Note, . The perpendicular cu.ttii^ the. circle in two 
points, indica/es that this problegi is c^p^ble of two dif* 
ferent (blutions. " . 

PROBLEM XVIII. 

TThe difference of the Jides^ the difference of the fegments 
ofth^ bafe^ and the difference of the, angles at the hjjfe^ being 
givenj to defcribe the triangle, 

CONSTRUCTION. 

Draw the Indefinite line AQ^, in which take AD 
equal to the given di&rence of the fides, and make tbo 
angle QDH \c. 
qiialtothecom- 
{rfement of half 
the difference of 
the angles at the 
bafe ; from A to 
DH apply AC 
^the given dif- 
ference of the 
fegments ; and 
havingproduced 
the lame to L, make the angle DCE equal to CDE, 
and let CE tneet AQ^ih E, and upoh the center E, 
..with the radius EC, defcribe an arch, cutting AL in B ; 
joirt E, B, fo (hall AEB be the triangle required. 
' * DEMON- 
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DEMONSTRATION, 

Upon AB let fell the perpendicular EP. 

Becaufe the angle DCE = CDE, therefore is ED 
, =: EC, and confequently AE— EB (r= AE — EC = 
AE— ED) = AD. AUb, fince £B =; JJC, therefore 
willPB = PC, and confequently AP— BP (AP--PC) 
= AC. Moreover, the angle EBC being = ECB 
(Euc. 5. I.) and ECB— A=:CEA f^w^* 32. i*) it is 
plain that EBC — ^ A =^ CEA equal to the given differ* 
ence, becaufe the triangle EDC is ifofceles, and. the 
angle at the bafo equal to the complement of half the 
feid difFereoce, by conftru£iion. J^ £• D.^ 

Method of Calculation* 

In the triangle ADC are given two fides and the angle^ 
ADC« whence the angle A will be known; then in the" 
triangle AC£ will be given all tbe angles and the fide 
ACi whence A£ and C£ (BE) will alfo become known. 

P R O B I. E M XIX. 

The perpendicular J thtdifftra^a rfthe angles at tbehafe^ 
• <r«i the difference lof the fegments if the haje^ being given^ t^ . 
^onftruSl the triangle^ 

CONSTRUCTION. 

Upon AQ^, equal to the given difference of the feg- 
sients of the bafe, let a iegment of a circle QC A be 
defcribed, capable of the difference of the angles at the 

bafej bifeftAC^with 

theperpendicularTL, 

in ^which let TE be 

taken equal to the 

. given perpendicular ; 

draw £C parallel to 

AQ^ cutting the pe^ 

riphery of the circle 

inC; alfo draw CP 

J, perpendiculartoAQ^, 

and in AQ^ produced 

take PB = PCL; join C, A and C, B i then will ACB 

\>z the triangle requiredi. 

DEMON* 
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DEMONSTilATION* 

Since (by con/iruifion) CP is perpendicular to QBi 
and PB equal to PQ^, thence will the angle B=:PQC, , 
and B (PQG)— BAC =ACCt = difFerence of angles 
given : alfo, for the fame reafon, will CP = TE, and 
AP~BP = AP— PCt= AQ: k' ^' -C^- 

Method of Calculation. 

From the center O, conceive OA and OC to be 
drawn : then in th6^ triangle AOT will be given all the 
angles and the fide AT, whence OT and UE will be 
given; then it will be as AT : OE : : fine of AOT 
(ACQ) : fine of OC£»; whence all the angles in the 
iflgure are given, 

PROBLEM XX. 

.^ ^Thefegments of the bafe^ and the fim qfihe fides of an^ 
plane triangle.^ being given^ to determine the tniangle. 

CONSTRUCTION. 
From the greater fegment AQ^, take QF equal to the 
lefler fegment BQ^; makeQL perpendicular to AB^ 
and draw AI, mak- 
ing any angle with 
AB at pleafure, in 
which take AE e- 
qual to the given 
fum of , the fides, 
and join^ B^ E ; 
make the angle ^ 
AFG = AEB, and^ 
bifea EG in H, 
and from B as a 
center, with the ra- 
dius EH, defcribe mC«, cutting the perpendicular QL 
in C s join C, A and C, B, and the thing is done. 

DEMONSTRATION. 

From the center C, with the radius CB, let the circle 
BDLKF be defcribed; ^d let AC be produced to meet 
its periphery in D. By reafon of the iimilar triangles 
AEB, AFG, it will be as AE : AB : i AF : AG, 
whence AG xAE::=AF xA^^ but (^j^ Eztc. 37. 3.) 
. ' AF 
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AFx AB r:AK x AD; therefore is AG X AEriAK 
X AD : whence, as EG and DK are equal, by con-t 
ftrudion, it is evident that AG and AK) as well as A£ 
and AD, muft be equaK ^ £. D. 

Method of Calculation. . 

As AE : AB : : AF : AG j which taken from AEj 
and the remainder divided by i, gives BC (EH) the 
fclTer fide of the triangle^ . 

PROBLEM XXt. 

Thefegments of the hafe^ and the difference bftbe fides% 
hiing given^ to aefcrihe the triangle. 

CONSTRUCTION. 

Take AF equal to the difference of th« given feg-* 
raents' AQ^, BQ;^, (fee the preceding figure) zniitiw h\ 
making any angle with AB at pleafure, in which take 
AG equal to the given difference of the fides ; join F, G, 
and.make the angle ABEsjAGF, and from the centef 
B, at the diftance of fEG, defcribe «Cot, cutting the 
perpefldicular QL in C ; join C, B and C, A, then will 
ACB be the triangle that was to be conftrufted. The 
demonftration of which is fo very little different from die 
precedent, that it ^ould he needlefs to give it here. 

LEMMA. 

. If a given right-Une AB he divided in any given ration 
at C, and the right-4ine CBO be taken to AC in the ratio 
'ff ^^ ^^ AC — BC; and from O as a center^ at the 
diftance ofOC^ a circle CPD be defcrihed^ and tnm\ighU 
lines AP, BP be drawn from A and B, to meet any whtri 
in the periphery thereof \ I fay ihefe Ifnes will be to one an^ 
other (every where) in the^given ratio of AC to CB. 

For, fincc CO : AC : : BC : AC — BC, therefore 
by compofition, CO : AO : : BC : AC ; and by per- 
jmutation, CO : BC : : AO : AC > whence, by di- 
vifion, CO J BO : : AO : CO, or PO : BO : : AO : 
PO •: wherefore, feeing the fides of the triangles POB, 
AOP, about die common angle O, arc proportional, 
3 N thofe 
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thofe triangles moft be fimihr {Euc. 6. 6.) and there*- 
fore the other fides alfo proportional, that is, PO 




|C0) : AO : : BP : AP ; whence (by the fecondjfep) 
BC: AC ;:BP: AP. ^ E. D. 

PROBLEM XXIL 

^ Thefegments of the hafey and the ratio ofthejides^ being; 
giveriy to deternAne the triangle. 

CONSTRUCTION.^ 

Let AQ_,, and QB be the fegments of thtf 4)afe ; and 
let the whole bafe AB be divided atCj^inthe given 
ratio of the fides ; 
take CO to AC, 
as BC to AC— p 

BC, and with the 
radius CO de- 
-fcribe the circle 

CPD, and raifeA Cq BV O D 

QP perpendicular to AO, meeting the periphery in P; 
join A, P and B,P ; then will ABP be the triangle -re- 
quired. The dcmonft ration of which is manifeft from 
the preceding lemma. , " 

Method of Calculation^ ^ ^ . 

Since the ratio of AC to CB, and the length of the 
whole line AB are given, thence will AC and CB 

be given, arid confequcmly OC ( ^c ^ bc ) 




from 



whence 
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whence the perpendicular PQ^ (= ^CQ^ x DQj) U 
likewife given. 

PROBLEM XXltr. 

Having the baje^ the perpendicutur^ and tfj^ ratio of tbi 
fides^ to defcribe the triangk, ' 

CONSTRUCTION. 
Let the bafe AB be diyided at C, in the given ratio 
of the fides, and let the circle CPD be defcribed as in 

the laft problem^ 
P^^^^J^ in OR, pcrpen* 

dicular to AD> 
take On equalto 
the given perpen- 
dicular, z.ttdf thro' 
J w, draw P«P pa- 
J\^ C B O Q / Drallelto'ADjCut- 

ting the periphery of the cirde in P j join P, A and- 
P, Bj and the thing is done. The truth of this is alfo 
evident from the preceding lemma. / 

Method of Calculation, 
Upon AD let fall the perpendicular PQ.> and join 

O, P : then POf=- ^ rp J^'^^ be given ; there- 
fore, in the triangle OPQ^, are given OP and PQ^, from 
whence not only OQ^, bat AQ^ and BQ^ are alfo given. 
Note* The parallel P»P cutting the circle in two 
points, (hews that this problem admits of two different 
folutions. 

PROBLEM XXIV. 

The difference of thefegments of the hafcy the perpendi- 
cular^ and the ratio of the fides^ being given^ to conjlru^ 
the triangle. 

CONSTRUCTION. 

Let AB be the difference of the fegments of the bafe 
[^fee the laji figure) and let every thing be done as in 
the preceding Problem : take Q^ = QB, and jpin P,^j 
then will A^P be the triangle required. The re^nsiof 

which 
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which are obvious from what has been faid^ready; 
and the numerical folution is alfo evident from the laft 
Ii(oblem. 

PROBLEM XXV. 
The ratio of the fegmenis of the hufe^ the ferpendkvkr^ 
and' the ratio of the fides being givetty A conftru£i the tri^ 
^ngle^ 

CONSTRUCTION. 
Draw any right-line ABC at pleafure« in which takai 
A£ to £B in the given ratio of the fideS} and AF t6 




l^B in the given ratio of the fegments. of thei fh ift« an J 
make FQ^ perpendicular to AB, and equal to the given 
height of the triangle ; make alfo £C :^£ ^ : B£ :A£^^ 
iSE, and with the radius CE defcribe the cir<?le ERS^ and 
from the point R where it idterfeds th^ perpendicular 
FO draw RA and RB, and draw QP aiid QJ parallel 
to RA and RB ; then will PQJ he the triangle that 
was to be defcribed. 

DEMONSTRATION. 
By the foregoing lemma, AR : BR : : AEt BE; 
therefore by reafon of the parallel lines, it will be 
QP : QT (: : RA i RB) : : AE : BE. And, for the 
fame reafon,. PF : TF : : AF : BF. ^ S. D. 

Method of Calculation* 
Ha^ng affumed AB at pleafure, there will b^ given 

BE, AE, BF and CE (= ^ ^ "| ) whence RF 
(^^1^^^ CE + CF) is alfo given; then, in Ac 



•E%r 

t*angle< 



nght*an^d triangle BRF, will be given both the lega^ 

jt BF 
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BF and RF, whence the angle B is given ^ laftly,iA tlj#. 
triangle FQT vfill be given all die angles, and tfetf fide 
FQ^, whence QT and TF will be given, and confer 
quently PCL and FP- 

PROBLEM XXVI* 
To divide a given tingle ABC ints tw9 parts CBF, ABF, 
fo that their /met may obtain a given ratio. 

CONSTRUCTION. 

. In B A, and CB produced^ take BE ^ BI> in the 
jyiven ratio of the fine ef CBF to the fine of ABF ^ 
'^ draw DE, and parallel 

-A. thereto draw^BF, and 

•p the thing is done. For, 
h trigonometry^ BE : 
BD > : the fine of D 
(=CBF) : the fine of 
BED{:=:ABF).Hence^ 
the numerical folution is 
"jF alfo evident; fince it 
will be, as the fum of 
BE and feD is to thteir dlflSfrence, fo is the tangent of 
half the given angle AGB to the ^ingerit of half the 
difference pf the two required parts FBC and FBA^ 

PROBLEM XXVII. 

To dividi an ang/e given into two farts^ fi that thtif 

fangente may he to each other in a given ration * 

CONSTRUCTION* 

Take any two right lines AD> BD, which are in #)e 
p ratio given, afiid upon the whole 

compounded line AB let a feg^ 
i^ient of a circle BCA be de-^ 
fcribed, capable of the angle' 
given ; make DC perpendicti^ 
hr to AB, meeting the peri-' 
phery in C, and draw AG and 
BC, then wUl ACD. and BCD' 
B be the- twa a^le$ t€^mtd\, 

Th» 





The reafon of which is evident, at one view, from the 
ronftrudtion. The method of folutipn is alfo very eafy ; 
for it will be, as AB is 10 AD — PB, (o is the fine of 
ACB to the fine of fi —A (fee Problem 4.) whence B 
and A> and alfo BCD and ACD are given* 

PROBLEM XXVIIL ^ 

To divide a given angle ABC into two parts^ fo that 
their ficants may obtain a given ratio. 

CONSTRUCTION. 

Take BE to BT in the given ratio of the fecants j 
joSii< T) £, and let BF te drawn perpendicuUr to 




DTi and the thing is done. The truth of which is 
manjfeft, from the conftrudibn. 

Method of ^ Calculation* 
The angle EBT and the ratio of the fides BE, and 
£^T ibeing given, the angles £ and T will alfo be given, 
and confectuently their complements EBF and FB T. 

P R O B L E^M XXIX. 
From a given point O, to draw a right line OE, t^cut 
two right-Klines AC, AB, given by pojition^ fo that the 
parts thereof yO^i OF, intercepted between that point and 
thofe linesy may be to one anotl)er4n a given ratio. 

CONSTRUCTION. 

From O, through A, the point of concourfe of BA 
and CA; let OAD be draw;i, in which take AD to AO 

Z2 M 
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in the gtven ratio of FZ to EO, and draw DF paraHe 




• 



tb AC, cutdng AB in F s join t, 0, and the thing ia' 
done 1 as is nunifeft from £$ic, 2. 6. 

MttM $f CakulatioH. 
Since the ppiat O and the lines AC and AB aie given 
by pofitiony OA and all the angles at the point A are 
given; therefore, from the given rafio of AD and ACX 
AD mil be gi?en likewife \ dien in die trSangle D Ar 
wSl be given AD and all the angles (becaiife FDAsz 
CAO) t whence AF is alfo given* 

PROBLEM XXX. 

. To dividi a given arch CD into two fucb. parts j thai 
ihi. rtHmgU unJ^r their fines may hofa given iMg-^ 
nitude* 

CONSTRUCTION. ^ 

Upon the radius OC let M the perpendicttlar DF, 

in which (pA)^* 
I^ duced if need be} 

take FG=|OC, 
and thereon con* 
ftitutea redangle 
FIH6 c^ual to 
the given red* 
angle; and (up 




•^Q poung HI to cut 
^ thecircumfereace 



in £> draw OB to bifea D£ ; then will CB and DB 
be the parts requiredft 

DEMON* 
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DEMONSTRATION. 

Draw CM, and DNE perpendicular to tbe iBdiuS: 
OBy and Nn and £# perpendicular to DP. 

It is evident by conftrudlion, that the tri^eles .OCM^ 
and DN;? are fxmilar (becaufe Kn is paralTel to CO,. 
and ND to CM) therefore OC : CM : : DN : Nn 
(=:|Ef), and confequemly CMxDN = OC X |E# 
=: iOC X Eif i= FG x E^ = the given rcflangle by 
cpnftru6lion. J^. £. D, 

Method of Calculation* 
Dividing the meafure of the ^iven redangle by half 
the radius, FI will b<s given, which added to OF, the 
co*fine of CD, gives the co-fine (OI) of CE, the dif« 
lerence of the two parts $ whence the parts themfdives 
will be known. 

PROBLEM XXXI. 

Having tbe tatio of the ftnes^ and tbe ratio of tbe t9n» 
gents of two angles^ to determine tbe angles. 

CONSTRUCTION. 
]Lrel AD be to ED in the given ratio of die fines, and 
AD to VD in the given ratio of the tangents ;. and 
about the center D, with the interval D£) let the femi*^ 




ATT ^jp d n k 

circle ERK be defcribed ; and, upon AF> defcribe an- 
other femi-circle, cutting the former in H, and through 
H draw AR, and join H, D ; then will DHR and DAlt 
be the two angles required. 

DEMONSTRATION. ' 

Join F, H, and draw DQ^perpendicular to AR. 
The angle AHF, ftanding in a femi*circle, being a 
right one, the lines FH and DQ^are parallel (bj Eue.ZJmi*} 

Z 3 and 
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and tRcrcforc AD : FD : : AQ^ : HO ; : tang. ^ 
DHQ : tang* I>AQ. LjkcMrifc DA : DfcDH) : : fi$ 
of DHQ.: nne of DAC^, ^ wat to b^ thewn* 

' / Method of Calcuktion. ' * 

Jf AR be fuppoft4 to meet the peridbery in $, anci 
JlN be <}rawn panallel j[q HF, fneetir^g Afe in "N| then 
Vill DN = DF; a^d AN : AR: : AF : Afl; bu^ 
(l>jl Buc. 57. 3.) AR': AK : : At; J AH ; wh'encg, %' 
compounding the terms of theft two proportioi\s^;£^r; 
AN : AK : : AF >c AE : AH*; whence AH, as weU 
a$ AD and DH, being known, the anglc.s A an4 .K 
will alfo be ^nown. "* ^ ■; 

P R O B L J£ M XJ^XIL 

7o draw from a point A in the circumference rf^giV^H^ 
circle^ two fubtenj^es AB and PiDy which Jhall he to one 
another in the given ratio of m to «, and cut off two^ 
arcbes AB and ABD, in the ratio rf i to ^. ' ' 

CONSTRUCTION. 

Draw the diameter AH> 
and take the fubrenfe AQ.i 
in proportion thereto, as 
^ »~« to 2«;* from the 
A center O draw OB paral- 
lel to AQ., meeting the 
periphery in B 5 join A,' 
B, and make the fubtenfe^ 
BC and ^D. each equal 
to AB, and draw AD, zxfi 
the thing is done. 

Pemonstration/ 

Jpid^H, Q., and draw B£ aod CF perpendicular to 
AD, 

The angle AOB (QAH) at the center, flanding up- 
on the arch AB, is equal to the ^gfe BAD at the cir- 
iumfference, {landing upon double t|fat, arch j therefore, 
AQfi being equal to AEB or a right angle /*JS«^r. 31. 3.}* 
t^e triangles AQH, AEB muft be equiangular, and 
confequcntlj AB : AE : ; AH : AQ^j but, by con- 

^--' * ftruaioa, 
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ftru(^tpn, AH : AQ : : 2wi : ^-p^m, whence AB*: AE 
i izm: H'^m^cfT AB ; ftA£ : ; zm : ^«— * 2^ ; fhere- 
,fore f#f campoftion) AB : AB + 2AE (: : 2« : 2nJ 7: 
;« : n. But AB being = BC zx CD, EF is zz BG= AB, 
DF = AE, and AD s= aAE + AB. .Hence AB : AD 

Metb$d of Cakulaticn: 
Let AP be pcrpendiculai- to OB ; then, becatife cJf 
the fimilar triangles OAP, AHQ,, it will be as AO : 
OP ( : ; AH : ACP : : 2?w ; « --^ w (by mfiruSHm) 

therefore OP - ^^TT ^ ^9 , BP ^ AO — OP) * 



2/7Z 



"^^ — ^^^j= , and confequently A3 (VaAOxBF) = 



* '■' ■^ • " X AQ; whence AD isaUb'^veni 



PROBLEM XXXIir, 
T!&/ tfr#« and hypothenufe of any righuangled plane trt^* 
angkising given j to drftrif^ ihe triangle^ ^ 

CONSTRUCTION.. '' 

Upon the giv^o ^yp9thenur6 AB,. as ^ diameter, let 
the femi-circle ACB be defcribed, and upon OB, egual 
to half AB (byBuc. 4iri.) conftjtute the rcftangkQE 



I ' 




«qual to the given area of the triangle, an4 let th^^ife 
thereof, EF, cut the peripb^y of jthe cxK^t in G j join 
^, G, and B, C, and the thii^ is done. ' . 

Z4 DEMON- 
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DEMONSTRATION. 

The triangle ABCy ftanding upon the whole diametec 
AB, 18 equal to the reSangle OE, of the fame altitude^ 
ftanding upon half AB (^ Euc. 41. i.) which laft (bj 
(wftruiiUn) is equal to the ares^ given. 

Mitlhd of Calculation. 

Join O, C, and let CD b.e perpendicular to AB j^ 
.then it will bes as AQ» (AO x OC) : AO! ^ DC 
:( : : OC ; DC) : : radius : fine of DOC 5 which, ia 
words^ gives this theorem. 

^ A$ tbefquan of half the ffypoth^nufe of an^ right-angled 
plane $riangli is to 4he areOy Jo is the radius t§ the fine of 
double the Uffer of the two acute angles. 

N. B. Sinee no fine can be greater than the radius, it 
Is plain, that, if the fquare of half .the hypothenufe be 
not given greater than the area of the triangle, the pro- 
blem will*bercome inipoffible) in which cafe the fide £^} 
infiead of cutting, will pafs quite above the circle, j 

PR O BJ. E lyi XXXIV. 
To defcrihe a rigbt'^angUd triangky wbofe areg jbaU ii 
equal to a given fquare^ and tbefum of its two legs equal to 
a giventigbt^ine AM. 

; CONSTRUCTION. 

Upon AB let a femi^rcircle be defcribed » make ACP 

x\ \^ -^ 1? p = half a right an- 

^ ^^^ ^^ "^ gle,and CD = twice 

(EQ.) the fide of the 
given fquare; draw 
DE parallel to AB, 
meeting the circum- 
ference in £, and £F 
perpendicular to AB^^ 
intcrfecSing AB in F, 
in which produced 
take FG ;=: FB. and draw AG ; fo (hall AFG be the 
triangle required* 

DEMONSTRATION. 

It is evident that AF+FG r^ ABj and alfo that the 

area 
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area APG = {AFxFG =fAFxFB'= IFE* (= 

. A&th^d of Cakulation. . 

If the radius' C£ be drawn, in the right-angled tri* 
angle CEF, there wUl be given C£ (=r |AB) and 

IfhY (= 2PQL*) whence CF. (= ^^^AB^-^S^i!) 
will be' known, and, from thence, bo|h AF anfl F.G* 

LEMMA. 

The area of any right-angled triqn^U^ 'A^P> U, ^P^^ 
i9 a reif angle under half its peritneter dnd the. exceff cf^b0 
h^lf perimeter a^oye the h^othenufe^ ojr long^.^e. 

DEMONSTRATION. 

In the propofed triangle let the circle EGF be in- 
icribed, and from the center D, to tjie angular points 
A, 6, C, and the points of contad, £, F, G» let' the 
right-lirics DA, DB, DC, DE, DF, arid DG be drawn. 

' \% is plain that the fum of the three triangles ADB» 
BDCandADC^is ' 

. equal to the lyhole. 

' V triangle ABC I but 
th^triailgl^ ADBi« 

equal to the re£l^ 

angle fABxDG; 

and fo of the reft i^ 

, therefore the fum of 

^ reAangles f AB 

V DG + f CB X 

DF + fAC X 
I D£ is eqi^ to the ' 

I whole triangle ABC| but the fuoi of thefe re^ngfes 

i (hy Euc. U2.y is equal to the re^ogle under half the 

perimeter AB + BC '+ AC a^d the femi-diameter^ 
I DG) which laft redangle is, therefore, equal to the 

triangle given. But the angled E and G being right 

' ones {^uc. xy. 3.) and the fide AD common, ^nd alfo 

I PE equal to DG, thence will AEzzAG (Euc. /^j. i.) 

I ^ And in the fame manner will C£ rz CF ; confeq'uently 

. AC (AE ± CE) wiU be 3= AG 4 CFj wl^pnce it 

I - : appears 
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jippear^'that t^ bjpotfaciiiife is lefs than the funr of th^ 
two legs by BG ?!- BF, or twice the radius of the inn 
fcribed circle, and therefore lefs than half the perimeter 
by once that radiup, or £>G : whence the prppofition h 

. 1 p %(3 Bt E M '.XXXV, 

• ^%^pirimefer dniflred of a rt^hirHn^dtrianfU bfing 
liviHy ta defifihe the fridngle. 

CONSTRUCTION. 

• Malpe' AB ftqUa! to the given perimeter^ \?hjch hlkSt 
^n Cj and upon AC let a redlangle ACD£ be coo- 
llituted'^qual to thc^iven areaj take ^F i= ^Q 

H 




an4, from F through D, draw the if^ofliiiie linje FH^ 
to ivhich» fr«jjn 8, apply BI = AFj -thbrt^ upon A^ 
]et faH the perpendicular^ IK, fo iball BIK be the tri^ 
angje tha^ was to te conftrudled. . ^ : v . 

DEMO>f8TRAri*0N, 

Since (by conjirunion) CD is = CF, th^ibre is IBl 
!= FK, and confequently IK + IB + BK 2= FJiJ 
-f AF + BK =: A"B. Again, the exceft of the hatf 
perimeter AC above the hypothenufir Br(AF) being sr 
CF =: CD, it is €v-id^ntY/rtftti th^ j^nxtuJitUfmma) th^t 
the area of the triangle wi)J be =s ACDJiv:^ the given 
area by conftrufiion. ^ £• D. : . .. . 

* Method of Calculation. ' . 

Dividing the area, by half the pe^imeter^CD (a: CF) 
IR^ill be given; then, in the triangle BFJ, will.be given 
BF, BI, and the angle F (= 45*) i whence the angjie 
9 wiJI alfo be Juiown, a^d Irom tbence ^^C and J3J. 

P R O^ 



QtOHf^^KN^ ^nmwvh; 
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P R O B L, E M XXXyi. 

?J mah a rigbt-angUd irian^t efual tv a given fynarg 
ABCP, whofe jUesfiall he in arithmetical progrejfion. 

• CONSTRUCTION. 

■. ♦ ■ » " ■ ■ 

In A^ produced, take BF z*^ — r, and qgon AF 
iefctihe the fcijni-circle AE?, cubing BC protfuc^ 

E ' 




• |n,5i take BQ.:?:-4^^ )oiaB, Ql. and the thing H; 

done* 

D E JH O N S T R A T I O N. 

Since, hv conftriMEliofl, QB : BE : : 4 : 3, therefcnp^ 
will BQ} : BE* : : 16 : 9, and BQ! + B£» : BE* : : 16 

+ 9 (^S) • 9» "^^^^^ ^s» ^^ • BE* f: zS :^ (Eucij\fJ. 1.) • 
Whence EQ^ : BE : : 5 : 3 (Buc^ 22. 6.} therefore thd 
fedes BEj BQ^and E<^, bcipg to one another in the 
ratio of the numbers 3^ 4, and 5, arc in arithaietica| 

prpgreffioR. And, becaufe B(^ is zz ^--^, thence will 

EB ^ BQ^ aEB-;^ =iBF^^ J.; ^_ ^ ^ 

^detbad tf Calculation. 
Sewng BF is =: ^^ (BE/Afl >tBF) will be =;' 

AB^fi whcnq^ ^Qr(^) ""V* ^9-(^) '^^^ ^ 

^kfWife giV«. "^ ' / ^ pj^Q^ 



^ V 
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PROBLEM XXXVII. 

A €f gsvin circle CIHK, t$ defcribe three equal circk$ 
E) F andGj which Jballuucb arte another^ andalfi tie 
piripbery of the given ^rcfe. ' 

CONSTRUCTION, 

. Frpm tke center C let the right lines CH» (^I m^ 
CK be drawn^ dividing the periphery into three ec^ual 
parts, in the points H, I and K \ join I» K, and in 
CK produced take I^L = f IK j draw ILj w?d jwal' 




lel thereto draw KF meeting CI in F i make HE and 
KG each s: IF^ and upon the centers F, E and G, 
through the points, L H and K^ let the circles Frl^ 
KmH« and GnK be delcr^bed) and the thing is done. 

DEMONSTRATION, 

"Draw FE, FG and EG. 

Becaufe {ly conftruSfionJ HE, IF, and KG are equa}, 
GE, OF, and CO will Ukewife be equal, and FG pa^ 
rallcl to IK (hy Euc^ 2, 6.) and therefore, KF being 
parallel* to IL (hy corifiru^ion) the trkmgles* IKL and 
FGK arc equiangular; whence, IK being = aKL, 
FG is mGK (2Fr) (B^c. 4. 6.) whenc^ it i? roanit 
/eft that the circles F and G ^Qu^h each other.' 
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Moreover, the angles ECF, ECG and FCG, as 
Well as the containing fides CE, CF, and CG being 
equal, £F, FG, and EG muft alfo be edual (hy ^uc. 
4. 1.) and therefore EF or EG = 2FI or 2GK ; whence 
it is evident that the circles E, V and £) G alfo touch 
one another. But all thefe circles touch the given^cir^ 
cle, because dlej pafs through given points H, I, K in 
its periphery, and have their centers in right lines join« 
ing the center C and the points of concourfe* 

Mitbod of Calculation, 

In the triangle FGK we have given the adgle FGIC 
(150^) and the ratio of the including fides (viz. as 1 
to i) whence the angle FfCG will bel given; then iit 
the triangle FCK will be given all the' angles and the 
fide CK, wjience CF and alfo FI will be given. Bu^ 
if you had rather have a general theorem tor expreffing 
^e ratio of FI to CI* then let EC be prodticed to meet 
FG in r. Therefore, the angle rFC being s= 30% 
Gr w ill be =r |CF ; whence (by Euc. 47. u) Fl of 

Fr (v/FC* — Cf*) is = F*C X Viy and therefore CI 
±: FC + FCv^rJ confecjuently CI : FC j^: i +}/ii t : 
whence, by divifion, CI : FI ( s : i + / J : t/|) : : /| 

PROBLEM XXXVIIL 

Ih d tivin cinU CEHG to dejcribe five equal citcUs 
It, L, M, N, and Of which Jhall toUcb one another^ and 
the citcte given. 

.CONSTRUCTION. 

. Let the whole periphery EGH be divided into five 
•qual parts, at the points E, F, 0> H, and I (by Euc* 
II. 1.) and draw CE, CF, CG, CH and CI; join G, 
H, and in CH produced take HP = |GH; draw FG, 
and parallel thereto draw HM, meeting CG in M ^ 
take FL, EK^ lO and HN, each equal to MG, md 
upon the centers K, L, Mf N and O, let circles be 
^fcribed through the points £» F, G> H and I, and the 
/diiog is done* 

The 






/. 
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The demohfiration ii^hereof is evident from the lilt 
propoGtton: and in the fame manner nrny 6, 8, or ^o« 
hf€. equal circles be infcribed in a given circle^ to touch 
bne another* , ^ 

. The method qf calculation in this^ or any other cafe^ 
tvill alfo be the fame as in the laft problem ; for in the 
triangle MNH will be given the ratib of NM to NH 
(as ^ to i) and the included angle ]V1NH e<|ual to 
126% i±cfy ii'^i** Of ^oH^y ^c. according as the num*' 
ber of circles is 5^ 6, 8, or 10, CsTr. from which the angle 
MHN will be given; then in thfe triangle CMtl will bi 
given all the angles, and the fid^CH, to find CM. 

PROBLEM XXXlk: 

"fhg perimeter of a ri^ht-angled triangky wbdje Jtdei , 
are in geometrical progrejjiony being giveni to defcribe tht 
triangle:, ' * ' ' . 

CONSTRUCTION; 

' Upon AC, equal to the given perimeter, dtfeHbc the 
ftmi^^ircle ABCi and let AC be divided in D, ac- 
cording to extreme and mean proportion j make DB 
perpendicular to AC, meeting the periphery of the 
• * - circle 



I • 



ti'rcle in B, and having joined A^ B and C, B, Irf 

AE and CE be * ^ ^ ' 

drawn, to bifedl ^ ^ 

the angles BAC, 

fiC A \ and, frorH^ . 

point of interfec- 

tion E, let EF 

and EG be drawn 

J)aralicl to B A and \' 

Wc,^ cutting AC. 

in F and G ; then wiH EFG be the triangle that wa» 

to be conftruded. 




DEMONSTRATION; 

Since (hy conjiru^ioft J AC ; AD : : AD : DC, there- 
fore is AG^: AC X AD: : AC x AD : AC >^ DC(ty 
kuc. 1.6.) or ACj : ABy : : AB^ : BC^ (b;fCiir. to Euc. 8; 
6.) and conTeqUently AC :^AB : : AB : BC ; whence^ 
the triangles ABC^ PEG, being equiangular, FG : F£ 
: J FE : EG. Alfo EF h - AF, bccaufe the ingte 
F£A (rt EAB) s: FAE; and ici the v«ry fsme man-^ 
ner is EG = GC ; therefore EF + FG + EG (= AF 
+ FG -f GC) ±= AC. Moreover the angle FEG 
( =:ABCJ is a right-angle, i[y &uc 31. 3;. ^ g. JD^ 

Method of Cakuktitn. 



Becauje (Jy £on /!ru£Iion) AD (?='/^AC£--J-AC)'d!r 
AC X Vt— « ^^"'^^ '* ^2 (/AC X AD') = AG' 
X ^•1*— h and BC (i/AC X CD i= AD) a 



AC X v'?~~'t : ''Mfj W 'feafon ®f ^^ finfilar tri-f 
angles ABC, FEG, \t, will be as AC -h- AB + B0 
i (FG + FE + EG) AC:: AC : FG : tiAB : FE 

i i BC : EG; or as ^y/% — i + f + v'l = * = = 
AC : FG : : AB : FE : : BC : EG i whence FG, 
FEy and EG afe given^ , 



tl 
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V PROBLEM XL, 

7i draw a rigbt-Une PQj^ ^ouch two tircUs G'andO^ 
ghcn in magnitude andpofitisH, , 

CONSTRUCTION, 

n{)oii the line CO^ joining i\A centefi of the given 
circles, dcfcribc the fcmi-^ircle CDO, in which infcribe 
CD equal to thedifieretice of the feihi-dianieters CF and 




C)£^ and from the ^nt B, vkhere CD produced dieetsr 
the. periphery 8F, draw PB perpendicular to CB ; then 
will BP touch both the drcles. 

DEMONSf RATION. . 

Join O, t>, .and draw OA perpendicular to VQ^ ' 

The angle CDO, ftanding In a femi-circle, is right} 
therefore, the angles B and A bein^ both right ones, 
by. conftrudion, the angle AOD muft alfo be right, 
and the figure DOAB a retSbngle, and confequeritly 
AO =: BD = BC — CD = CF — CD = OE (bycon^ 
JiruSiion), Wherefore, feeing CB and OA arc refpec- 
tivrly equal'to CF arid OE, and b6th the angles A and 
B right ones, it is evident that the right line PQ^ 
touches both the circles. ^* £. D. 

The numerical folution of this problem is extremely 
eafy ; for, fmcc the two fides CO and CD of the right- 
angled triangle CDO are both given, the angles DCO 
and AOC^ determining the points of conta6l B and A, 
are from thence given, at one ojfer^tion. , 

But if it be required to drgiw a right-line (ab) to 
touch both circles, and to pafs between the centers C 

and 
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and O; * tjif^n, iwftead of taking.CD equal ta the diP^ 
fefcnce of. the femi-diameters CF, OE, let Cd be taken 
equal to their fum, and the reft of the procefs will be 
exa£ily the fame. 

PROBLEM XLl. 
To draw a right-line AD through two circles GAEF, 
HCSR, ^W» fw magnitude andpojition^ fo as to cut off 
fegments tiereofi , AKBjriy CTDn^ equal refpeSIivelj to 
two givinfegments EQFi?, SPR^. 

CONSTRUPTION. 
Upon the fubtenfes EF, SR, from the centers G and 
H, let fall the perpendiculars GQ^ and HP ; and from 




the fame centers, at the diftances GQ., HP, let two 
circles GQK, HPT be defer ibed ; then draw a right- 
' line AD to touch both thefe circles, by the laff propcJ- 
fition, and the thing is done; for the lines FE, AB" 
being at the' fame diftance from the center G, the fer- 
ments cut off by them rauft confequently be- equal : 
and, in like manner, the fegnjents SPR4, CTDa, are 
"alfo equal. 

PROBLEM XLII. 

To defiribi^ the circumference of a circle thrcugh a given 
point P, to touch two rt^ht-lifus AB, AC5 given hy pofition. ' 

CONSTRUCTION. 
Join A, P, and bife£l the angle BAC, with the right- 
line AK, and, from any point Q^i^^^t line, draw QT 

A a \. ■ per- 



I ~ 



^rpendieul&i* to AC ; then, from Q^to AF» draw (^$ 
as Q^r 'ii dfftw likewife PO parallel to SQ^ tauiaag 




AK in O ; jmd from O^c as a center, with the ijadit» 
OP, defcribc the circle PlCFj^and th* thing is doue. . 

DEMON StRA^f'tONV, 
Let OH be perpendicular to AC, aifid* OW UyABi 
then, by^rcafon of the parallel Knes, it will beQS*:^ 
OP (: I ACL: a6) : : QJ : OH j Whence, as QJ 
=f QS, OH will be = OP; ahd therefore the cir- 
cumference PKF will pafs through^ the pdintHV and 
foj AHO bfing. a right-angle, AC' ipuft touch the 
circle in that point. Moreprer, the ^ triangles AOH 
and AOW being equiangular and having one fidii 
common^ O W wUl therefore be = OH, aod the circle 
alfotouchABin the point W. J^. ^. /?• , 

Method of CakfiibtioH. • 

Having affumed AQ^^at ^eafiire> there wiU ^ givctf, 
m the triangle AQT, all the angles and oiic fide, 
whence QT ( :;:' QS J wHl ht given :' then, in the tri-* 
angle AQ^i will be given AQ, Q§, and the anglo 
QAS, whence the angle AQS ( = AOP)- will lie given* 
Laftiy, in the trirngle AJOP will be given all the angfe^ 
and the fide AP, whence AO and PO will b/& given^ 

. . Otherwife. 

Sgy, as the fine of OAH : radius ( : :■ OH t OA : : 

I OP 



\ 
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OP : O A) : : the fine of OAP : fine of OPA ; then, 
in the triangle AOP will be given all the. angles and 
the fide AP, whence the other fides AO an^ OP will 
be fou^d. t 

PROBLEM- XLin. 

I 

To defer ibi the circumftrence of a cirde through two givin 
poiats D, G, to touch a right^ine AB, given by pofitiott. 

CONSTRUCTION. 

Draw DG, and bifea the fame by the perpendicular 
FC, nieeting AB in 
C; join C, D, and ^ 
make FP perpendi«> 
cular to AB ; and, q ,- 
from F to CD, pro- .^ I 
duced, draw FS := ^ 
FP ; . make DH pa- 
irallel to FS, and 
from H, the inter- 
feftion of CF and 
DH, with the radius 
DH, defcribe the 
circle HDQ^^ and the thing is (ione, 

. DEMONSTRATION- 

Join H, G, and draw HT parallel to FP, meeting 
AB in T ; then bccaufe of the parallel lines, it will 
be, FS : HD ( : : CF : CH) : : FP : HT ; wherefore, 
as the antecedents FS and FP are equal, the confe- 
quents HD and HT muft likewife be equal ; and there- 
fore fince HT is perpendicular to AB, the circun^fer^- 
cnce of the circle will touch AB in T ; and it will alfo 
pafs through the point G, becaufe the two triangles 
DFH, GFH, having two fides and the included angles 
equal, are equal in every refpedt, ^ E, £>. 

' Methdd of Cakulatihn. 
The angle FCA, and the numbers expreffing FC 
and DG being given, in the triangle CFD will bt 

fiven (befides the right-angle) both the legs CF anrf 
D, whence CD and the angle FCD wilj.'be known; 

h'ii% / thtn 
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then it wifl be, as the fine of FCA (TCH) f r^cfftr^ 
(: : TH : CH : : DH : CH) : : the fine of HCD : the 
fine CDH ; therefore in the triangle HCD there will 
be given all the angles and <the fi(fe CD, wbeece CB 
'and HD will be knowi*. 

PROBLEM XLIV- 

Htrving given AB, and alfr AD and BG, perpeiidicitlar 
/<? AB ; tofindafoint T frt.AB, to which if two right-' 
lines DT, GT be drawn^ the angle DTG, formed by 
ihlfelines^Jhall he the grcaUjl pcffihle'. ' > - 

CONSTRUCTION. .. 
' Dcfcribe, by the la!l problem,. a circle GDQ^, that 
lhall p^ft through G andD and touch A B, atid the 
point of contad T will be the point required. 

DEMONSTRATION. . 
Joftl G, T aftd D, • T; and from any other p'ofnt 

R in the line AB, draw RG 
and. RD ; alfo, from the 
point Q^ where GR cuts the 
circle, djraw Qp : then, the 
angle G^QD, being exter-^ 
nal with regard to' the tri- 
angk DQR, will be greater 
thauGRD; therefore GTD, 
ftanding in the fame fegment 
with GQp>will be alfo great- 
er thanGRD. ^. £.D. . 

Method of Calculation, ' 
Draw DE parallel to AB ;. then in the triangle GDE 
will be i^iven DE, EG (nBG— AD).and the right- 
angle DEG, wkence the other angles EDG, EGD, 
and thfe fide DG will be found-, then in tlVe triangle 
CFP, fimilar to GDE, will be given all. the angles and 

the fide -FP. Lzzir^'^ ^^) whenge FC vri^l be given; 

from which, by proceeding as in the laft problem, alf 

ifhc refrv^rfll^fce 'fQund. ; ' 




AK 



PR 



* 



GEdMs^p.iCAL Problems. 357 

P R O B L E*M XLV. 

t 

, .7i dffcribe a circU^ whUb JhM touch tzvo right-lines 

'AB, AC, given in pofitian^ and aljo another circle O, 

givtn in magnitude and pojition, . 

CONSTRUCTION, 

Let the angle CAB, made by the cqncourfe of th« 
twoJines, be bifedted by AK ; and, from any point 
P in this linr, let fall PO.perpendicuVar to AB, which 
t)roduc^ to R, fo that QR ma^ be equal Uo the femi^ 



t ■ ' ■ 




diameter of the given circle ; and through R, parallel 
to AB, draw HM, meeting KA pnduccd in H ; draw, 
HO, to which, from P, draw ?v = PR, and draw 
OE- parallel to P^, meeting AK in E, and cutting the 
periphery of the given circle in r; laftly, from E, with 
the radius Er, defer ibe the circle ErKN, and the thing 
is done. . .. 

^ DEMONSTRATION, 

Draw EG perpendicular to HM, cutting AB in E.: 
Jthen, by rcafon of the parallel lines, PR : EG ( : ,: HP 
: HE) ': : Vv : EOj therefore PR being = ?V (hj 
trnJlruStion) EG and EO muft likew'rfe be equal i from 
which the equal quantities FG and .Or being taken 
^ay, the remainders £F and Er will be equal ; and 
t A a 3 ' there- 
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therefore the circumference rKN pafle$ through F ; 
but it alio touches AB in that point, becaufe EF (by 
ionflru^ficn) is perpendicular to AB ; itlikewife touches 
AC, becaufe AE bifefb. the angle BAC ; laftly, it 
touches the circle O, btcaufe the right-line OE joifl^ 
ing the centers O and £, pafles throogh the poi(it r, 
common to both peripheries. 

jHethod of Calculation* 

Suppofing AO drawn, and A S perpendfcul^f to H^i 
in the triangle A HS (befides the right angle) will be 
given AS (= rO) and the angle AHS (=: EAF = 
^BaC) whence AH will be known; then in the tri- 
angle AHO will be given AH, AO, and the include^ 
angle, whence AHO and HO will alfo be given : then 
it will be, as t^e fine of EtlG is to^he radius (: : EG 
: EH : : EO : EH) fo is the fine of EHO to the fine 
of EOH; therefore in the triangle HEO will be given 
all th6 angles and the fide HO, whence EO ai^d EH, 
are known alfo. 

PROBLEM XLVI. 

To defcribethe cir^cumferffte of a clrcU through a givm. 
point P^/o as to have given parts cut off by two rigbt^linci 
AB, AC given in pojition* 

CONSTRUCTION. 

Let the arcs to be cut off by AC and AB be frmilar 
refpedively to the arcs eb^ be of any given circle abeq^ 
whpfe cbords aby b^ fubtcnd, at the center, any given 
angles <tf^, b^e. Let the angle abc be bifeded by bd\ 
take, in AB and AC any two points, E, ,D, equi-. 
diftant from A ; and, having drawn D£, make the an- 
gle EDF = qbd, CPR =^K and BFR ::=:qhc.', then 
from the interfet^ion R of the lines DR and FR, with 
the radius RD, defcribe an arch m&ny cutting the line 
AP in S, draw RS and ARK, and alfo PQ^, parallel to 
RS, meeiine AK in Q.; then frooi the center CL, witli 
the radius rO , dcfcnbe the circle KPI, and the thing 
IS done. 

DEMON- 
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EMONSTRATION. 
Draw Qrt and QG parallel to RF and RD, meeting 
AB and AC in tt and G. The angles BED and CDE 
being cqu^, BFD will c^cfccd CDF by twice EDF, 
or 1)y twicf qhdy that is, by as much as qbc exceeds qba^ 
or Taftly, by as nltich as BFR exceeds CDR ; therefore, 
feemg tire whole 3ngle BFD as much exceeds, the 
whole and^ CDF, as the part BFR of the former ex^ 
ceeds the part CDR of the latter, the remainiog ^arts 
RFD and RDF muft be equal, and confeqoently FR 
£s RD 3±RS. fiijt by reaVon of the parallel lines it 
will be, RF : QH : : RD : QG : : RS : QP ; whenc*, 
tlie antece'dents RF, RD, RS. being equal, the confer 
quents QH, QG, QP, muft be equal too, and the cjr«- 
ci^mference pafs through the points ti and O} whence 
(he foliition is manife]^. 

Mtthd pf CalcuUnten* 

If two perpendiculars l?e conceived to fall frpin Q, 

upon AB and AC, they wi41, it is plain, be in the given 

ratio of the fines of the angles QHI and QGL ; there* 

f^re thp ppfition of the line AQfC will be given ( fr^m 

A a i^ Proi* 
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Prob. 26) by faying, as the fum-of the faid fines is to 
their cliiFerence » fo is the tange nt of half BAG to the 

tangent of half BA<^— CAQ. 

Again, it will be as ftrte QaH : fine QHA (: : QH 
: QA : : QP : QA) : : fme QAP : fine QPA y there- 
/ore, in the triangle AQP, are given all the ^ngles and 
one fide AP, whence AQ^ ^^ PQ. will, be found. 

PROBLEM XLVII. 

Hcfoing the three perpendiculars^ letfaUfrom the angles 
of a plane triangle on the oppofite Jides^ equal to three^ given 
right' lines Ki, L/, and Mm, U dejcrihe the trldn^eB 

CONSTRUCTION.' 
Draw the indefinite right line RS, iti which take 
' AB equal to K^ ^ find a fourth proportional to Mjw, 
L/, and K^, with' which as' a radius, from the center A, 

K ___; £. . 

.. X ^ / P 




let anarch rCs be defcribed ;• and from Bj with tfie 
j;adius L/, let another arch be defcribed interfering the 
former in C \ join A. C and B, C, and upon RS let 
fall tbe: pefpendiruUr QC, in .wbich produced, take 
Q^P :;;= L/, ar.d draw PF parallel to RS, nSeeting AC!» 
prodiaced, in h , dr<iW FG parallel to CBj ancl AF^- 
will be the triangle required. 

, DEMONSTRATION, 
Draw FE, Gq and Av^ perpendicular to the three 
'{xits of the triaiiele. ' ' • ' ' 

■■•The 
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GiipMETiiiGAi^ Problems. ^ jjSu 

The triangles ABC, AGF ; AFE, AGf ; and GFE 
AGv, are eq^i-angular> by conJiruSilon\ therefore Gj : 

FE ; ; AG : AF : : A? (K.^) ;: AC ( — ^^) : : Mm 

:>L/5 whertce^ as- the confeqiients FE and L/are equaV. 
hi conftruSibn^ ±G Intecedents G^ arid Mm muft .be 
. cquallikewire. Agaij^,. BC (L/^. AB (K^) (-.VG 
: AG) :': FE (U) : Av; and confequently K^ =Av. 

, ' ' Ji^ethod of Calcuiatton, 

Since K;f, L/, and lAtrntt given, AC I = xvlw /' 

win be known j then in the triangle ABC will be given 

all the three fides, whence thfe angles are known ; latt- 

. fy, in the triangle AFG wUi begiveitall theaqglcsana 

m perpendicular £F, whence the fides are alfo ktuwiv. 



^, 



" P-R.. O B L E JyL, XLVIII.. 
;7:&* *.jf/w' V thrse potnti, tn ihefameright;Jinebetng 
ihfn, it ajrop^fed ii find a fourth, ^here Unes drawn 
from^ibe fir^^^lhr^ M make ;givcn- angles wUh eatb 

:,. . ; , Q o:.N s, TT R u c T ; Q N. ... 

Let the three -given. ppin« be A; B, aiid d n»k? 

the*' angles- ACh* and ': '. . . ' 

CAE refpe^>*ly equal — ''^ "'"•--^ ' \ 

to the gtv^ns angles • ^ 

which the lines drawn 

from B, A i and &, C 

arc to make ; and let 

;AE and CE n>cet in 

E>tbro^ A, C and E, 

let the circumference , 

<rf a circle AECD be ^ 

defcribed^, and, thro* E 

afvd B^ dravir EBD, 

•meeting it in D, then 

"will D be the point re- 

' T'^'' DEMON. 
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PEMONSTRATIDN, 

Join A, D, zt\6 Cy p. 

The single KDA is equal t6 ACE, ft^nding <»il tHq 
£ime fegmetit; and, for the like reafon, is £DC ^ 

CAE. ^ £. A 

Mfthdd of Cakulatkn. 

In the triangle AC£ are given all the angles and tKe 
fide AC, whence AE will be given ; then, in the tri-v 
angle ABE, will be given the two fides AJE, AB, and 
the Irtcluded ^ngle, whence ABE and all the reft of th^ 
atigkes ia) the figure wiU be given. 

PROBLEM XLIX 

TPhnep^inti A> B> C, beings any bow^ given ; ufind m 
fiurtb^ whirs Jiws, drawn from the fornur ihreey JboU 
ffaie given angles with one another. 

gONSTRVCTlON. 

Join the gfven poiAti, 
' arid upon the rigbt^IiM 
A B defcf ibe a fegtlt^rtt ^ 
^ circle, cajpable of the 
gK'^n artgle which that 
3 Kne is to fubtem) ; -comt^ ' 
pleat t^e circle^ pjrodiK9 
BA, and m^kc the angle 
t)AQ^equai to the angle 
yrhich fiC is to fubtendi 
and let AQ^mcet the pe* 
riphery in <;i^ draw QC, 
cuitii^g thefatttcperiph^ry 
in P J join A, P,and ByP| 
and the thing i& 4one, 

DEMONSTRATION, 

The jngie ABP is equal to the giv^n angle which ^ 
AB was'lo fubtcnd (hy conJiru^ion)\ and the angles 
QAB and QPA^ ftanding upon the fame fegment, being 
(l^qual to each other, their fupplements D Atl^and BPC 
ipn^ likcwifc be equal. ^ £. J3, 
" ' Metm 
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• ^ Method ef Calcttlaihn. 

Join B, Qj then, in the triangle ABQ^will be given ^ 
^1 the angles ^nd the fide AB, whence BQ^and ABC^ 
ivill be known 5 then in iht triangle CBQ^will be given 
two fides, and the included angle CBQj, whence the 
angle CQB, equal to BAP, will be known: laftly, in 
the triangle APB vvill be given a)l the angles and the 
fide AB, ffom which AP and BP will be found. 

PROBLEM L. 

7i draw a rtght4xn€ EG through a circle O, gt'pin m . 
magnitude and pofttion^ which Jhali alfo cut a right ^Hh^ 
QC , given by pofitian^ in a gipf^ ^ngle't and have itsp^rts 
EK, FG, intercepted by the circle and that right-line^ iif 
fhe give rati^ of the tWQ right- lines ah and bc^ 

Construction. 

At any point B, in the right-line QC, make the angtf 
QB A equal to jthe given angle^ atd through the centcf 
D> perpendicular 

lio^A, draW pet ^..>^r^ / C 

meeting BA in ^ y'^'^Q 
R, anS ICG in -^^ "^ 
Qj bife£t ah in a 
dy and in RB take "^ 
R^ r= hd, and pj 
zz icj and draw 
pm and f« parjal- 
Jel to DQ^j from 
(he point ff, where 
jw interfcc^s QC, 
draw nh parallel 
(o BA, meeting 
pm in m ; througb 
|hc points Q^and 
-4n draw QwF, 




* cutting the periphery of the circle in F, and through F* 
parallel to BA, draw EFG^ and the thing is done. 

DEMONSTRATION. 
Jhc )inc5 GEj ^A^ and »L, b^ine parallel, the an^ 
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gles QGE, QBA, fffr. will be equal, and likewiAf 
SF : FG : : Lm : mn j , but Lm (by confiruifion) is 
(= R/)) ~ J-y, and w« (.r= pq) :^^ k ; thert-fdre SF 
.; FG : I db : Zir, -and ccnfcquently EF (2 SF) : FQ 
I y ab {2bd)' : be. ^ E. D. ^ '' ' . ;; 

A^ethod of Calculation, 

L« ^rfrj : Lot C^^J ;J; the tangent of LQ^ (the comr 
plcment of the given angle QBR) ; the tangent of LQw; 
therefore, in the triangle OOF", will be^given one angle 
>OQP and two fides, QO, FO ;. whenc?, wot bply tiie ' 
aogle SOF, but Alio SO and SF will .be known. . 

^ P R O B L E M U. 

To applyy or injcribe^ a given right-line AD between the 
peripheries of two circles C and C, given tn magnitude ami 
pofitionyjo ai to be inclined to the right-line CO joining the 
ienters^ in a given angle* 

CONSTRUCTION. 

Make OCB equal to the given angle, and let CB be 
take^n equal to the given Ijne ; upon the ceniter B., with 
jhe radius of the circle C, let the arch n'Dm tp defcribed, 



71. 1) 




jcutting the circle O in D ; then draw BD, and parallel 
thereto, draw C A, meeting the periphery in A ; joi^i 
A, D, and the thing is done. ' ■ 

DEMONSTRATION. 
Becsufe^ (by conftruSlion) CA and BD are equal aryd 
para41el, therefore will AD and CB be alfp equal and 
parallel (by Euc 33, r.) ^ E, D. 
- • .' .M;tbo4 
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Method' of Calculatim* 

In the tiiangle CBO «are giren two (ides CO und 
C&, and the angle QCB, whence OB aqd the. angle 
tOB will be kjiow^; then in the triangle OBD w.ill 
be given all the three fides, whence all the angles^ and 
conlequently DOC, will alfo, be known. 

PROBLEM LII. . . 

Froin a given reSiangle A BCD, to. cut ofT a gnomon 
ECG, whofe breadth Jhali be every'.where the fanUy and 
wkofe area Jball he jujl half that of the reSiangle. 

CONSTRUCTION. 

In BA take BH equal to BiC) or AD ; and in 
DA produced take p 

AP a n\ean-proporti- 
ofial between B A and 
fAD (fo that AP* 
may =: the given area 
AGFE). Ftom P to 
the middle of AH B 
draw PO ; make OE 
= OP, and DG = 
BE ; com pleat the 
reiian^1eEAGF,and ^i 
the thing is done. 

DEMONSTRATION. . 

If the femi-circle*EPQ^, from the center O, be de- 
fcribed, it is plain that AQ^ = EH = BH ~ BE =^ 
AD — DG = AG ; and conlequently that AE x AG 
= AE X AQ^n AF* (Euc. 13. 6.) ^ E. D. 

Method of Calculation. 
In the right-angled triangle AOP are given AO 

j and AP (= ^lAB x BCj j whence 

OP will be known, and from thence both AE and AG. 
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P 'R O B L E M LilL 

Threi potnti A, 'B, C^ being given^ it is fr^dfei to find 
n fourth , ^^fromwhtnce iinesi drawn to the thr'ee formiri 
Jhall obtain it)i ratio of ibree given Hneii a^ ^ and c, fe- 
Jpe^ivehk . ' 

C O N 8 f R U C T I O N/ 

Having joined the givtii jsointfJi t^ke AF, hi AB^ 
equal io aj ind AI = r ; alfo make 'the Angles AFG 

" C and AlK cq^al, . 

each, to ACB i 

ind from the cen«^ 

r* ^^ ' / ^ ^^^ F and G,v 

^^y^ ^^^^ \ with the radii b 

K ^-f^ — rt^tr-B^-sc A and A it refpec- 

tively, let ^ twoi 

A w — ^ — ■ ■ ' . arcs be defcribed 

^ ^CV^ i r ^ interfefainginHi 
"^ ^ ' * * — ' from which point 




draw HF and HA; then draw BP to "make the angle 
ABP =: AHF, and it will meet AH (produced) in the 
point P, required. 

DEMONSTRATI'ON. 

Let BP, CP^ and GH be drawn. The triangle^ 
'ABP, AHF, being equi-angular (hy conJiruBion) it will 
te AP : BP : : AF {a) ; FH {b)\ alfo AB : AP : : 
AH; AF ; and AB : AC : : AG : AF (becaufe AB€? 
and AGF are like wife equi-angular) whence it is ifeAfi- 
dent^ fince the extremes of the two laft proportions are 
the femcj-that AP x AH =r AC >* AG, or AC : AP 
: : AH : AG j therefore the triangles ACP, AHG being 
equi-angular (Eiic. 6.' 6.) we have AP : CP : ; AG .: 
GH ( AKJ : : AF (a) ': AI [c). ^. £• D. , . 

Method of Calculation. 
. In the triaiifgles AFG, AIK are gfven all the- angles 
and the fides AF and AI, whence AG, FG, and AK 
(GH) will be found ; then in the triangle FGH will be 
gtrtfR all the fides, to find the angle HFG 5 \*^<Gh, ad- 
ded to AFG, gives AFH ( APB) from whence, and the 
two giveii fides AF and FH including it, Qvery thing 
clfe is readily determined. 

* PRO- 
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PROBLEM LIV. 

Tq ^ifcribt a triangi* (ABC) ftmUxr u a giveH oni 

AMVI,/uch that thru lines {AP, BP, CP) may bedraUfH 

from Us angular pmnts to meet the fame paint (P) fras'to 

be equal to tbre^ given lines AD, AF, aiid AK, re- 

ffeSlitiebf. 

. CONSTRUCTION. 

draw DE arid KG, making the angles AI5B 
and AtCG,' eacti, equal to the given angle N, anJ 
iBtcrfefting AN ih ^.M) 

£ ajid G ; frcMn the 
centers D and £, 
with the iiilei'vals 
AF and AG, let two 
arcii he defdrlbcd^ 
interfei^ing m H $ 
draw AH, in which 
take AP £= AD j 
and frdm P, to AM A K 
and AN, apply PB and PC equal, fefpeaiV'ely, to AF 
and AK, and let B, C be joined i fo (hall ABC be the 
triangJe that was to be determined. 

DEMO^NSTRATION. -. 

Tfee three lines AP, BP, CP, are, refpeaively,- equal- 
to tlie threb given lines AD^ AF, AK, byconftruSion; 
we therefore have only llo prove that the triangle ABC 
h fimilar to the giveA oftc AMN. Now fuppofingDEl 
and Ert to be drawn, if will be AP : PC (or AD : AK) 
i : AE : AG (EH) ; whence the triftngks APC ana 
AHE i^ill beequi«angular (Euc. 6. i.) and coDfeq^i^tly 
AC : AH : : AP (AD) : AE : : AN t^AM {Muc, 5. 6.) 
i but the triangles ABP and ADH (having AP # AD^ 
PB = DH {by conjir union) and the apglc DAP ^smtk^ 
mon) are cqiial m all r<fp?(%; tben^ore, byfubftituting 
AS in the room of A(t, our laft proportion becomes 
AC :-. AB : : AN : AM ; ' whence it Is manifeft that the 
triangles ABC and AMN are equi**ang,ulv. ^1 E. JOt 




Method 
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Method of. Calculation* 

fn the triangles ADE, AKG, are given all the aft.* 
gle?.and the fides AD and AK, from which AE-, DE^ 
and AG will be known; then in the triangle DHK 
will be given all the fides to .find the angle EDH, 
which added to ADb) give^ ADH; ^rom whence, and 
the two^iven fides including it, AH (= AB) will be 
known. 

.PROBLEM LV. 

In the triangle ace^ heftdes the angle c, are given the feg-^ 
ments ofthejides ab and de, and the angles aeb and dbefidn 
tended thereby ; to uefcrtbe the triangle. 

CONSTRUCTION- 
Upon AB, equal to ab^ let a fegment of a circle be 
•defcribed to contain an angle equal to aeh\ make, the 
angle ABF =: ace^ BA« = dbe^ and the line BF =: ^^y 





from the point », where A/? cuts the pcrrphery of the 
circle, through F, draw «FE, meeting the periphery in 
E ; join Ai Kj and B^ E, and draw EC parallel to BF,' 
meeting AB, produced, in C ; and then the thing is 
done. ' 

DEMONSTRATION. 

I 

Let BD be parallel to FE. 

Since^ tlv? lines BD, EF, arid ED, FB, are parallel, 
therefore is ED s= BF (= ed)^ and the angle ACEalfo 
:£: ABF (nee) Eue. a8. i. Moreover, the angle BE« 

(DB£) 



, I 



■ji 
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(DBE) is equal to BAn {dhi)y both {landing upon the 
£iinc legment Bn. ^ E. D* ^ ' 

Method of Calculation. 

Join B, n ; then in the triangle ABir will be given 
aRthc angles and the fide AB, whence Bn will be known; 
then in the ttianglc irBF will b* given B;?, BF^ and the 
indudpd angle »BP) whence BF» (CDB) and all*thf 
reft of the angles in the figure will be known. 

PROBLEM LVL 

To'mah a trapexium^ whofe diagonalsy and tw9 eppofiti 
JtdeSyJhall be all of given lengths^ and whereof the angii 
formed hy the given fideSy when produced till they rneet^ 
Jhall alfo he given* < 

CONSTRUCTION, 

Draw the indefinite right-line AC, and toke therein 
AB equal to one of the two given iides ; make the angle 
CBG equal to . 

the given an- ^ ^ 

gie, and let BG 
be made equal 
to the other 
given fide; upon 
the centers A 
and G, with in- 
tervals equal to 
the two diago/ 
nals, let two 
'arches be de* 
fcribed, cutting 
each other in 
-D; makcDE 
equal, and parallel, to GB; join D, B, and £, A; 
th^ AfiDE will be the trapezium required. 

DEMONSTRATION. . 
Draw DG, DA and BE, and let BA and D£ be 
produced to meet each other in F. 

The lines BG and D£ . are equal, and parallel by 
conftri;Aion; therefore^BE is =: DG, which laft {hy 

B b ton^ 
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conjiru^idn) is equal .to one of the given dragdnals, as - 
AD is equal to the other : moreoyer^ the fideS AB and 
ED (BG) are equal to the given fides, by conftruftioit; 
and the an^Ie F is equal to the given angle ClBG, Ke- 
caulc DF is parallel to GB. J^. E. D. 

Method of Calculation, 

Suppofe AG to be drawn; then in the triangle ABG 
will be given the two fides B A and BG, and the included 
angle ABG, wbefice the itde AG and the other two 
angles wiU be known} then in the triangle ADQ will 
be given all th^ fides, whence the angle AGO will be 
'known, and from thence the whole ^ngle BGD;1aft]y^ 
in the triangle BGD will be given the two fides BG 
andljD, and the included angle BGD, whence the 
fide BD will like wife be kjiown. 

-PROBLEM LVII. 

The figments of the hafe AD, DB, ani the line DC 
iifeQing the vertical angle ACB of a plane triangle being 
' given^ to defer Ibe (be triangle^ 

CONSTRUCTION. 

In AB produced, tike DC) to AD, as DB ta AD 

f^ DB, and 

from the cen« 

ter Oj with the 

radius 00,de«i 

fcribe the cir-* 

cleDCQ^jalfo 

from the center 

D, at the given 

difiance DC, 

defcribe th? circle »fC«, and from C, the interfe£HoA 

of.the two eircleS) draw CA and CB, and the tbin§ is 

done. 

, D £ M O N S T R A T I ON; 

Since DO : AD : : DB : AD-^ DB ; therefore (by. 
the lemtHa in pi 33+.) AC : CB : : AD : DB f whence 
CD bik&B tte an^ ACBY^;^ Eue. 3. 6.) -^ & D. 

Method 
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AV X BD 



Df ftw CP perpendicular tt^ AQ^ 

Becaufe, by cohRru<5ion," Ou is ' :^ .-rrn — i7r^ 

therefore will DO = ■ > ,; ■ ^.^ ; whcncf • by reafon 
•f the fimilar triangles DCQ^, DPC, it wi ll be, as 

..^^55— 5j5:DC;.:DC:DP= -^ 



whence AC and CB are given. 

P R O B L EM LVni. 

Hoping givfn tht bafe^ thi angle at the y&texj and the 
b'ne drown from thence to bifeSi tht baji^ to wrfiruif the 
triangle. . 

CONSTRUCTION. 

Upon the j?iven bafe AB 
defcribe (by Prob* ^.)z feg* 
ment of a circle ADB ca- 
pable of the given angle $ 
and, from the point F, in 
which the perpendicular 
DF bifeas AB, with a ra- 
dius FC equal to the bifedl- 
ibg line, deicribe nCm^ 
catting the periphery ACB 
in C; join A, C and B, 
C, and the thing is done. /^^ 

The,. demonftradoA of 
which is evident from the conftruiaion. ^> 

Method rf Calculation. 

From die cemer O 1^ QA and OC be drawn; then 
m the triangle AOF will be givaa all. tb^ Angles add 
the m AF, whence FO and OC <OA) will be kpow^ 
and in the triangle CFO^will.be given all the fides, 
whence the angle FOC, and its fupplement DOC, 
expreffing the^ difference of die angles at die bafe, will 
alfo be koownt ./ 

tfbi ^ :pro- 
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P R O BL EM UX. 

^ Thi baftj the diffirtnci rfthi unghs'at the iofeiandihi 
Bne irisnonfrom tic virtual angle to bifeSI the bafe of any 
flatii iriaagU^ being given \ to defcribe ibe triangle. 

' CONSTRUCTION. 

Upon AB, equal to the given bafe, let a fegment of t 
circle AHEfi bedefcribeH to contain an angle equal to 
. !"* • the difterence of the 

; A. Kj angles at the bafe ; 
bifed AB in C, and 
take Ct> to AC in the 
duplicate ratio of AC 
to the given bifeding 
^ line KLi make CS 
1^ and DI perpendicular 
to AB, cutting the 
circle in S and I ; draw 
AI, cutting CS in G; 
and, through ,G, draw 
the chord LGH paral* 
lei to AB \ join A, E and A, H, and in Al take AN 
equal to kL; draw MNP parallel to EH, meeting AE 
and AH in M and P; then will AMP be the triangle 
^hlch was to be conftruded. , ' 

DEMONSTRATION 

Since, (biy confiruftion) CG is parallel to PI, and KLf 
' : ACf : : AC : CD; therefore (Euc. 4. 6) KLf : 
AC^ : : AX; : GI : : AGf :'0l X AG : butGI x AG 
tn LG X GH =: EG^ (kue^ 35. 3. and 3. 3.) therefore 
KLf : AG^ : : AGj : EGf ; and confcq^cnt|y KL : 
AC : : AG : EG : : AN : NM ; but AN is (by con^ 
Jirutlion) equaj to KL, therefore NM is =: AC, and 
confequently MP f^MN) si AB. Morewer the dif- 
ference of the angles at the bafe, P-^— M, k {ir A HE 
>- AEH ) r= AEB ; which (by eonftru^wnj is equal to 
the difference given. ^ E.'D, ' 

Method of Calculation. 
From the cemer-^O draW OA and OI, alfo'drav^ Jv 
parallel to £H, meeting OS in v : then it will 'fiey^^ 

con-' 
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mtjiru&m} a^ KLf : ACf (: : AC : Iv) ; : the fine 
of AOC or AEB) the' given difference' of the anglers at^ 
the bafe, to the fiRe. of SOI ; which, . aSded; ^~^AOS). 
gives AOI, whofe fupple^ent, ^\^\i^iz^t-A b}^}!^ ^\ 
QIG ; from whence OGI^ndits fupplemeo^ iguC^A ai^^ 
given, and confequently ANM (equal to AGj^)j then 
in the triangle ANM will be given AN, NM, and the 
included angle ANM, whence the ingles yi^ A, Py 
Mrill alfo be given. ' ':« ... * cicnishi . i.i 



C 



PRO KhtM 



"i; 



Ti^iiW 



Th4 phrpindkular^ the angfe at thi pertufCi fpq ihefiim^ 
afthi three Jidei ef a trianfU being' given^ p d^r^,tb€ 
triangle* \ « ; --,*' 

CONS.TRUCTlGt»4,n-;^;,: ' 

Make AB equal to the fum of the fidesy ^Riij^ bU; 
fed in P, making PO perpendicular to ASf s^ <the 
angle. PAO equ^ to half the given arig^e at tb^.vj|i»» 
tex;fromthecen- 

tcr O with the ^ — i i^H 

radius OA de« 
icribe the circle 
AHB,andinOP, 
produced, take 
PK equal to the 
given perpendi- 
cular, and draw 
KH parallel to 
BA^ catting the 
circle in H -, join A, H and B, H, and makei the ans-les 
BHF and AHE equal to HBF and HAE refpeftivcly ; 
then will EHF be tfie triangle required. 

DEMONST RATION. 

Join O, B and O, H, and draw HQ^perpcndicular to 
AB. 

The angle EFH is = BHF + HBF =r aHBF (byi 
€onf}ru£lion) = HO A (Euc. ao. 3.) « and, in the fame 
manner is FLH = HOB ; hence it follows that EFH 
+ TEH (= HOA + HOB) == AOB ; and, by taking 
^ach of theie equal quantities froni two right-»angles, 

B b 3 we 
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vpe Me EHr=r OAB +OBA (Eii€4%2. i.) » aOAB 
sr the given ai^I'e f^y C9nftru6fi9n}. .Moreover QH is 
z PK :±' the given perpendfcular j and £H being :£ 
AE, and f H =2 BF f/^r. 6. i,), EH + HF + EF 
wai thcf^re^ be = AB r: tb« given fum of the fkles. 

^y^' \ ' '}' ': . . Method of Calculation. ' 

In the triangle AOP are eiven all the angles and ^ 
fide AP, whencft QP apd AO {HO}. are known; then in 
the triangle OHK will l^e given the fides OH and OK 
(OP + PK) ^ehce HK Vh be given; n^t, in the 
trittigte bQH will be given QH and BQ.(BP — HK) 
whence C^H^s^^d its double QFH, will be given ; laftiy^ 
in the triand^-EFH are givea^U'tbie angles and the per- 
'|ieiK)feiito Qfl, whence the fides will alfp be. given. 
'^ Biit Ae'anfwer m%yht more eaBly brought out, sbf 
finft finding, ftOK, the diifereoce of tbr angles ABU 
and BAff^ as in the fifth Problem; 

PR O B L E M LXI. 

Tbejum of tht three Jides^ the difference of the angles 
atjfie ialiy ahdshe length of the line bife£iing the vertical 
oAghr-of aff fi plan t t riangle be ing given ;» to defcribe the 
itiartglf* ^ \ ,. , 

^CONSTRUCTION. 

Make AB equal to the fum of the fides, which hxkdt 
in £ by the perpendicular D£», and make the. angle nE»r 

equal, to half the* 
given difference 
of the angles at 
the bafe, taking 
Er equal to the 
ID line bi(t£Hiig the 
vertical angle ; 
through r draw 
Cnr parallel to 
AB, cutting DE» 
fn «; draw »A, 
lb which dr&w 'Em r: Er, and draw Ad parallel to Em^ 
meeting nE*D in D ; ^d^oti the center Dj at the diftance 

of 
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joT DA« ^&ribe €he circle ACB» CMttiog rnQ iinC| 
join A) C and B| C, and make the aogle BCF = C3P^ 
alfo make ACG = C AG, and let CF aiid QG.Rieejt 
AB in ¥ ajid G ; then ^'^^^ l^CG be the ty^glc i^ 
was jto be defcftbed. 

DEMONSTRATION. 

Upon AB let fall the perpendicular CP 5 let C^tbife^l 
the vertical angle GCF, and let PH be drawn parallel 
to Er, meeting Cr in,H. Then,1)y reafon of the parallel 
lines, it will be a« £r : DH (: : Ev : Dn) : : Ew : DA ; 
whence, Er being = Ew (by conJiruSiion) DH and DA 
are alfp equal, and the point H faife in. the periphery of 
the^cirde : therefore the angle wDH («fer) at th^ €«n«- 
tcf) ftanding upon half the arch HC, will be^qual to 
the anjgle HAG, at the periphery, ftjinding upon that 
whole arch, that is, equal to the difference of the an- 
gles ABC, and BAG ; but the angle GFC bein^ double 
to ABC, and FGC double to BAC {by coiii/iruBion) tfce 
difference off GFC and FGC will be double to' the 
difference between ABC and BAC, and therefore equal 
to Q-ri^r (2«DH) the difference given. Moreover, bp- 
caufe GCCL= >^CCt> zPCCtwiirbe the difference be- 
tween PCG and PCF, which muft li^ewife be equal to 
2«Er, the difference of their complements PGC and 
PFC; whence PCQ^rr «Er, and confequently CQ^s 
Er, Furthermore, fiace the angle ACG 3: CAG, and 
BCF 7=1 CJrsF, thence will CG = AG, and CF - FB; 
and therefore CG + BF + FC = AB. ^ E. D. 

- Method iff Calculation. 

In the triangle E«r are given all the angles and- the 
fide Er, whence E« will be given ; next, in the tri- 
angle AE« will be given (befides the right-angle) both 
the legs E« and EA, whence the angle EhA is given ; 
then it will be, as the radius to the fine of DH;f or'E^« 
(: : DH : Dn : : pA : D«) fo is the fine of D«A to 
the fine of D Aw^ whence AD«, the fupplcmentof ACB, 
is alfo given ; from which all the reft of the angles ifi 
the figure ar« ^vcn by addition and fabtraSion only. 

B b 4 This 
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This method of (blving the problem, it may be ob<^ 
'iervrd, requires three operations by the fines and taa- 
gents, but the fame thing may be performed by two 
proportions only : for as £r : A£ : : the fecant of rEn 
to the tangent of En A ; whence all the reft will be 
found as above. 

PROBLEM LXIL 

To reduce a given triangle into the form of another^ or to 
make a triangle which Jhall befimilar fb one triangle^ and 
equal to another. 

CONSTRUCTION. 

Upon the bafe AB of thcf triangle ABC, to which you 
would make another triangle equal, defcribeADB fimilar 

Q to the trian- 

gle required ; 
draw CF pa- 
rallel to AB, 
meeting AD 
inF;takeA£ 
a mean pro- 
portional be- 
tween AD ard 
G B AF 5 and, pa- 
rallel to DB, draw £G; then will AG£ be the triangle 
that was to be confiru£l:ed. 

DEMONSTRATION. 

L?t FR and DQ^be perpendicular to AB ; then the 
triang. ADB : trrang. ACB : : DQ^: FR {Schd. Euc. 
I. 6.) : : AD : AF (Euc. 4. 6.) : : AD* : AD x AF 
(Euc. I, 6.) : : AD* : A^* (by conftruSiicn) : : triang, 
ADB triang. AEG (Euc. 19. 6.) Therefore, the an- 
tecedents of the firft and laft of thefe equal ratios being 
the fame, the confequents ACB and A£G muft necei- 
tuxSiy be equal. ^. E, D. 

. . Method of Calculation. 

Tn the triangle ADB are given all the angles and the 
fide AB, whence AD will be given ; next, in the tri. 
angle AFR will be given all the angles and the fide 

FR 
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FR (=CH) whence AF will b e given j an d then, AD 
and AK being given, A£ = VAU x AF will alfobe 
given. 

PROBLEM LXrU. 

Ta find a paint in a given triangle ABC, frm whence 
right-lines drawn to the three angular ptints, fiall diviiU 
the whole triangU into parts (COA), AOB, BOC) 
having the fame ratio ani to another, as three given rtgbt- 
Jinety m, 1, and p, re/peSivefy. 

CONSTRUCTION. 

In CA and AB produced, if need be, take CE and 
AF, each equal ton + n +^ joining £* B and F, Cf 
Ukc Ce = m, __ ' ' 

Ae = », and _ 
dra "■ **and ef, ' 
parallef to EB 
andCF,mvet- 
ing the fides of 
the given tri- 
angle in b and 
/*! draw alfo 
iQjnifP pa- 
rallel to AC . ' 
an^ AB, and (; 
ac O, ihc in- 
terl'e^ion of tbefe lines, will be the point required. 

.DEMONSTRATION. 

Let tH and BD be perpendicular (o AC. The tri- ' 
angles CBE, Che, as alfo CBD, Cm are fimilarj 
therefore, m fC*J : m + n -^ p (CE) : : Ci : CB : : 
iH : BD : ;■ the triangle AOC: : triangle ABC. la 
the very Jamc manner it may be proved, chat the part 
AOB IS to tlie whale triangle ABC, as n to n) -f n 
+ p ; whence it follows, that the remaining pan BOC 
muft be to the whole triangle, Asptom + n + pi 
therefore thefc pans are to oiis another in the givftnja- 
lio of 01, «, and *. ^ £, D. 

MetboH. 
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Since 



Method of Calculation, 
fm + n-^pim:: AB : AQ^, 



m + n ^ f : n:: AC: A; (QO), 
both AQ^and QO will be given from thence; then, in 
the triangle AOQ^, will be given two fides and the Ui- 
cJuded angle, from which every thing elfe will be 
J^nown. 

PROBLEM LXIV. 

To divide a given trapezium ABCD, wioji oppo/ite 
fides AB, CD are parallely according to a given ratio^ by 
a right'ltne QN, poj^ng through a given point P, and 
fMng upoei the two parallel fiats. 

CONSTRUCTION. 




tp AQ (or 
B< 



) rallel 
DCJ meeting BC 
ih H I then divide 
GH in M, accord* 
ing to the given 
ratio, and through 
M draw PQfl, and 
the thing H done* 

D E MO NSTRATION. 

Draw EMF and, IHK pa^ralkl to AD, meeting DC 
and AB in B, I, K and F, . * . 

Becaufe of the parallel lines, we have GD = ME 
= HI, and AG ::: FM = KH; whence, as OD is 
=: AG (by 'conftruBion) ME wiU be =: FM, and Hlr: 
HK ; and the triangle EMN will be = FMQ^, and 
IHC r= BHK {Euc:. 4. i.) whence it appears that the 
trapezium AQND is ajfo eqifal to the parallelogrsun 
DF, and the trapezium QBCN equal to^he paraildo* 
gram PI ; butthefe parallelograms .are to one another as 
their bafcs^or as GM toMH (Euc. i. 6.); therefore 
GM : MM : : AQND : Q8CN. S^ E. D. 

Method, of Calculation. ) 
Whereas AB and DC are parallel, GH is an arith- 
mcticiil mean between them^ and therefore equal to half 
• , their 
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their fitm. Therefore, as' the whc^le line GH and the 
ratio of its parts GM, MH are gtven> the parts them* 
felves will alfi>^be given* 

PROBLEM LXV. 

?i cut off from a given trapmum A6CD| whoji op^ 

fofite fides AB, CD are paraUely a part AQND equal to 

a reiiangle giveriy by a rigbt^line paffing through a given 

point P, and falling upon the two paraSel fides. (See the 

figure to the loft prohlenu) 

CONSTRUCTION. 

Bifea AD in G, and draw GH parallel to AB j 
upon AD~ (by Euc: 45:' i.) defcribe the parallelogram 
ADEF equal to the redangle given, and through th^ 
joCf rfeSion of GH and £F draw PQN, aqd the thing 
is done : The demonftratibn whereof is manifeft from 
the preceeding problem. 

P R O B L EM tXVI. 

To divide a given trapezium ABCD, whofe fides AB 
and DC are parallelj into two equal parts ^ by a rigbt^ine 

parallel to thofe fides, 

CONSTRUCTION. 

Produce AD 
aod BC till they 
meet in H, and 
make AG equal, 
•and ^perpendicu- 
lar to HD ; draw 
HG atid bifea 
the ^ fame with 
the perpendicular 
PCL=HP; ioin 
H, Q^, and in 
HA take HE, 
equal to HQ^, 
and parallel to AB draw £F, and the thiifg is done. 

DEMONSTRATION. 

Since HE* ( = HQ* = HP* -f P(y =s 2HP* = 

HG» HA* + AG* flA* + HD*\ . 

. —. -^ =: I IS an antQ- 

a ^ % 2 / 

metical- 
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inetictUmean between HA* and HD% it is evident that 
the triangle H£F will alfo be' an arithmetical-mean 
between the triangles HAB and HPC (or ABFE == 
EFCD) ; becaufe thofe triangleSi being fimilar, are to 
one another as (H£% ^A% HD*} the fquares of their 
homologous fides. ^ E. D. 

" Metb$d of Calculation. 

Since all the fides and angles of the trapezium are 
fuppofed given, tbe fide CD and all the angles of the 
Xriangle HDC will be given ; tber crore HL) and AH 

/HD* + HA% will 
will be known; whence HE, = y 2 

alfo be givem But the fame thing may be had without 
the angles; for, fince DC is parallel to AB, we have 
AB — DC : AD : : DC : HD ; Whence HE will be 
given^ as before* 

PROBLEM LXVII. 

To divide a given trapezium ABCD according to a 
given ratio^ by a 'right-line LH cutting tbe appifite fides 
AC, BD in given angles* 

CONSTRUCTION. 
Produce the faid oppofite fides till they meet in E ; 
draw AD, and CF parallel to it, meeting BE in F; 

A*. divide BF in 

X/ ^> accord- 

ing to the 
^iven ratio; 
and, having 
made EAK 
equal to the 

is to make with AC, take EH a mean-proporiional be- 
tween EG and EK ; then draw HL parallel to AK, 
and the thing is done. 

D E M O N S T R A T I ON. 

8y conftruffion, EG : EH : : EH : EK : : EL : 
EA {Khc. 5, 6.) whence it follows that EG x EA = 

EH 
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£H X EL, and confequently that^tfie triangles EHL 
and EAG kre alfo equal to each other {Euc. 15. 60 
jTrom which taking away EDC^ common, the remain* 
ders CDHL and COGA Will be equal likewife, and 
confequently ALHB n: AGB, bein^ the difFerencet^ 
between thofe remainders and ACDB. But the triangle 
ADF is = ACD, {landing upon the fame bafe AD 
and between the fame parallels ; therefore (by adding 
AGD, common) AGF is alfo = CDGA (= CDHL); 
but AGF (CDHL) : AGB (ALHB) : : GF : GB 
C£uc. I. 6.) ^ E. D. 

Method of Calculation. 
In the^ triangles ABE and ABK are given all the 
angles and the Itde AB, whence B£, BK, and EC will 
be known; then, in the triangle EFC will be^iven 
all the angles and the fide CE, whence EF, and from 
thende FG and EG, will be known ; laftly, from the 
know n values of E K, EG, and }L¥j the value of FH 
(= /EG X EK — EF) willbe fodnd. 

PROBLEM LXVIIL 

Two right "lines AG and AH, meeting in a point h^ 
being given by pojition ; // is required to draw a right'line 
n? to cut thofe lines in given angles^ fo that the triangle 
A»P, formed from thence y may he equal to a given fquart 
ABCD. 

CONSTRUCTION. 

Let the angle ABE be equal to the given angle APjt, 

and let BE ^ .^ 

meet AG in D ^ ^ 

7V^ 



E;drawEF 

perpendicu- , 

lar to AH,. 

make BQ^ 

equal ftEF,. 

and upon 

AQdcfcribe 

the iejni-circle A«Q^, cutting EC in m\ draw mn pa- * 

rallel to AH, meeting AG in «, and nY parallel to aB, 

and An? will be the triangle required. 

DEMON- 
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DEMONSTRATION. 

The triangles AEB and AiiP, being fimilar, are to 
#ne another as the fquares of their perpendicular heighta 
EF and «B \nS) : but rtB* is =: BCL X AB = 2EF 
X AB'; therefore it will bc^ as the triangle AEB (EF- 
X |AB) -^the triangle A^P : : EF* : 2EF x AB : : 
EF : aAB : : EF X fAB ; AB* (Euf. i. 6.) where- 
fore, die antecedents being the fame, tt>e conJequents 
muft neceilarily be equal, that is, An? = ABCD. 

Method of Calculation, 
In the triangle ABE are given all the angles and the 
fide AB, whence EF w ill be given, and confequently 

S« (= v'AB X aEK) ; whence A? and A« are alfo 
given. 

L {: M M A. 

If from any point C, in onejide ^a plam angle 'KAL^ 
a rtght'line Co he drawn^ cutting both fides AK, AL in 
tqual angles (ACB, ABC) 5 and from any other point D 
in the fame fide AK. another rtght-Iine be drawn^Jo cut off 
an area' ADE equal to the area ABC \ Ifayj that DE 
will be greater than CB. 

DEMONSTRATION. 
Cooij^at the parallelogram DCBG, and join B, O, 
and in BG (produced if need be) take BF = BE, and 
drawt FD. 

Since the triangles ABE, A CD are equal, by fiippo- 

fition, and have one 
angle. A, common) 
therefore, will AD : 
AC :: AB"(AC): 
AE (Buc. 1%. 6.) 
and^ confequently . 
AD + AE greater 
than AC -f /KB 
f Euc. 11^. 5.) 
whence it is mani* 
jj feft that CD muft 
be greater than EB, 
•r BG than BF. Moreover, becaufe the angle ABC 
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(-=1 ACB = CDG) IS =: GBC, it will be greater than 
GBD, which is but a part of GBC ; and therrfortf 
ABD muft,. evidently, be greater than GBD j where- 
fore, feeing BF and BE arre equal,- and that I>B is com- 
mon to both the triangles DBE^ PBF, it is m^niieft 
that DE is greater than DF (Euc. 19.1.) ; but DF is 
greater than DG (by the fame) becaufe the angle DGF 
(DCB), being obtu^, is greater than GFD, which muft 
be acute C^uc. 32. i.) : confequently DE is greater than 
DG, or its equal CB. ^ £. D. 

. PROBLEM LXIX. • 

I^'rom a given polygon ABCDEF, to ^ut off' a given 
area AFEIK by the Jhorteft right-Uney KI, pojjtblej 

CONSTRUCTION.. 

Let the given area to be cut off be reprefented by 
the reaangle LMNO ; and let the fides AB and DE,( 
by which the dividing line is terminated,^ be produced 
till they nicer in G ; maice tifpon OL (hy Eutl 4J. i.) a 
reftaogle OC^^qual to AFEG, and let afquare USTV 




be conftituted (h^ Euc. I4,.2.) equal to the whole 
redangle QN : bifeft the angle BGD by the right-line 
GH, and m^ke GR perpendicular to GH; and draw 
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KT9 by tbje laft problem, parallel \o RG, fo at tiii( form 
the triangle KGI equal to the fquare.GSTV^, and tbe 
thing is done. 

DEMO N S T R A T I O N. 

Sinc^j by conftrudion, KGI (= GSTV) = QW, 
let AF£G =:: OO be taken away, and there will re- 
main AFEIK ssLN. Moreover, fince the angle HGI 
is =: HGK, and the angle IHG, (HGR) a right one, 
the angles I ah4 K fire equal ; and therefore, by the 
preceding lemma, IK is the fhorteft right-line that can 
poifibly be*drawn to cut off the fame area. . J^. E. D. 

. Mgthod df Calculation. 

Let the area of the figure AFEG be found, by di- 
viding Tt into triangles AFG, £FG, and let this area 
be added to the given area to be cut oiF; and then, the 
^uare root of the fum being extracted,, you will have 
GS the fide of the (quafe GT ; from whence GI will 
be determined,, as in the laft problem. 

Noti. In th^ lame manner' may a given area be cut 
otEf by a right-line making any given angles With the 
pppoiite fides. 

* F R O B L E M LXX. 

TliTiugb a givinpoint P, to draw a rightAine PED to 
cut twd right T lines AB, AC. given bjf pojition^ fi that the 
trianzU ADi^^ firmed from thence^ may be of a given mag-^ 
mtuit. 

CONSTRUCTION. 
Draw PFH parallel to AB, interfcaing AC in Fj 




DB 



and 
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and upon AF let a parallelograni AFHI be conftituted 
equal to the given area of the triangle ; make IK per- 
pendicular to Aly atid equal to FP ; and, from the point 
K, to AB, apply KD = PR i then draw DPE, and the 
thing i$ done. , 

DEMONSTRATION. 

Suppoiing M to be the interfefHon of DE and IFT, 
it is evident, becaufc of the parallel h'nes, that all the 
three triangles PHM, PFE, and MDI are equiangu* 
lar ; therefore, all equiangular triangles being in pro- 
portion as the fquares of their homoloeous fides, and 
the fum of the fqiiares of PF (IK) and Dl being equal 
to the fquare of PH (KD), hy conftru^ion and JSuCy 47. i, 
it is evident that the fum of the triangles PFE and 
DMI is r= the triangle PHM j to whicn equal quan- 
tities i«/^t. I, let AFPMI be added, fo (hall ADE be 
likewife equal to AFHi : but, in fig. 2, let PFE be 
taken from PHM, «nd there wiUVemain EFHM =1 
DMI ; to' which adding AIME, we have AFHI == 
ADE, as before. ^ E. D. 

Method of Calculation* . V ' 

By dividing the given area by the given height of 
the point P above AB, the bafe Al of the parallelogram 
AFHI will be kno wn, and confe quently PH (==KD); 

whence DI (=/KD*— t^F^) will likewHc become 
known. — This problem, it may be obierved, becomes 
impoffible when KD (PH) is lefs than KI (PF) j which 
can only happen, in cafe i. when the given area is lefs 
than a parallelogram under AF and FP» 

PROBLEM L^XI. 

To cut off from a given polygon BCIFGH, a pa¥f 
EDBHG equal to a given reSiangle KL, ^ a right^inc 
ED pafjing through a given point P. 

CONSTRUCTION. 

Let the fides of the polygon CB and FG, which the 

dividing line ED falls upon, be produced till they meet 

in A> upon ML (by £ut. 45. i.) make the i:e£langle 

. ^ C c MN 
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MN equal to AGHB, and, by the laft problem, let ED 
be fo drawn through the given point P, that the triangle 
A£D, formed from thence, may be equal to the whole 




te£bngle KN; then will EDBHiGr be equal to KL: 
for fince AED is = KN, let the equal quantities 
AGH3 and MN^be taken away, ajhd there will remain 
EDBHG = KL, 

Method of Cakulation^ 

Let the area of the figure AGHB be found, by di- 
viding it into triangles, and let this area be added to 
the area given, and the fum will be equal to the area 
AED, or the rectangle KN; from whence AD will be 
ioi^ndf as in the laft problem. 

PROBLEM LXXIL; 

Having the bafiy the vertical angle, end the length if. 
the line hife&ing that angle and terminating in th$ hafeyjo 
defiribe tnt triangle. 

CONSTRUCTION. 

Upon the given bafe AB let a fegment of a cirdc 
ACB be defcribed (by Problem 4.) to contain the given 
angle, and, having completed the whole circle, from 
O, the center -thereof, pefpendicuUr to AB, l^t the t^ 
dine 0£ be dr^wn \ d^aw £B, and make BG perpen- 
*^ dicular 
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dicular thereto, and equal to half the given bife£Ung 
line ; and from G, as a 
center, witTi the radius 
GB, let a circle BHF 
be defcribed, interfer- 
ing EG (when drai^nj A 
in F- and, Hi from E 
to AB draw ED = EF; 
and let the fame be. pro- 
duced to meet the cir- 
cumference in C; join 

A, C, and B, C » fo fhall ABC be tke triangle re- 
quired. 

DEMONSTEATION. 

The triangles CBE and BDE are ffmilar, becaufe 
the angle BEC is common to-both, and the angles BC£ 
and DBE ftand upon equal arches BE and AE^ there- 
fore EC : EB : : EB : EI?, and confequcndy ED x 
EC=:EB*:but(^^7£t/f.36. 3.)EB*±:EF x EH = 
ED X EH (byconjifu^ion). Hence ED x BC = ED 
X EH, and confequently EC :::: EH; frcm ^hich tak-» 
iag away the equal quantities ED and EF, there re- 
mains DC zt FH :=i the given line bifefting the ver- 
tical* angle (by conJiruSiton) : and it is evident that DC 
bifeds the angle ACB» fmce ACD and BCD ftand 
upon equal arches AE and EB. ^ E. Z>. 

Method of Calculation. 

If BE be confideredas a radius, BR (f AB) will be 
the co-fine of the angle EBR, and BG the tangent of 
BEG ; therefore BR : BG (or AB ; DC) : : co-fin. fcBR 
(ACE) : tang. BEG, whofe half*complement EHB is 
jjkewife given from hence : then, the angle f)B^ (fup- 
pofing £B produced to ^) being the complement of 
EHB, we (hall have tang. EHB : rad. ( : : fin. EHB : 
co-fin. EHB : : BE : EH : EB : : EC) i : fin. ECB 
: fin. CBE = fin. EDB =: co-fin. OED, half the dif- 
ference of the angles (ABC and BAC) at the bafe. 
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. PROBLEM LXXIII. 

Having given the two ofpofite fides ah^ cd^ the two iia-^ 
gonals acj My andalfo the angle aeh in which they interject 
each other \ to defcril^e the trapezium. 

CONSTRUCTION. 

In the indefinite line BP, take 6D equal to idy and 
make the angle DbF equal to the given angle tf^^,'and 
JBF r:: tff $ alfo from the centers D and F, with the 




riAii de and ah^ let two arches m^n and rQs< be de- 
icribed interfe^^ing each other in C ; join D, C and F, 
C, and make BA equal and parallel to FC ; then draw 
AD) AC) and BC, and the thing is done. 

DEMONSTRATION. 

Since /iy confiru£iion) AB is equal and parallel to 
CF, therefore will AC be equal and parallel to BF 
(Euc. 33. 1.) and confequently the angle A£B (Euc. %q^ 
I.) =2 DBF =x aeb. ^ E. D. 

Method of Calculation. 

Join D, F ; then in the triangle DBF will be given 
two fides DB, BF and the angle included, whence the 
&flgle BFD and the fide DF will be known ; then iii 
the triangle DFC will be given all the three fides,, 
whence the angle DFC will be known, from which 
BFC (BFD ~ DFC) = BAG wiU alfo be known. 
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PROBLEM LXXIV. 

Having given the two diagonals and all the angles^ to 
Jefcrihe the trapezium. 

CONSTRUCTION. 

^ Afiun>e AB at pleafare ; and, having, produced the 
fame both ways, make the angles. QAC, RBC equal, 
refpeflively, to ,two oppodte angles a and e of the tra- 
pezium ; moreover, make ACF equal to ace^ one of 
the remaining angles.; and from F, the int^rfe^llon of 
AF and BQ^, take FG zz the given diagpnal dc^ an4 




QP H DOP > K BK 

di-aw GH parallel to CB, meeting FB in H. Then 
from A and B (by the lefn. p, 334.) let two lines AE 
and BE be drawn to meet in FC, fo as -to be in the 
given ratio* of j^ to FH : in AE take AN sr. ae^ and 
draw NM parallel to FC, nieeting AC in M ; laftly, 
draw KP making the angle MNP 2= ced^ and met- u^ig 
FB in P5 folhall AMNP be the true figure required. 

DEMONSTRATION. 

Let ED be parallel to NP^ and let DC ^nd PM,bc 
drawn. 

It is evident, by conftruflion, that the xliagonal AN, 
and all the angles of the traptzium, are equsd to the 
refpedive given ones ; it therefore remains o^ily to 
|)rove that PM is equal to the other given diagonal dc* 
Now, the angle RBC being = CED (by xonftruSfion)^ 
the circumference of a circle njay be defcribed through 
nil th» four angular points of the trapezium BCED; 
J9M fo the triangles FBE and FCD (as both the angles 
Jii£ )and FCD (land upon the fame chord ED) wiS 
% ^ Cc3 b9 
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be fimilar ; and confcquently BE : DC (; : EB : FC) 
: : FH : FG (dc). But (by conJiruSlion) AE : BE : : 
ae : FH ; therefore^ by compounding thefe two pro- 
portions, wc have AE : DC w ae \ dc\ but (becaufe 
of the fimitar figures ADEC, APNM) we alfo have 
AE : DC : : AN (at) : PM ; and confequcntly ?M 
= dc. ^E.D.. 

Method of Calculation* • 

All the angles of the triahgles ABC, FAC, and 
FBC being given, we fhall have fin. ACB X fin. F : 
fin. ABC X fin. ACF: : AB : AF ; and fin. FFIG 
(FBC) : fin. FGH (FCB) : : FG (dc) : FH ; whence 
AF and FH are known. ' 

TT- A Air AB Yi ae ^ _ AK X FH 

Find AK zr ^rs -, and KO =;: rpu — 

i FH + y^ FH — ae 

which laft is equal to (uE) the radius of the circle de- 
termining the point E (fee the aforefaid lemma). There-., 
fore, in the triangle FOE are given two. fides FO and 
OE, befides the angle F, whence' the angle FOE will 
be given ; then in the triangle AOE will be given OA, 
OE and the included angle ; whence the angle OAE, 
ivhich the diagonal AN makes with the fide AP,-will be 
known, and from thence every thing elfe. required. 

This problem^ as the circle defcribed from O cuts 
FC in two points, admits of two different folutions 
(except, only, when FC touches the circle). If the 
circle neither cuts nor touches that line, the probleni 
will be impoffible ; the limits of the ratio of AE to BE 
(and confequent'y of ae to dc) growing narrower and 
narrower, as A B becomes lefs and lefs, with refpeft to 
AC, or according as the fum of the oppofite angles 
'i (a ^ e :=: (JAC -f RBC) approaches nearer and nearer 

! to two right-angles ; fo that, *at laft (fuppofing AC and 

BC to coincide) A E' and BE will be, every^where^ in 
the ratio of equality ; therefore cd Q^nh^re have owly 
one particular ratio to ae\ and the diagonal AN£ may 
be drawn at pleafure, the problem^ beingi in this -c^fe^ 
Judetcrminat^, 
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Suppofmg the right-lines my «, py to refrefent ths lengths 
pf three Jiaves ere£ied perpendicular to tne horizony in the 
given points A, B, C j to find a point P, in the plane of 
the horizon ABC, equally remote from the top -of each 

CONSTRUCTION. 

Join A^ B and B, C, and make A£ and BF per- 
pendicular to AB; alfo make BG and CH perpendi^ 
irular to BC, and let AE be taken =: my CH = p^ and 
BP and BG each zz n \ draw £F and GH, which bifeS 
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bythe-perpendiculars LN and IK, cutting AB andCB 
in N and K ; make KP and NP perpendicular to BC 
and BA, and the interfedion P of thofe perpendiculars 
will be the point required. 

, DEMONSTRATION. 

Conceive the planes AEFB and BCHG to be turned 
up, (o as to ftand perpendicular to the plane of the ho-r 
rizon ABC and interfecS it in the right-lines AB and 
BC ; then, becaufe BF and BG are equal to each other, 
Und perpendicular to the piane of ^he horizon, it is 

C c 4 . evident 
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evident that the points F and G muft coincide, and that 
AE, BG (BF) and CH will reprefent the Irue pofition 
of the ftaves: fuppofe KG, KB, PG, 'PH, PE, and 
Pr to be now drawn ; then, fincc (by conftru£ftQn) GI 
£1 HI, and the an^le GIK - HIK, therefore is GK 
r= HK (Euc. 4. 1.) : moreover, fince KP is' (by con-r 
JlruSiion) perpendicular to BC, it will alfo be perpendi- 
cular to the plane BCHG, and c'onfequently the angles 
PKG and PKH both right-angles: therefore, feeing 
the two triangles GKP, HItp have two fides and an 
iuicluded angle equal, the remaining fides PG and PH 
muft likewife be equal (Euc. 4. I.), After the very 
fame manner it is proved that PF (or PG) is equal to 
EP. ^E.D. 

Method of Calculation. 

' Draw \r perpendicular, arid H^ parallel to BC ; ^hen, 
by reafon jof th,e fimilar triangles HyG and IrK, it will 

be as BC (H^) : BG — CH (G^; : : "^ (Ir) 



:Kr = 



BG-^CH X BG -f CH 
2BC 



which fobtraSed 



from Br (= ffeC) gives BK : and, in the fame m'an-s- 
ner will BN be found ; then in the trapezium KBNP 
will be given all the angles and t;he two fides* BK and 
BN J from whencp the remaining fides, &c. may be 
;eafily determined. .< 

PROBLEM LXXVL 

The bafe^ the perpendiculaVy and the difference of the fides, 
hi^S gi'^en^ to ctetermine the triangle. 

' CONSTRUCTION. 

Bifea the bafe AB in C, and in it take CD a third 
proportional to 2AB and the given difference of the 
iides MNj ere<^ DE e.qual to the given perpendicu- 
lar, a;id draw EK parallel to AB, and take tbere;n pF 
=: MN J draw EAG, to which, from F, apply FG =2 
^B; draw AH parallel to FG meeting EK in Hf 
iJi^fl dr^w BjHf^ and the |thing is dpn?. 
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DEMONSTRATION. 

By reafpn of the parallel lines, FG ( AB.) : FE (MN) 
: 1 AH : EH (DP) ; therefore AB x DP = AH x MN, . 
or-zAB X DP =: t AH yr ir. tt « 

K MN ; to which laft ^ — 41J& E, 

equal quantities adding 

aABxCD=:MNV^/ 
€onftfu£iion) we have 

2AB X CD =2; 2AH X 

MN -+ MN*; but 
2AB X CP is =:BH* 
^^ "AH* (by a known 
froperty of triangles) 5 
therefore BH* — AH* 
= 2AHxMN + MN 

orBH*= AH* + 2AHxMN+MN* = ^xH + MN)* 
(Euc. 4. 2.) confequently BH- AH + MN. ^ E.D. 

Method of Calculation. 
In the righj-angled triangle ADE we have DE and 

AD ^ = f AB -g j whence the angle DAE 

(FEG) will be found ; then in the triangle EFG will 
be given two fides and one angle, from which the angle 
GFK ( = BAH) will alfp be known. 

PROBLEM LXXVir. 

The hafe^ the perpendicnlar^ andthefum rf the two fides 
being given^ to aefcribe the triangle. 

CONSTRUCTION. 

Bifed the bafe AB in C, and in it produced take CD 
a third proportional to 2AB ^nd tjie fum of the fides, 
MN ; ereft DE equal to the given perpendicular, and 
^ravy HE parallel to AB, and take therein EF = MN j 
^raw EAG, to which from F, apply FG^^ AB, draw 
AH parallel to FG, meietin^ EF in H, then draw BH^ 
ift^d the tiling is 4o;ie^ 
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DEMONSTRAT.ION. . 

Becaufe of the parallel lines, FG (AB) : FE (MN) 
: : AH : EH (DP) ; and therefore aMN X AH = 
2AB X DP ; which equal quantities being fiibtraSed 
from MN* = lAB x *CD (by unftfuGion) there will 

M ■ — N 

E HP 




remain MN* — 2MN x AH = 2 AB x CP = BH* — 
AH*} whence, by adding AH* to. each, we have 
MN* — 2M N X AH + AH* = BH% that is 

MN — Ahl* = BH»; therefore MN — AH = B^, 
or MN = BH + AH. ^ E. D. 

Method of CakuUttian. 

In the triangle AED are given (befides the right- 
angle) both thelegs, whence the angle DAE (= FEG) 
will be given ; then in the triangU> FEG one angle and 
two fides will be known, from which the angle £F6 
{ cz BAH) will be determined. 

PROBLEM LXXVIIL 

TTie differtnce of the iwojides^ the petfendlcular^ and the 
vertical angle being given^ to determine the triangle. 

CONSTRUCTION. 
Upon the indefinite line FEQ^ereft the given perpen- 
dicular DC, making the angle DCE = half the given 
^angle ; let £F, expreffing the given difference of the 
fides, be bifefted by the perpendicular GI, meeting 
EC in I; alfo let EC be bifeded in H, and make EK 
|}erpendipular to C£, and equal to £1 j and having. 

drawn 



GBOAiBTRICAJL PkoBI^MS. ^9$ 

drawn HK, take HL^ in HE f»rodiiced, equal diereto ; 
from L to FQ^apply LB =: EKy and join Cf B s alfo 




B<i 



ikaw EM, making the angle CEM €€ual to DEC, and 
cutting CB in M ; then from C to QpF apply CA 1= 
CM, fo fhall ACB be the triangle required. 

DEMONSTRATION. 



Upon EM let fall 
join L9 M and F^ I. 



the perpendicular CN, and 
Now LB* = EK* (by con^ 



ftruQion) z= l HK + HE X HK — HE (Euc. 5. 2.) =: 

HL + CH X HL — HE (by confir^ion) = CL x EL; 
whence CL : LB : : LB : EL j therefore the triangles 
CLB and ELB muft be equialigular (Euc. 6. 6.]land 
confcqucntly LBM = LEB = CED = CEM (by con^ 
JtruHian,) Therefore, fince the external angle CEM 
of the trapezium LEMB, is equal to the oppofite internal 
angle B, the circumference or a circle will pafs through 
all the four angular points ; and confequently the an- 
gle LMB will be,= LEB, both ftanding upon the 
Came chord LB ; but it is proved that LBM is zrLEB, 
therefore LMB = LBM =. FEI; and fo the triangles 
BLM a/id EIF, being ifofceles, and having LMB ~ EFI^ 
and alfo LB s: £1 (by confiruSiidn) they will be equal 
f€k all refpe£b, and confequently BM =: EF % whence 
ftC — AC {^ BC ~ CM ^ BM) = £F, the given 
' 4ijSej:ence 
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difference Chy conftrsiSiion). Moreover, CEN being = 
CED (by ^0Hftru£iionjy CN will be = CD ; and fo 
CM being = CA, ACD will be = MCN, to which 
adding DCM, common, we have ACB r: DCN = 
jiDCE. ^ E.D. 

Method tf CalcttiatUn. 

Seeing EG and EH are the fine and tangent of 
EIG and EKH, to the equal radii EI and EK, it 
will therefore be- EG : EH (orEF : EC) : : fin. EIG 
(ECD) : tang. EKH. But, EC : CD : : the radius 
:. co-fin. ECD ; whence, by compounding thcfe pro- 
portion^, EF : CD : : rad. x fin. ECD : co-fin. ECD 

r^trrr rad. X fin. ECD, 
X tang. EKH : : -___^^jj_( = tangentECD) : 

tang. EKH; from which EKL, half the complement 
of EKH will be alfo given ; then it wit! be, as the radius 
: tang. EKL (: : KE : EL : : LB : EL) ; : fin. LEB 
(CED) : fin. LBE (BCE) ; which proportibns, ex- 
preffed in words, give the following Theorem ; 

Js the diffirenci of the fides is to the perpendicular^ fi is 
the tangent of half the vertical angle to the tangent of an an^ 
gle% and as the radius is to the tangent ef half the comple- 
went of this /angkyfo is the co-fine of half the vertical angle 
/tf the fine of half the difference of the angles^ at theMfe. 

P R O. ft L E M . LXXIX. 

The perpendicular^ the difference of the ftdes^ andthedif-, 
Jerence of the angles at the bafe being given^ to determine 
the triangle. 

' C O N S T R U C T i O N. 

C Let a triangle ABC 

be conftru6bed, by the . 
lajlprohlem, whofe per- 
pendicular . and diiFe- 
rence of the fides fhall 
be the fame with thofe 
given, and whereof the 
vertical angle ACB is 
alfo equal to the given 
difference of angles : 

iben 
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then upon C, as a center, with the radius CB let an arch 
be defcribed, interfe£ting AB, produced, in D ; join C^ 
D, and ACD will be the triangle required. Jor CD 
being = CB, the angle CDB will alfo be == CBD = 
A + BCA (Euc. 32. i). The method of calculation 
is alio the fame as in the preceding problem. 

PROBLEM LXXX. 

7he perpendicular^ the fum of the two fides ^ and tht 
vertical angle being given \ to defcrihe the triangle • . • 

CONSTRUCTION. 

Upon AB, the giiren fum of tl^e two fides, ere£t AC 
equal to the given perpendicular ; and make the angle 
ACH equal to the complement of half the given an-' 
glc : upon AB (b^f Prob. 72.) let a triangle ABF be 




conftituted, whofe vertical angl^ AFB fhall be equal to 
the given one, and whereof the bi felting line F£ (ter- 
minatiug In the bafe) (hall be = DC ; then draw CG 
and CH parallel to FB and FA, fo fhall GCH he the 
triangle required. 

DEMONSTRATION. 

It 16 evident that the angle HCG is = AFB = the 
given one. Moreover, if EM and EN be taken as 
perpendiculars to AF and BF, they will be equal to each 
other, and alfo equal to the givcii one AC, becaufe. 
all the angles EFN, EFM, ^n(^ ADC are equal, by 
Conftru6tion, and EF is likewife := CD; whence, a$^ 
the angles AHC> AGC are refpcdively equal to EAMt 

EBN, 
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EBN, it is evident that HC rr EA, and GC r= EB, 
and confequentlv, that HC + GC ( =2 E A + EB) =2 
AB, ^E.D. 

. / Method of Calculation. 

By the problem above referred to, AB : CD (EF) 
• : : co-fin, ADC (AFE) : tang, of an angle; vtrhich 
let be- denoted by Q;^ 

Now CD : CA : : rad. : fin. ADC ; which propor- 
tion being compounded with the former, we have 
AB : C A : : co-fin. ADC x rad. : tang. Q^ X fin AD.C 

co-fin. ADC X rad. ^ ^ _ ^. ^ 

— (co-tangent ADC) : tang. Q. 






fin. ADC 

Then, by the fame problem, it will bt as tang. iQj *3id. 
: : fin. ADC : co-fin. of the difference of the angles 
(G and H) at the bafe. The above proportions, given 
in words at length, exhibit the following Theorem : 

jfs the fum of the fides is to the perpendicular^ fo is the 
to-tangent of half the vertical angle to the tangent of an 
angle 5 and^ as the tangent of half this angle is to the ra^ 
dius^fo is the fine of half the vertical angle to the co-fine of 
half the difference of the angles at the bafe^ 

' PROBLEM LXXXI. 

7# cM/litute a trapezium of a given magnitude under 
four given lines^ 

CONSTRUCTION. 

Make a right- 
angle b with two 
of the given linet 
A^, he ; and with 
the other two 
complete the tra- 
^p pezium AbcD : 
^ upon AD let fall 
the perpendicutar 
rE, in which pro^ 
duced (if ueccC- 
fary) tal;c EF, fo 
d>at thcrcSangle 
uade| 
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tinder it, and AD, may be double the given area : more- 
over, take a fdurth^proportipnal to AD, A^, and hc^ 
•with which, from the center F, let an arch be defcribed^ 
meeting another arch,' defcribed from D with the radms 
Dcy in C ; join D, C ; and from A and C draw the other 
two' given lines AB, CB, fo as to meet, and they will 
thereby form the trapezium A BCD, as required. . 

DEMONSTRATION. 

Draw Af, AC, and FC ; upon AD and AB let fall 
the perpendiculars CP, CQ.; and make F G perpendi- 
cular to PCG. 

Becaufe AD* + DC* + 2 AD x DP ( = AC\ fEuc. 
12. 2.) = AB* + BC* + 2AB X BQ^ and AD* 
+ D<:* + 2AD X DE (== A^*) = A^» + be* (Euc. 
47. I.) it follows, by taking thefe laft equal quane^^ 
tftie« from the former, that 2AD x DP — 2AD x 
DE (2 AD X EP) = 2AB X BQ^, and confequently 
that BQ^: EP (FG) : : AD : AB : : BC : FC (by 
conJirUSion) whence the triangles BCQ_, FCG are 
fimilar, and fo CCt: CG : : BC : FC : : AD : AB (by 
£onftruifionJ and therefore CQ^ x AB = CG x AD 5 
hence, by adding CP x AD to each, we have CP x AD 
-f CQ^X AB (= twice the area ABCD) = CP x AD 
+ CG X AD = EF X AD" = twice the given area (by 
cwftru^'imj. ^ E. D. 

Mtthod of Cakulatiott. 
- FromDE(= -^ J and EF 

(2 area\ 
= -^^ ) the value of DF, and likewife that of the 

angle ADF, will be found ; then, all the fides of the 
trrangle DCF being known, the angle FDC will likewife 
be known ; which, added to ADF, gives (ADC) one of 
the angles of the trapezium. 

It may fo Happen that* a trapezium, having one 
right angle, cannot be conftituted under the four 
given lines; in which cafe it will be neceflary 
(inftead of' forming the trapezium Ai^rD) to lay 
down AD. iirft, and in it (produced if needful) to 

take 



